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Wedge-shaped nuclei of the Pmnm phase and domain-split nuclei of the ferroelectric R 3¢ phase
were observed against the background of the Pbma phase at twin boundaries in NaNbO, A
region of existence of equilibrium nuclei of the phases which could not form in the bulk of a crystal
was found near a multicritical point in the phase diagram of a crystal containing a twin boundary.
Crystals undergoing a first-order transition had a phase diagram split into a region (adjoining the
tricritical point) where the transition involved formation and growth of equilibrium nuclei and
another region where the transition involved motion of a nonequilibrium phase front.

There is still no reliable confirmation that in crystals
undergoing a cascade or chain of structural phase transitions
the appearance of nuclei of low-temperature phases is in-
duced by twin boundaries created by high-temperature tran-
sitions. The presence of these nuclei influences macroscopic
properties such as the strength, plasticity, internal friction,
and susceptibility, as well as the thermodynamics of low-
temperature transitions. Nucleation of a superconducting
phase at twin boundaries has been observed already in Sn
(Ref. 1),In (Ref.2), Nb (Ref. 3), Reand Tl (Ref. 4), and in
organic S-(ET) ,X metals [here, X = I;,IBr,,or Aul,,
whereas ET is (ethylenedithio)tetrathiofulvalene].® This
nucleation was deduced from the appearance of a magnetic
moment in a sample and from a change in its resistance.*

Investigations of local structural phase transitions pro-
vide an opportunity for direct observation of nucleation of
phases at inhomogeneities in a crystal. Such direct observa-
tions can be made by electron microscopy and by optical
methods. In the former case a nucleus had been observed at a
dislocation in the course of ordering of the alloy Ni,Mo
(Ref. 6) and during the a-Fe — y-Fe transformation,’ and at
the end of a fatigue crack in the course of a martensitic trans-
formation,® whereas in the latter case it has been observed at
adislocation in NH,Br (Ref. 9) and in iron garnets. ' How-
ever the question of the possibility of formation as a result of
a structural transition of a phase localized at a twin bound-
ary has remained unresolved. The localized superconductiv-
ity has been described by the Ginzburg-Landau functional
supplemented by a term containing a singularity,*!'-'¢
which has made it possible to explain the phenomena asso-
ciated with such superconductivity.* The singularity was at-
tributed to a hypothetical enhancement of the electron—
phonon interaction in a twin boundary plane (Ref. 11),"
and the phenomenon of nucleation at a twin boundary was
assumed to occur only in the case of superconducting phase
transitions.

It was shown in Refs. 18-20 that in the case of struc-
tural phase transitions we can expect the appearance of nu-
clei at twin boundaries, but the investigations were con-
cerned with a second-order phase transition and a wide
domain wall, which limited the analysis to a range of param-
eters close to the transition from the high-symmetry phase.

-In many crystals (including NaNbO, investigated by us)
the process of nucleation occurs far from a transition from a
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high-symmetry phase and, therefore, a twin boundary is a
thin layer. Moreover, the transitions are usually of the first
order, but in some cases they can be described as close to a
second-order transition. It would therefore be interesting to
investigate nucleation of thin twin boundaries in the vicinity
of a tricritical point in a phase diagram and also near multi-
phase points, where the multicomponent nature of the order
parameter makes the structure and behavior of a nucleus
qualitatively different from those predicted by models pos-
tulating one-component order parameters.

We shall report the first observation of nucleation at
twin boundaries in the course of structural phase transitions.
We shall show that nuclei of the Pmnm and R 3¢ phases ap-
pear at twin boundaries in the Pbma phase in NaNbO,. We
shall describe observations of nuclei with the phase bound-
ary parallel to the twin boundary and of wedge-shaped nu-
clei of the Pmnm and R 3c phases, as well as splitting of the
nuclei of the ferroelectric R 3¢ phase into subdomains.

