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On the basis of the solution of the Dirac equation in lowest order ofperturbation theory in the 
small parameter eA /o we find the probability of multiphoton production of electron-positron 
pairs in a plasma by transverse electromagnetic waves. This process is possible in a plasma of 
ordinary densities, in contrast to the single-photon pair production, which is only possible in a 
superdense plasma and whose probability is almost nil due to the Pauli principle. We obtain the 
probability of multiphoton e+e-  pair production in an arbitrary direction in vacuum by a 
periodic electric field (previously known results correspond to the case when the particles are 
produced in the direction perpendicular to the field). 

As was shown in Ref. 1, single-photon production of 
e + e -  pairs in a plasma is possible at densities of its electron 
component N,/V=p > 3. ~ m - ~ .  In such a superdense 
plasma (in the core of neutron stars) the electron gas is 
strongly degenerate and the Pauli principle further limits the 
region in which the reaction y-e+ + e -  can take place, re- 
ducing its probability to practically zero.' However, in a 
plasma of ordinary densities the multiphoton pair produc- 
tion process by the laser radiation field is possible. The con- 
dition for this process (reaction threshold) 

can be realistically satisfied in a plasma with a refractive 
index n(w) < 1 thanks to the large number of photons 
(N) 1) in contrast to the single-photon pair-production 
case ( N =  1). 

Pair production by the laser radiation field belongs to 
those processes whose experimental observation requires 
such high intensities that the energy of interaction of the 
electron with the field over a wavelength becomes compara- 
ble to the electron rest mass: ~ = e A , / m c 2 -  1 ( e  is the 
charge, m is the mass of the electron, and A,, is the amplitude 
of the vector potential field). Although such fields have not 
been achieved as yet, the study of the multiphoton pair-pro- 
duction channel in a plasma is nevertheless very important, 
particularly when one takes into account that it is the only 
way in which this process can take place in a plasma (it is 
understood that we are speaking of the plasma as a single 
macroscopic medium, and not about individual particles in 
the plasma on which "bremssthralung pair production" is 
possible). 

Let there propagate in a plasma with the dispersion 
law" 

a plane transverse linearly polarized electromagnetic wave 
with frequency w and vector potential 

It is convenient to solve the problem in the center-of- 
mass frame of the produced pair (C-frame), in which the 

wave vector of the photon is k' = 0 [the index of refraction 
of the plasma in this frame is n' (w' = 0)  1. The velocity of the 
C-frame with respect to the laboratory is v = cn. The travel- 
ing electromagnetic wave is transformed in that frame into a 
varying electric field (the magnetic field is H '  = 0)  with a 
vector potential 

Ao A' (t') = --[exp (iolt')- exp (-io't') 1, 
2i 

o'=oli-n2 ( 0 )  I"'. (3  

It is easily noted that with ( 3 )  taken into account the 
reaction threshold condition ( 1 ) is obtained from the laws of 
conservation of energy N h '  = E ' + E '+ and momentum 
N8k1 = 0 = p l  + p'+ in the C-frame (E I - ,  p' , E '+ , p; 
are the energy and momentum of the electron and positron 
respectively in the C-frame) . 

To solve the problem of N-photon production of an 
e + e -  pair in the given radiation field (2 )  we shall make use 
of the Dirac model (all vacuum negative-energy states are 
filled with electrons and the interaction of the external field 
proceeds only with this vacuum; on the other hand the inter- 
action with the plasma electrons reduces to a refraction of 
the wave only). 

The Dirac equation in the field (3)  has the form (we set 
heref i=c= 1) 

where 

are the Dirac matrices, with u the Pauli matrices. 
Since in the C-frame the interaction Hamiltonian does 

not depend on the space coordinates, the solution of (4) can 
be represented in the form of a linear combination of free 
solutions of the Dirac equation with amplitudes ai ( t  ') de- 
pending only on time: 

4 

Here 
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A similar system of equations is also obtained for the 
amplitudes a, ( t  ') and a, ( t  '). 

An exact analytic solution of this problem is not possi- 
ble, since the system of equations (8)  reduces to the Mathieu 

x exp [ i  (p'r' - E't')], equation, just like in the case of multiphoton pair production 
in vacuum by a periodic electric field, which was studied by 

(6) various methods in Refs. 3-1 1. Therefore we shall look for a 
solution of (8) by the method of successive approximations 
in the small parameter = eA,/w < 1, confining ourselves to 
lowest order perturbation theory. For the N-photon process 
the first nonoscillatory term (not vanishing after the wave 
has been turned off) to lowest order in p in b, ( t  ') appears 

where only due to the term i(A0/2)exp( - iw't ') [the contribution 
of the first term in the field (3)  (A,/2i)exp(iw1t ') gives rise 

E'= (p''+m2)"y 3 ( ) %=xi' ( (: ) - (7 1 to corrections of higher order in q 1. 

