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The tunneling amplitude is obtained for a local pair of electrons separated by a potential barrier
into two free electrons. The current-voltage characteristics of a tunnel junction between a normal
metal and bipolaron (“‘boson”) superconductor are determined. Special features of the current-
voltage characteristics are explained assuming a narrow bipolaron energy band and the Bose

statistics of carriers in a superconductor.

INTRODUCTION

Discovery of the high-temperature superconductivity'
made its origin a topical subject. There are several alterna-
tive theories of the high-temperature superconductivity,
which reduce mainly to the Fermi liquid representations and
the BCS theory or to a model of local electron pairs (bipolar-
ons)>? with the Schafroth superconductivity mechanism.*

We shall obtain an expression for the tunnel term in the
Hamiltonian describing a junction between a superconduc-
tor containing local electron pairs and a normal metal across
aninsulator. We shall report an investigation of the tempera-
ture dependence of the current-voltage characteristic of such
a junction.

Studies of the current-voltage characteristics of S—I-N
(superconductor-insulator-normal metal) and S-/-S' (su-
perconductor-insulator-superconductor) junctions make it
possible to determine one of the most important characteris-
tics of a superconductor, the energy gap (A) in the electron
spectrum, and to find its temperature dependence. It should
be pointed out that in the case of low-temperature supercon-
ductors the gap measured in the tunnel experiments agrees
with that deduced from infrared radiation absorption, nu-
clear spin relaxation, Andreev reflection, etc.

If the S electrode in S-/-N and S-/-S junctions is a
high-temperature superconductor, there are certain special
features of the determination of A and also of its value not
observed for junctions with low-temperature superconduc-
tors.

First of all, it is difficult to determine correctly A from
the current-voltage characteristic’ because of the presence
of a fine structure.

Secondly, tunnel measurements carried out by various
authors have yielded the gaps with a scatter greater than one
order of magnitude for the same material. For example, in
the case of the La—Sr-Cu-O compound the tunnel measure-
ments yield the ratio of twice the gap width to the critical
temperature 2A/kT, (k is the Boltzmann constant) ranging
from 4.5 to 7 (Refs. 5-7), whereas for YBa, Cu; 0, _4 the
values of the same ratio range from 0.7 to 13 (Refs. 8-12).

Thirdly, the current-voltage characteristics are asym-
metric relative to the direction of the current.®'

Fourthly, some investigations'® have revealed that the
features of the current-voltage characteristics associated
with the gap do not vary with temperature, in other words,
the gap is independent of temperature.

Attempts to account for these properties have been
made, not without success, on the basis of a theory of reso-
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nant valence bonds (RVB theory).!* However, it has been
shown recently that this theory is incapable of explaining the
experimental data on the specific heat and electrical resistiv-
ity, so that it is doubtful whether it is applicable to high-
temperature superconductors.

A polaron (bipolaron) superconductivity theory has
been able to account for all the experimental data,'>'® in-
cluding those that cannot be explained by the RVB theory.
We shall use this bipolaron theory to formulate and solve the
model problem of the tunneling of charge carriers across a
thin insulator layer when the carriers in the S electrode are
local noninteracting charged electron pairs obeying the
Bose-Einstein statistics. In the case of an N electrode the
charge carriers are noninteracting electrons. When a Bose
particle crosses a barrier, it is split into two free electrons.
The calculated tunnel characteristics allow us to explain
qualitatively all the main properties of high-temperature su-
perconducting materials listed above by considering S—/-N
junctions.

1.INITIALHAMILTONIAN

We shall deduce the current-voltage characteristics of
an S—I-N junction employing the familiar method of a model
Hamiltonian.'” We shall first describe briefly the method
used in deriving in bipolaron Hamiltonian in the presence of
a tunnel term.

We shall assume that the S electrode in an S-/-N junc-
tion is a material with a strong electron—phonon interaction
where small bipolarons may form and the N electrode is
made of a material with a weak electron—phonon interac-
tion. We shall write down the initial Hamiltonian in the form

H=H,+H,+T, (D

where H, is the Hamiltonian of the .S electrode, H, repre-
sents the N electrode, and 7 is the tunnel term. In the mo-
mentum representation we find that H, can be described by
the Frohlich model:

§ E aq’ + +
Hl = €s (k) Cko+cko + ka' cko'ck'ucq'ﬂcqu'
k,0 k,k’,0,
q,9',0"

+ Y el ) (Gt + Do @)dtdn ()
k k' P

p,0

where £5 (k) is the spectrum of electrons in a crystal with the
lattice at rest; ¢,/ and ¢, are, respectively, the electron cre-

© 1991 American Institute of Physics 928



ation and annihilation operators for the S electrode; V.
and U, (p) are the matrix element of the Coulomb and elec-
tron—phonon interactions; w(p) is the phonon spectrum;
d . and d, are the phonon creation and annihilation opera-
tors; k, q, and p are the wave vectors; o is the electron spin
projection. We shall adopt the system of units in which the
frequency, voltage, and temperature are all measured in en-
ergy units.