We shall describe theoretically the nucleation of phases
localized at a twin boundary in the vicinity of multiphase
and tricritical points of the phase diagram. We shall show
that in the vicinity of a multiphase point there is a region of
existence of localized phases which cannot appear in the
bulk of a crystal. We shall demonstrate that a crystal under-
going a first-order phase transition with properties close to a
second-order transition exhibits a limited range of existence
of equilibrium nuclei: this range becomes narrower and dis-
appears away from the tricritical point. Therefore, a phase
transition involving growth of equilibrium nuclei changes,
onincrease in the degree of proximity of a phase transition to
one of the first order, and is replaced by a regime in which a
transition involves motion of a nonequilibrium phase front.
The same result is obtained for order—disorder transitions in
the vicinity of the tricritical point in the phase diagram using
the example describing the Pbma — Pmnm phase transition
in NaNbO,. A description is given of the distribution of the
order parameter in straight and wedge-shaped nuclei and of
the structure of the boundary between subdomains in a nu-
cleus.

1.NUCLEATION IN NaNbO, AT TWIN BOUNDARIES

Sodium niobate (NaNbO, ) undergoes a series of anti-
ferrodistortion phase transitions in different temperature in-
tervals:.
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Moreover, the R 3¢ and P2, ma phases may be induced

by an external critical field.>**' Following high-temperature

transitions in the Pbma phase a crystal usually contains
{100}, {110}, {1k 1} twin boundaries, which are described
using the coordinates of a pseudocubic cell.”> We shall con-
sider Pbma(P)—-Pmnm(R) and Pbma— R 3c(N) phase
transitions in the vicinity of a twin boundary.

Weinvestigated NaNbO, crystals grown by the method
of bulk spontaneous polarization from solutions in high-
temperature Na,O-Nb,0s;-B,0;, Na,O0-Nb,0s—NaF-
V,0; melts. The use of polarization-optical (orthoscopic
and conoscopic) methods in studies of phase transitions en-
abled us to identify the phases in accordance with the pub-
lished data of structural investigations and to observe twins
as well as twin boundaries, i.e., we were able to investigate a
local region in a crystal.

A uniform temperature distribution throughout the in-
vestigated sample was ensured by incorporating a bulk cylin-
drical metal insert in a heating stage, but this did not prevent
a weak temperature gradient, which was not determined.
The rate of change of temperature was ~5 K/min. Frag-
ments of the P— R phase transitions in a twinned NaNbO,
crystal are shown in Fig. 1. The high contrast of domains of
the Pbma phase, exhibiting symmetric extinction, was en-
sured using a A /4 plate. All three orientations of the crystal
structure of NaNbO; exhibited parallel extinction in the
Pmnm phase, so that in 45° + 7/2 position at least the orien-
tational states corresponding to a birefringence ~0.2-0.22
had a bright interference coloring and differed sharply from
the original Pbma phase. During the initial moments of the
phase transition a nucleus of the Pmnm phase appeared at a
twin boundary in the original phase and this nucleus was
wedge-shaped. A nucleus at the edge of a plate appeared
almost simultaneously (Fig. 1a).

FIG. 1. Fragments illustrating the Pbma — Pmnm phase transition in an
NaNbO, crystal containing 19° twins in the Pbma phase with boundaries
of the {100} type in coordinates of the pseudocubic cell (magnification by
a factor of 600): a) wedge-shaped nucleus of the Pmnm phase in the
region of the {100} twin boundary; I is the twin boundary and II is the
edge of the crystal; b) “growth” of a wedge-shaped nucleus of the Pmnm
phase through a crystal along the boundary and a considerable increase in
the volume of the Pmnm phase due to the motion of the phase front from
the edge of the plate; c) “merging” of two nuclei of the Pmnm phase.
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An increase in the volume of the new phase was due to
“growth” of the wedge-shaped nucleus along a {100} twin
boundary of the original phase and due to sideways motion
of a phase front from the edge of the plate (Fig. 1b). A cine-
matographic study of the transition process demonstrated
that it consisted of a series of successive jumps of the phase
front. In other words, finite nuclei (Fig. 1a) appeared in a
sample when it reached a certain temperature at a twin
boundary and its edge. A further change in the temperature
of the crystal showed that in a range amounting to about a
hundred kelvin there was no growth of nuclei and then the
size of a nucleus changed abruptly (Figs. 1b and 1c) in a
time less than 1/30th of a second.