The solution (4)  in the form (5) corresponds to an ex- 
pansion of the wave function in a complete set of orthonor- 
ma1 functions of the electrons (positrons) with specified mo- 
mentum [with energies E ' = f (pI2 + m2) 'I2 and spin 
projections + 1/21. The latter are normalized to one parti- - - 
cle per unit volume. 

According to the assumed model only the Dirac vacu- 
um is present prior to the turning on of the field, i.e. 

la, (-w) lZ=iar ( - 0 0 )  12=1, la, (-w) 1 2 =  la2(-=) IZ=O 

(the field is turned on adiabatically at t = - UI ). From the 
condition of conservation of the norm we have 

4 

which expresses the equality of the number of created elec- 
trons and positrons, whose creation probability is respec- 
tively ( t  ') l 2  and 1 - la , ,  ( t  ') 12. 

Substituting (5)  into (4), multiplying by the Hermitian 
conjugate functions Y,"' + (r', t ') and taking into account 
orthogonality of the eigenfunctions (6)  and ( 7 ) ,  we obtain a 
system of differential equations for the unknown functions 
a ,  ( t  '). Since in the C-frame there is symmetry with respect 
to the direction A, (they axis) we can take, without loss of 
generality, the vector p' to lie in the x'y' plane ( p i  = 0) .  
Further, having introduced, to simplify the notation, the 
new symbols 

we obtain for the amplitudes b, ( t  ') and 
b4(t ') ( lb4(t ') 1 = la,(t ') thefollowingsystemofequations: 

-= 
dt' E' 

+ieaU1 (t') ( I - g) 'I' b, ( t r )  exp (2iE'tr), 
(8 

db'(t') -=- ~PV'AV' (t') b'(t,) 
dt' E' 

'I* 

+ i f  ( t )  1 - ) b, (t' )exp(-2iEttr). 

The system of equations (8)  with the initial conditions 
b 1"' = 0, b :O' = 1 (b JO' are the Dirac electron probability 
amplitudes in zeroth order in the field) taken into account 
admits of the following recursion relations between the am- 
plitudes of the N-photons transitions 

+ i(+) [I- (pV'/E1)V I". 
bin' exp[i(ZE"-o') t ' ] ,  

2E'- (n+l) of 

To obtain the probability amplitude for the production 
of electrons and positrons after the wave has been turned off 
we introduce a small detuning of the resonance 
2E ' = Nw' + y(y  < w') and look forb I"' and bin '  in the fol- 
lowing form: 

b:^'=(i?) ' ~:~ ' exp [ i (Z~ ' -no ' ) t ' ] ,  
20 

We then get for CIn' and CY' from (9)  

where a = Pyl/E ', No = 2E '/w' = N + y/wl. 
From the system of equations ( 11 ) we obtain the fol- 

lowing recursion relation: 

To determine C I n '  we make use of the initial conditions 
C iO' = 0 and C iO' = 1. With their help we obtain from the 
first of the equations ( 1 1 ) 

.C,(')=(l-u2)'"/(No-I). 

Further, given C 1'' and C IL', we determine C In '  from ( 12): 
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where 

I 2 c . .  for. eve., 
j= 1 

= (21+s,-1) (No-21-s,)  for i 1=1, 2, . . . ( n - k )  12. 

B ,,,, = 1, B ,.,, = (21+s, - l ) (No-21-s , )  for I =  1, 2, 
..., ( n  - k)/2. 

The production probability of the e+e- pair, summed 
over the spin states, is determined by the quantity 

or the quantity 21b,(t')I2 [since la , ( t ' ) I2  = Ib,(t')12], 
which is given by Eqs. ( 10) and ( 14). 

The differential probability of the N-photon process per 
unit time and phase-space volumed -'pf/(277)' (the normali- 
zation volume V = 1 ) in the center-of-mass frame of the pro- 
duced particles is given by 

Substituting into ( 15) the expression ( 10) with ( 14) 
taken into account and making use of the definition of the S- 
function in the form 

sin2 yt' 
lim - = 6 (7)  =6 ( 2 E ' - N o ' ) ,  
,,,, n t ' y z  
we obtain 

where the summation over k is carried out depending on the 
parity of N according to ( 13), and No was replaced by N 
thanks to the presence of the S-function. 

Taking into account the azimuthal symmetry of the 
process in the C-frame and integrating ( 16) over energy and 
the azimuth angle, we obtain the angular distribution of the 
N-photon electron (positron) production probability: 

xcos 0' 1 C B ~ . . ,  } sin 0' d ~ ' .  

where 6 ' is the angle between the direction of the momentum 
of the produced electron (positron) and the electric field 
intensity vector. 