In the expression for H, we shall ignore completely the
Coulomb interaction of electrons with one another and the
electron—phonon interaction:

Ho= Y en (k) arctase (3)

k,0

Here, €, (k) is the spectrum of electrons in the N electrode:
a,} and a,, are the creation and annihilation operators.
We shall select the tunnel term in the traditional form'’

T= Z,Dkqak:cw +Hec., (4)

kgo

where D, , is the matrix element of a transition of an electron
from the S to the NV electrode.

For convenience in polaron and bipolaron transforma-
tions, we shall adopt the Wannier function representation in
Egs. (2)-(4). After the necessary transformation of the
electron operators

=——_2 amsexp(—ikRy),
YNy 2 o

m

(5)

1
Cqo = — 2 Cnc€xp(—iqRa),
v YN, Z
where R,, and R, are the radius vectors of the mth and nth
lattice sites in the V and S electrodes, and N, and N are the
numbers of sites in the NV and S electrodes, we find that H,,
H,, and T are described by

2 E o’ + 4+
Tmm cmu Cm’ a+ me’cmv'cm'ucnvcn'v'

n':l’ 'uc" (6)
+ Z, Cmo™ Cmn’ o Umm' () {dp+d_p+}+ Zw (p) dp*d,,

pu

- ZTJJ” 5™ a, (7

e

T= Z D ems + Heoe. (8)

mlo

The hopping integrals for the S and N electrodes are,
respectively,

1
T = ——Z es (k) exp[ik (Ra—Ruw') ],
Ne'T
€))

(N)_-—ZGN(k)exp[zk(Rm—R 01
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The matrix elements of the Coulomb, electron—phonon,
and tunnel interactions can be written in the form

an’ 1 ’
Ve = —2—2 Vi exp (tkRo+ik'Ru —iqRa—iq'Ra) ,
Ne* v
q,9q9’

(10)
Umm' (p)—N 2 Ukk (p)exp(lkR ——lk R ) (11)
m = Vol ).,,ZDH exp ((kRua—ik'R;). (12)

In the subsequent calculations we shall allow only for
the direct electron—-phonon and Coulomb interactions, i.e.,
in Egs. (10) and (11) we shall assume that n=n’' and
m=m'

If the electron—phonon interaction is sufficiently strong
to form polarons in the S electrode, we can apply the familiar
Lang-Firsov transformation'® to the Hamiltonian (1):

Hy=eSHe=5=H,,+H,,+T,, (13)

Sy = Zcm;clﬂo(‘)_‘ (P) Unm (p) (dp*—d-;). (14)

mpo

This transformation does not alter H,(H, = H,,),
whereas H,, and T, become

Hlp Y Emcmocma + V Omm’ Cmocm G

mmd
)

(mz=m")
m, m’, 0, 0’

mm’ + + +
me’cmocm’c’cm’o’cma + ';_ o (p) dp dp’
P

(m7=m’, 050"
simultaneously) (15)

T,= 2 Dot ems + H.c.,

m,l o

where

EamTi2— Y Unat () 0= (p), (16)
P

O =T exp{ X ©~*(p) [Unm (p)

P

e @IG—d)f, ()
P2 =V = ), U (0) Unwr (p) 0™ (B), (18)
Dai=Darexp| — D 07 (0) Usa () (dy7—dp) | (19)

If the polaron—polaron interaction yme is strong
(Voo S O ,D ) and the Coulomb interaction is masked
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by the electron—phonon interaction [i.e., if the second term
in Eq. (18) is larger than the first], it follows from Refs. 1
and 2 that polarons form bound pairs in the form of small
bipolarons. We shall consider only bipolarons localized at
one lattice site. We shall assume that E,, = 0, which corre-
sponds simply to a new reference point for the polaron and
energy and in Eq. (18) we shall assume that only the diag-
onal terms with m = m’ differ from zero:

V:nT'=—‘/zA6mm’.

We shall show below that A determines the reduction in
the ground-state energy of bipolarons compared with the
energy of the ground state of polarons.

Following the treatment in Refs. 1 and 2, we shall apply

the second canonical transformation
Hy=e%Hpe 5. (20)

We shall write down the Hamiltonian H,, in the form

Hy,=H,+H,, 21
where
Hy,= >j me c:‘noc:-nocmc ‘Cmg
m, m’.‘g, a’
(ms=m’, 050’
simultaneously)
1 (N) +
+ o (p) dp*dp + Ty aoares (22)
e
and
Hi = E Gmm'cmc+Cm’q + Z (Dm|a10+cm°+H.C.) . (23)
m,m’,o m,l,c
(msm’)

In order to remove terms that destroy bipolarons, we
must select S, subject to the condition'’

H+[S.H,]=0, (24)
which gives
w_ SHH|
SIS |fd=—— 25
fl Zlf E[_Ej' 1 ( )

where | f) and | f') are the eigenvectors of the Hamiltonian
H, with the energies E, and E/..

Using Eqgs. (20)-(25) for the matrix element of the op-
erator H,, we obtain

1
(Ho) 1y =E 8y + 2— Z<f|
A

XZO’.“, '’ |}»>(M20“ "Cao"Caro| 7D

m,m’,¢

2E,—E,—E, 1
(Ef'_EA) (Es—Ey)

2E\ _E/ E;
=~ (E,—Ex) (Ev—Ey)

ﬁ .
x(<11 X Duantemi>a| L Dl |+ He. )

m,l,o m',l" ¢"
+—2<f|ZD Icmu aml?\,”><}»" Z D lalocmo lf>
m,l,o m'1l' ¢
(2Ey—E,—~E;)

(26a)

X .
(E,~Ex?) (Bx—Ey)
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The states | f) and | f') are diagonal in the number of
particlesin the Sand Nelectrodes; the state |4 ') corresponds
to the number of polarons in the S electrode which is one
more and in the N electrodes to the number of electrons is
onelessthaninthe|f),| f’),and |4 ) states. Inthe |4 ") case
the reverse is true: in the S electrode the number of polarons
is one less and in the N electrode the number of electrons is
one more.

The off-diagonal (in respect of the number of particles)
matrix elements of the operator H, are as follows:

1 —E—E;" y
< D’ Cms* i | M
([ID)I! 2 (E/ EA. )(EA"—E/ ') fl I‘"T‘:’ 1 I |
X<}\,Ill Z Dl:l'l'al.*"b'cmlo'lf,,')’ (26b)
m',1" o’
1. E/ E;
H e Dm {4 mo
(1)1 = Do s (ot 0L Do |1

mlo

X<}\,/| 2 Dm'l'al'o'cm'q' 'f”l>.

R
m’,1l' ¢

(26¢)

In the | f") (| f™)) state we find that the S electrode
contains two polarons more (less), whereas the N electrode
contains two electrons less (more) than in the state | /).

We shall now introduce bipolaron operators:

bn=Cm;Cmy, Om (27)

+=cmf+cm;+.

Following Ref. 19, we shall write down the denomina-
tors and the corresponding factors in the numerators of Eq.
(26) allowing for the following relationships:

E~E,=E;—E,=—A+ Z, (nd'—nd") o (q),
q

, (28)
B BB By= =2+ ) (n -0 o @),
q

where n/ and n are the numbers of phonons with the mo-
mentum qinthestates | /) and |1 '), respectively. The differ-
ences E,—E,.,E. —E,., E;. —E;.,E,. —E,. are ex-
actly equal to the difference E, — E, ., defined by Eq. (28).
After averaging Eq. (26) with the phonon density ma-
trix
exp (—Hu/T)

— PN R 29
Sp exp(—Hp/T) (29)

[H,, = 2,0(q)d, + dq is the phonon part of the Hamilto-
nian], and allowing for Eqgs. (27) and (28), we find that the
bipolaron Hamiltonian becomes

H,= qud dq+2Tn " alo—Z/tmm bm* bw’

L1"0

+ Z,imm'bm+bmbm'mm’ + Z (ﬁm.ll'bm-'—alfal’;—ﬁmll’bmal: alT;)-

msm' m,11’

(30)

We shall assume that the renormalized energy of the
sites vanishes and ignore the terms proportional to D,,, D %,,
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which are small compared with the other terms when the
bipolaron concentration is low.
The bipolaron hopping integral is

tmmv=2i5 dt exp[— (lA+6) T] {Omm’ (T) Gm’m(o) >» (31 )

the dynamic bipolaron-bipolaron interaction is described by

Baam =4V o +2i j.dr exp[— (iA+6) 1]1<Dwm(7) Dm (0) 7,
[
(32)

and the matrix element of the tunneling interaction is

Don=i Idt exp [—-(i% +8 )T ](Dm(r)Dm' 0)>.
(33)

The following notation is introduced in Eqs. (31)-
(33):

Omm' (T) =eXp (iH paT) Omm’ exp(—iH o),

Du(7) =exp (iH pt) Dt xp (—iH 7).

The following analytic expressions for ¢, and 7, are
obtained in Ref. 19:

tmm’=2Tmm’Tm'm/A,

Do =4V + (2T mmr/A) exp (—48?) . (34a)

If A>w = £,/g°, where w is the characteristic phonon
frequency of the system, we have e, = =, 0~ '(q) U*(q) for
the polaron shift, U(p) = U,, (p) [see Eq. (2)], and the
dimensionless electron—phonon interaction constant g is de-
scribed by

¢ = Yo @on( 20 )| 0@ l1-cosa(Ra—Bu)] .