By integrating ( 17) over 6 ' weobtain the total probabil- 
ity of the N-photon process w,, which is a relativistic invar- 
iant: 

I 
C 

whereP(cos6 ' ) is theexpression preceding sin6 'dB ' in ( 17). 
Consequently ( 18) also gives the total probability of N-pho- 
ton production of e+e- pairs by a transverse electromagnet- 
ic wave in a plasma in the laboratory (L )  frame of reference. 

Because it is unwieldy we do not give here the final 
expression for w, (the integration over 6 '  is elementary 
amounting to integration of a power function over cos6 '. 

As regards the angular distribution of the probability of 
N-photon pair production in the L-frame, it can be obtained 
from the expression dw: for the differential probability in 
the C-frame by a Lorentz transformation. Here the quantity 
multiplying d 3p' in ( 16) transforms like the time component 
of the current density 4-vector of the electrons in the Dirac 
vacuum ( E  ' < 0).  One must here take into account that the 
momentum of a real electron coincides with the momentum 
of the vacuum electron p', while the momentum of a positron 
equals - p' and the vacuum phase-space volume element 
d 3p'/(2a)3 (in unit volume V =  1) goes over correspond- 
ingly into the volume element in momentum space of elec- 
trons and positrons. Further, transforming the quantities in 
( 13) with allowance for the passage from the C-frame to the 
L-frame, we obtain for the differential probability of N-pho- 
ton pair production per unit time in the L-frame 

where E and p are the energy and momentum of the pro- 
duced electron or positron. Integrating ( 19) over the elec- 
tron (positron) energy we obtain the angular distribution of 
the probability of the N-photon production of electrons (po- 
sitrons) per solid angle element d a  = sin6dBdq (the azi- 
muthal asymmetry of the probability in the L-frame is due to 
the linear polarization of the wave, in the case of circular 
polarization the probability distribution has azimuthal sym- 
metry) : 
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2 

No3 (I-n2)'pV2 sin 8 NZw2 (1-n2) 
dwN = [ I - 111") . 

v= I 8n2[ (N-l)!I4(p,-nE, cos 8) 

- 4p; sin2 8 cosZ cp In the case N = 1, i.e., for single-photon pair produc- 
tion [naturally for frequencies satisfying the reaction 

2p, sin 8 cos cp '-' 
X[ a(l-n2)a12 I 

where 

- - Nno (1-n2)cos 8*[Nzo2(1-n2)2-4m2(1-n2 cogg 0) 1'" -- 
2 (1-n2 cos") 

threshold condition ( 1 ) for N = 1 1, we obtain from ( 17) 
and ( 18) the familiar expression for the probability of the 
process y+e+ + e- in a plasma.' 

Equations ( 16)-( 18) for the probabilities of multi- 
photon pair production by a transverse wave in a plasma in 
the C-frame also describe the process of pair production in 
vacuum by a uniform periodic electric field [see ( 3 ) ] .  As 
was mentioned above, this process has been studied by var- 
ious methods in a number of papers, however the multipho- 
ton probabilities were obtained only for the special case 
when the particles are produced in a direction perpendicular 
to the electric field (6 = 90"). Equations ( 16)-( 18) de- 
scribe the multiphoton process for arbitrary direction of par- 
ticle production in an approximation in which the parameter 
eA,,/wl is small, while in the special case 6 = 90" Eq. ( 16) 
coincides with the result of Ref. 10 (in that case pair produc- 
tion is only possible for absorption of an odd number 
N = 2k -+ 1 ) of quanta. 

- No(l-n2)*n cos 0[N202(l-nZ)z-4mz(~--nz cosgO) I" - 
2 (1-n2 cosZ 0) 

The varies O 2.iry (the between ''AS is well known, the plasma refractive index depends on the field of a 
the vectors p and k )  varies from 0 to 8,,, , which is deter- strong electromagnetic wave also on the intensity of the wave, which 

mined from the energy and momentum conservation laws becomes significant for 62 1. Since we consider fields with 64  1 the plas- 
ma dispersion law remains linear. 

(2 1 ). Further, depending on the value of the plasma refrac- 
tive index n ( w ) ,  the electron (positron) production at the 
given angle 6 is possible for a particular momentum or for 
one of two different in magnitude momenta. For values 

[in this case the threshold condition ( 1 ) for the process is 
certainly satisfied] we should take in (21 ) only the upper 
sign, corresponding to the fact that in the probability (2 )  
only v = 1 (p,  ) remains and Q,,, = .ir, i.e., particles are pro- 
duced in all directions for the given angle 8 with definite 
momentum. In the opposite case we must also take into ac- 
count the reaction threshold condition in the region of val- 
ues of the index of refraction 

an electron (positron) is produced in a given direction with 
one of two different values of momentump, andp, in a cone, 
opened forward, whose opening angle is 
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