(34b)

In the same approximation, we have

Dy =(4/A) exp (—21%) DmDyur, (34¢)
where

n —Z o @eth( ) v (o) (34)
If T<A <w, it follows that

tmn=(2/A) Tom' Tw'm €XP (—28°),
Bam =4V m +(2/A) T €xp(—26°), (35)

Do —(4/A)DIMD"“ exp( n )

In the subsequent calculations we shall make a number
of simplifications in the bipolaron Hamiltonian of Eq. (30).
We shall consider the case of a low bipolaron concentration
(i.e., we shall assume that the number of sites at which there
are bipolarons is less than that of unoccupied sites) and we
shall ignore the interaction between bipolarons: b, = 0.1t
is shown in Ref. 16 that in the same approximation the oper-
ators b, and b ;" can be regarded as of the Bose type.
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Allowing for the approximations and going back to the
momentum representation, we obtain

H, =Z, €5 (k) b by +Z‘ ex(q) AgeCqo
k q,0

+ Z i (D;q.q:bk+aq:fam—'kaqabka:,ra::;) ) (36)

k,4,,92

where ¢, (k) is the energy of the bipolaron with a momen-
tum k:

exp(—0g*
s (K) =2 -—%—glz, s (k') es (k—K),
0=0 for A>@, 6=2 for TRA<w; 37
where
Dyyqe = ———exp(— 971’)2 Dy ¢ Dx—x',2 (38)

AN D

where=1forA>wand @=2for TSA<4w.

We shall regard £, (k) as the energy of electrons in a
crystal, obtained in the tight-binding approx1mat10n for a
cubic lattice:

s (k) =g, [3—cos k.a—cos k,a—cos k.a]. (39)

If the mass of an electron near the bottom of the band is
denoted by m, then the dimensional expression is
g, =#/(a’m).

We shall describe the matrix element D,, using the
WKB approximation,'” according to which

_[ae§(k) [ e amq) \ D,

where &k, and ¢, are the projections of the wave vectors per-
pendicular to the tunnel contact plane and D, is a constant
which depends weakly on the wave vector.

Substitution of Eq. (39) into Eq. (37) gives the disper-
sion law of bipolarons which is exactly the same as Eq. (39)

(40)

where we have to replace &, =#/(a’m) with
£y, = 7/ (a*m, ). The effective mass of a bipolaron is
_2mi*Aaexp(6g®) (41)

o = 2172

If |k | €1/a, thebipolaron energy is a quadratic function
of the momentum. In the same limit the matrix element
D, s is

Dkq-q:=¢ok=a(91xq“) II', (42)

if the conditions &, q,,., g,, > 0 are satisfied simultaneously,
but it vanishes if at least one of the prOJectlons is negative. In
Eq. (42), we have

'

Ns
®, =——D,? exp(—6n?)

4
4A (42a)

(m me)"

The expression for the tunnel term in the Hamiltonian
is obtained from the electron tunnel Hamiltonian by apply-
ing consecutively two canonical transformations. The ma-
trix element occurring in the tunnel term and responsible for
the transition of bipolarons across the tunnel junction can be
expressed in terms of the matrix elements of the ordinary
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electron tunnel Hamiltonian. However, the term T repre-
senting the tunneling of electrons [see Eq. (1)] is generally
introduced phenomenologically, so that in solving the prob-
lem of the tunneling of a bipolaron we can use an approach
different from that developed above. In the new approach
the tunnel term may be introduced into the Hamiltonian
exactly in the same way as is done phenomenologically after
the canonical transformations. At present we are unable to
decide in favor of one of these methods and we therefore
thought it suitable to give in the present paper the results
obtained by the second approach to the problem of tunneling
of a bipolaron across a barrier accompanied by decay into
two electrons. In the second approach the nature of the tun-
nel term is exactly the same as in the first approach, but the
dependence of the matrix element on the momenta of a bipo-
laron and electrons has to be determined, which is done in
the next section.

2. TUNNEL HAMILTONIAN (SECOND APPROACH)

We shall now describe the second (alternative) method
for deriving the tunnel bipolaron Hamiltonian. In full analo-
gy as in the tunneling of electrons, we shall modify the initial
Hamiltonian describing bipolarons in the S electrode and
electrons in the N electrode by introducing the tunnel term T’
describing a sub-barrier transition of a bipolaron followed by
decay into two electrons in the V electrode.

More exactly, the initial Hamiltonian is similar to that
given by Eq. (36), but D, ,, is a quantity which has to be
determined. We recall that a similar quantity for one-elec-
tron tunneling is found by comparison with the correspond-
ing results of a quantum-mechanical problem of a sub-bar-
rier transition of an electron from one material to another.
We shall therefore consider the following problem: in the
initial state we have a bound system of two particles moving
toward a barrier. In the final state, we have two free parti-
cles. Clearly, this process involves not only the tunneling but
also the dissociation (decay) of the bound system. It is this
decay that introduces a considerable indeterminacy into the
amplitude of the process, because it depends on the nature of
the interaction in the bound system and on the properties of
the junction layer where the decay occurs. Nevertheless, we
can follow this approach to obtain useful information on the
transition amplitude (it should be noted that even in the one-
electron case the height of the barrier occurring in the
expression for the amplitude remains unknown and it can be
estimated only from the experimental data).

Let us assume that a bound system goes over from a
region I (Fig. 1) to a region II via a region III, where the
dissociation takes place. A sub-barrier transition occurs in a
region defined by O<y <.

By definition, the transition amplitude is*

A =fdz‘ dxz dx,' dzz' '\pn. (xi'v xz')

XK (2,25 b5 Ty, Xy ) Y1 (24, Z2). (43)

Here, ¢; and ,; are the initial and final steady states of
the system, K is the amplitude of conversion of particles with
the coordinates x, and x, at a moment t— — oo into parti-
cles with the coordinates x; and x; at a moment ' - + .
The wave functions are selected in the form
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FIG. 1. Schematic representation of a tunnel junction.

Vi (2y, z,)=¢(z)exp(iPX), Yul(z,, x.)=exp(ip.x,'+ip,x,")
(44)

with normalization to one particle per unit volume. The fol-
lowing notation is used above: x=x, —x,, X=
(x, +x,)/2, Pis the momentum of the bound system, p,
and p, are the momenta of the final particles.
The amplitude K can be expressed in terms of the path
integral in the following way:*°
xy'xy"
Kz, 2, t'; 2y, o, t)= 5 Dy, Dyzeis7

Xg

(45)

where S is the action of the system. We shall select it in the
form

S= ydr [——”g‘ +——”§2 —U(yi)-U(yz)—u(yi,yz)].
t
(46)

where U(y) is the potential which is constant everywhere
apart from the region of the tunnel junction (it is this junc-
tion which is the barrier to the motion of the particles) and
u(y,,y,) is the interparticle potential. In the region II, we
have u = 0. We shall now make simplifying assumptions
which are quite permissible for our purpose. We shall as-
sume that the characteristic size of the bound system d satis-
fies the condition d </.

It is then convenient to introduce the coordinate of the
center of mass of the bound system Y= 4 (y, 4+ y,) and to
assume that the potential u(y,,y, ) is such that

u(Y, yi-yz) =v(y,—Yy:)
u(Y, y1"y2) =0

for Y<l,
(47)
for Y>I'.

Our task is to obtain a closed expression for the ampli-
tude of Eq. (43) using the definitions of Eqs. (44)-(47).
Calculation of Eq. (45) by the steepest-descent meth-
od, gives?®?!
*Sa

s
) e, =12 (48)
0x; 0%;

K =( det

In this case the preexponential factor represents gener-
alization to the two-particle process of the familiar Van
Vleck determinant,®' S, =S [¥,.,¥, ], and the classical
paths y,, (7) and y,, () are found from the equations

68
=() (k=1’ 2) (49)

ayh Viel
subject to the additional conditions
n(t)=z, n(t')=z
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Substituting Eqgs. (44) and (48) into Eq. (43) and ap-
plying the steepest-descent method in the course of integra-
tion with respect to the variables x| and x;, we obtain the
following expression for the amplitude:

L , Sy .. 0%y ) ]*/2
A=\ dz, dayg (@) [(‘det e et )

1 =%4cl

x exp[i(PX — plx;cl — p2x;cl +S8ea)]- (50)

The quantities x;., are found from the conditions for an
extremum

08,/ 0zne—pr=0. (51)

The main task thus reduces to finding the value of S,
and of the determinants which occur in the preexponential
factor. The results of the solution of Eq. (49) which give S,
can be obtained everywhere except for the region III, where
the decay of the bound system takes place, and it depends
strongly on the potentials U(y) and u(Y,p). Nevertheless,
the general properties of the classical equations allow us to
move further. Moreover, we need the fact that the derivative
of the action with respect to the final coordinate of a path is
the momentum, i.e.,

0Sa . p(@'—z")
— == 52
61';;’ Pr (t/__tu) ( )

Moreover, the law of conservation of energy should be
satisfied along a classical path:

'89+83=§1+€z. (53)

Here, ¢ ** is the moment in time when the center of mass of a
closed system reaches theregion Il i.e., Y (¢ **) = /’; z; and
z5 are the coordinates of the particles at the moment ¢ **;
Z' =z| —z; &, = p2/2u; €5 is the binding energy; ¢, is the
kinetic energy of the closed system: £, = P2/4u, where
P= 2uX /(t — t*);t*isthemomentin time when the center
of mass of the bound system reaches the region II, i.e.,
Y (¢ *) = I. Using the equalities given above, we can find the
preexponential factor in Eq. (50) and the expression for the
amplitude becomes

a ! ’+ ‘I‘
A= dX dz () [%iﬁﬁ] exp{iSs—g'g

s
—Lt‘[—'p(g‘) +Ep—83+81+82]
W

z

Jae[Eeven] '} (54)

x

Allowance is made above for the fact that Egs. (51) and
(52) yield p, = p, = (2ue,)"? and whenever possible the
quantitiesz = z, — z, and¢ * — ¢ **areignored, whichis jus-
tified for ||, |#']| - 0;.S; is the classical action for two parti-
cles which at the moment ¢ * are at the points z, and z, and at
the moment ¢ ** are at the points z{ and z;. Using the semi-
classical form of the function ¢ (x) and substituting the vari-
ables, we obtain
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+ 2
A= J‘ dX( £‘—ITI‘)'2_) O (py, p;)

xexplit'(epte,te,—e5) +iPX—T 5],

4

7]
@ (py, p2) = y dzo(z2) —azjexp[iS,-i-i(pi—pz)z].

Integration with respect to X is a trivial matter if we allow for
the fact that uX = £;/*(¢ — ¢ *). Finally, the amplitude of
the process is

A (P7 P, p&) =2nDPP|P26(81+82—8)7 DPP1P2=(D0[P(p1+pZ) ]lhv

(55)

Do=(2p) ~'e7 B(ps, p2), (55a)
wheree,, €,, p,, and p, are the energies and momenta of the
final particles; £ and P are the energy and momentum of the
bound system. It should be pointed out that it is the matrix
element D that occurs in this case in the Hamiltonian
(36).

The factor exp( — 7 ) usually appears in calculations
dealing with sub-barrier transitions. When the bound system
dissociates before such a transition, we have

Ppip2

9'=¢e=fdE{[Zu(U(g)—el)]”f+[2p(U(g)_gz)]vz},

whereas in the case of dissociation of the system after the
sub-barrier transition, we obtain

1

T =T = | de2(uU(®) —es1}"

0

If the bound state dissociates after crossing a region
0 <y <!’ ,thenthefunction ®(p, ,p, ) depends on the proper-
ties of the decay region and on the potential of the interparti-
cle interaction in the bound system. In the extremely simpli-
fied formation of the problem, when the size of the decay
region III vanishes, we have

<D(p1,pz)=5 dz(z) exp[i(ps—p:)z],

where @(z) is the wave function of the bound system. At-
tempts to derive rigorously the function ® on the basis of the
two-particle problem are doomed to failure because inelastic
processes occur in the decay region. Therefore, the selection
of the type of function must be made on the basis of physical
considerations.

In addition to the usual factor /P , we also have a factor
[ (7, + p.)/2]"7, indicating that the probability of a tunnel
transition vanishes if the center of mass of a system of two
particles is at rest. However, if the momentum of one particle
vanishes, the tunneling is nevertheless possible since a parti-
cle at rest may form a bound system with an incident parti-
cle, but in this case the momentum of the system does not
vanish.

Generalization to the three-dimensional case is carried
out in the same way as for the one-electron tunneling,*
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Drpppe=|[Px (P1x+l72x) ]‘h(DoG(z) (P_L_Pu_"pu) . (56)

The two-dimensional § function in Eq. (56) reflects the
law of conservation of the component of the momentum par-
allel to the tunnel junction plane. This is true only in the case
of an ideal junction when we can ignore the influence of
inhomogeneities, because otherwise Eq. (56) must be aver-
aged over P, p,, and p,,, so that the §-functional depen-
dence is lost. The expressions (42) and (56) obtained for the
matrix element D, , are different. The difference between
the momentum dependences of Eqgs. (42) and (56) can be
explained qualitatively by the fact that they are obtained for
different limiting cases: Eq. (42) on the assumption of low-
mobility bipolarons (narrow energy bands) tunneling from
a site adjoining the tunnel junction into the metal. Equation
(56) is obtained using the concept of bipolarons considered
as free particles (wide energy band). The final answer of the
correctness of one or the other expression can be obtained
only by comparison with experimental results.

Nevertheless, as shown below, the difference between
the matrix elements (42) and (56) has only a quantitative
effect on the final results. The main qualitative conclusions
are independent of the initial model of the Hamiltonian be-
cause both models rely on the hypothesis of bipolarons as
charge carriers and on the finite width of the bipolaron ener-
gy band.

3.EXPRESSION FOR THE TUNNEL CURRENT

We shall define the tunnel current using the standard
expression'’

d
I=—2e<—z, bk+bk>, (57)
dt “

where e is an elementary positive charge and the factor 2
appears because a bipolaron consists of two polarons; the
angular brackets denote the Gibbs averaging procedure.

If a junction is subjected to a voltage, chemical poten-
tials of the S and N electrodes become different. The differ-
ence between them can be allowed for by introducing an
additional term — 2V 2, b, b, in the Hamiltonian of Eq.
(36), i.e., it can be allowed for by renormalization of the
origin of the bipolaron energy scale.

Averaging in Eq. (57) and allowing for the specific
form of the Hamiltonian (36), we find that the tunnel cur-
rent can be described by

<bk+bk> (1_.fm_fqa) _f(lif'h
en (‘11) +en(q,) —es (k) +2V—i0

I=—4eIm Y| |Deas?

k,qy,q;
(58)

( f, is the Fermi distribution function).

The first term in the Hamiltonian of Eq. (36) is the
kinetic energy of bipolarons similar to the total Hamiltonian
of a noninteracting Bose gas, apart from the momentum de-
pendence of the energy. An ideal Bose gas condenses at low
temperatures and the degeneracy temperature is also the
critical superconducting transition temperature.

If the temperature of a junction is below the critical
value, then the S electrode contains not only condensate
charge carriers, but also those in excess of the condensate.
However, the condensate particles make no contribution to
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the tunnel current because they are characterized by k =0
and D, =0.

0q,q;

For this reason we can simplify the sum in Eq. (58) by
excluding the term with k = 0 and it is also why the average
of the operators

<bk+bk>=(pk (59)

is the Bose distribution function.
Going over from summation to integration with respect
to the momenta in Eq. (58), we obtain

2
lgfi:) § x| @q) @l (e, que 020

x[‘Pk (1_qu—'fqz) _flh—fqz]G (EN ((I1) +ey ((Iz) —Eb(k) +2V) s

I(V,T) =

ktq1:qex for first model

L k:y xy Qox ={ 1
(Ezy Gy G2 ) K (et gas) n

for second model ,
(60)

where T is the temperature in energy units.

In Eq. (60) we used k& cos 6, q,,, =¢,, cos 6§ (the
angle @ is measured from the x axis perpendicular to the
junction plane); ®, is governed by Egs. (42a) and (55a) for
the first and second models, respectively.

If the dispersion law of polarons and electrons is qua-
dratic (we shall assume that near the Fermi surface of the ¥
electrode we can still use the quadratic dispersion law, which
is quite obvious in the case of bipolarons because at low tem-
peratures the main contribution to the tunnel current is
made by the bottom of the bipolaron band), after changing
from integration with respect to the momenta to integration
with respect to the energies, we find that I(¥, T) is given by

w

I‘-—'—'Ioj e"(e—2V) [ (e?/T—1) ~'— (et=-2V/T—1) -] de,

(61)
where

1
(Do‘mbl' m‘)kerz

fo=—55

and n = 5/2 for the first model, whereas

Oom,my er

2%1®
and n = 1 for the second model; W is the width of the bipo-
laron energy band; £ is the Fermi energy of electrons in the
N electrode.

In the derivation of Eq. (61) it is assumed that the
width of the electron energy band in the N electrode is con-
siderably greater than W. In this case the density of the elec-
tron states V(&) formed on transition from integration with
respect to the momenta to integration with respect to the

I=

- energy can be described by its value at the Fermi level N(0),

as is usually done in calculations of the tunneling character-
istics. This cannot be done in the case of the density of the
bipolaron states N, (£), because near the bottom of the band
there is a strong dependence of the energy on the momentum

* N, (€) < g, so that €, (k) <« k? [Eq. (61) is derived on the

assumption that N, (¢) « e for e < W and N, (¢) =0 for
e>W].
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In the T'= O case it follows from Eq. (61) that an ana-
lytic expression can be obtained for the tunnel current. In the
first model, we have

0, 2V<0

I=y (Yes) 1, (2V)"", 0<2V<W. (62a)
AW (=W /9+2V/T), 2V>W
In the second model, we have
[ 0, V<0
I= i/BIZ()(ziv)sa 0<2V<W. (62b)
1, 5 (=% W+2V), 2V>W

For negative directions the current vanishes because
the chemical potential of bipolarons exceeds by 2V the
chemical potential of electrons. Electrons cannot cross the
tunnel barrier because there are no allowed states below the
chemical potential of bipolarons. Moreover, since
Dy, 4, = 0, the transition of bipolarons across the tunnel bar-
rier is also impossible.

If 0 <2V < W, the current-voltage characteristics are
nonlinear because of the strong energy dependence of the
density of bipolaron states and because of the energy depen-
dence of the matrix element L(k,,q,,,9,.)-

If 2V'> W, then the upper boundary of the bipolaron
band lies at an energy below the Fermi level in the normal
electrode, the current-voltage characteristic becomes linear
because the tunnel current includes contributions of electron
transitions to the whole of the bipolaron band.

Numerical calculations of the current-voltage charac-
teristic of a junction are carried out for a nonzero tempera-
ture using Eq. (61) for T< T, (T. is the Bose condensation
temperature, which is identical in the bipolaron model with
the superconducting transition temperature) and also using
the relationship

w

I=I, 0 dae"(s—zV){ {exp (:#)—1] B

Jon{22022) ]

In Eq. (63) at temperatures 7> T, the chemical potential of
bipolarons . (T') is found from the normalization condition

(63)

E—n(T) _1] -

ny= 5 N»(E)dg[exr)(—) (64)

T

The results of the calculations carried out using the first
and second models are presented in Fig. 2 for different tem-
peratures and a fixed value W= 1.5T,.

Since at T 50 some bipolarons (T < T) or all of them
(T>T,) leave the condensate at 2V <0, the current be-
comes greater than zero and its absolute value increases with
temperature. The nonlinear part of the current-voltage char-
acteristic is retained both at T< T, and T'> T, and in both
cases we have 0 < 2V < W. This is demonstrated most clearly
in Fig. 3, which gives the dependence of the derivative dI /dV
on the voltage across the junction. The curves representing
this dependence consist of three regions. If 2V <0 and
2V> W, the regions are flat, whereas for 0 < 2V < W, there is
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I, rel. units

FIG. 2. Current-voltage characteristic of an S~I-N junction. The width of
the bipolaron band is W = 1.5T; the dashed lines represent the first mod-
el and the continuous lines represent the second model; 1) T= 0.05T,;2)
T=0.5T,;3) T=11T..

a monotonic rise. The results of calculations of the current-
voltage characteristics are qualitatively the same for both
models.

4.CONCLUSIONS

We calculated the current-voltage characteristics of su-
perconductor-insulator-normal metal junctions in the case
when the superconductivity can be described by the bipo-
laron theory developed by Alexandrov and Ranninger.??
We used the approximation of noninteracting bipolarons.
The approximation of a strong electron-phonon interaction
and the model of a tunnel Hamiltonian were used to obtain
expressions for the tunnel current. The calculations showed
the following.

1) The current-voltage characteristics of the junctions
are strongly asymmetric when the polarity of the voltage
across the junction is reversed, which is typical*’ of the
experimentally observed current-voltage characteristics of
the S—I-N junctions, where the .S electrode is a high-tem-

dI/dV,rel. units

FIG. 3. Differential conductance of an S—I-N junction. The width of the
bipolaron band is W = 1.5T,; the dashed curves represent the first model
and the continuous curves the second model: 1) T'=0.05T,; 2)
T=0.5T;3) T=1.1T..
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perature metal oxide superconductor.

2) The current-voltage characteristics and the depen-
dence of dI /dV on V /T, at the junction voltage V= W /2
reveals a singularity associated with a strong energy depen-
dence of the bipolaron states density and also with the fact
that the bipolaron energy band is narrow.

3) This singularity does not disappear either in the case
when T'> T, i.e., when the S electrode goes over to the nor-
mal state.

As pointed out in the Introduction, it is experimentally
difficult to extract the information on the gap from the spec-
trum of electrons using the S—~/-N tunnel characteristic if the
S electrode is a metal oxide superconductor. The difficulty is
that the current-voltage characteristic does not then show a
steep rise of the current at some value of the voltage, which is
identified within the framework of the BCS theory with the
superconducting gap, even at very low temperatures®™'?
when an abrupt junction should form if T<A. It follows
from our calculations that the singularity of the current-
voltage characteristic may be related not to the presence of
the gap in the electron spectrum, but to the existence of the
bipolaron band.

The same conclusion is supported by the observation'?
of a singularity in the current-voltage characteristics of an
S-I-N junction at a position along the voltage axis indepen-
dent of temperature. According to the BCS theory the gap
should depend strongly on temperature and, therefore, this
experimental result cannot be understood. However, in the
bipolaron theory,”™ the coordinate of a singularity on the
voltage axis should be independent of temperature, because
the bipolaron band width is independent of 7.

It should be pointed out that some of the experimental
features of the current-voltage characteristics of the S—/-N
junctions can be explained only qualitatively for a structure
in which the S electrode is a metal-oxide superconductor.
This is due to the fact that we have considered so far only the
simplest model of noninteracting bipolarons. In this model
there is no tunnel current because of the condensate particles
whose momentum vanishes. In a quantitative description of

936 Sov. Phys. JETP 71 (5), November 1990

the experimental results we have to allow for the interaction
between bipolarons.

The authors are grateful to D. V. Funtov for numerical
calculations on a computer.
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