The jump-like motion of a phase front occurred alsoin a
gradient-free temperature field when a heating element
evaporated on the surface of glass, parallel to the surface of
the crystal plate, was used. In the case of the Pbma— R 3¢
transition which occurred as a result of cooling the twin
boundaries of the original phase at the edge of the plate were
again preferential positions for the appearance of nuclei of
the new phase. Figure 2a shows an NaNbO, crystal reveal-
ing clearly interference fringes in the region of an overlap of
the components of 60° twins of the Pbma phase with {110}
boundaries and different nature of extinction, whereas Fig.
2b shows the polysynthetically twinned phase R 3c in the
region of twin boundaries of the original phase. The appear-
ance of nuclei of the R 3¢ phase in an NaNbO; crystal exhi-
biting a parallel extinction of the components of a 60° twin in
the original Pbma phase with a {110} boundary is demon-
strated in Fig. 2c. The Pbma — R 3c phase boundary was par-
allel to the (100) and (110) planes of the pseudocubic cell or
it was wedge-shaped. The Pbma — R 3c transition in single-
domain NaNbO; plates in which parallel extinction oc-
curred in the original phase exhibited growth of polysynthe-
tically twinned wedges from the edge of the plate. Therefore,
the phase transition was due to motion of plane boundaries
and growth of wedges. The P— N transition, like the P— R
one, usually occurred as a result of motion of phase boundar-
ies in the form of a series of consecutive jumps.

FIG. 2. Crystal of NaNbO, in the Pbma phase (a) and the initial moment
of the Pbma — R 3c phase transition (b); magnification by a factor of 600.
The dark and bright bands in the region of the localized phase (b) repre-
sent splitting of a nucleus into subdomains with different directions of the
polarization vector. The nucleus of the R 3¢ phase (c) (represented by the
bright regions in the photograph) is shown in the region of twin boundar-
ies of the {110} type of the original Pbma phase (the main part of the
crystal is dark).

Bul’bich et al. 620



2.LOCAL PHASE TRANSITIONAT ATWIN BOUNDARY IN
THE VICINITY OF A MULTIPHASE POINT

We shall consider a low-temperature phase transition
described by a two-component order parameter (7,,77,) oc-
curring in the “field” of an order parameter corresponding
to a high-temperature phase transition. If the difference be-
tween the temperatures of these two transitions is large, a
twin boundary generated by the high-temperature transition
is thin and makes a contribution®® given by ~cosh™?(z/z,)
(z, is the twin boundary thickness such that z,—0), which
can be approximated satisfactorily by the 6 function:

+oo

(¢4
F= I {% (m”+mz)+7’ (n+m.?)

o
+ TZ () + ;— ni*n,?

—A8(2) ('r]f-i-nz‘)} S dz, (n

where 7=07%/9z and g, a;, y are phenomenological param-
eters. On substitution of 4 = 0 we find that the potential of
Eq. (1) describes three homogeneous phases:

L n=1.=0 (a:>0),
in the space of E, of the order parameter components the
symmetry group of this phaseis L = C,,;

II. 1,%0, 1,=0 (ay<<0, y>0), L=C,;

I ny=7,%0 (<0, y<0) L=C. (Fig.3).

The transition from the homogeneous phase 7, = 7, =0 to
a localized phase with the symmetry C; occurs at a branch-
ing point a’¥ of the following system of equations:

{ gni=amtaan, (n2+n.2) +yn,n.2—246 (z) s,
M=oy taan, (nd+n.’) +ynn,—246 (2) a, (2)

a"=a,=A%g.

FIG. 3. Phase diagram of local phase transitions and of transitions in the
bulk of a crystal described by the potential of Eq. (1): @, > O is the range of
existence of phase I; @, <0, > 0 is the phase II; @, <0, ¥ < 0 is the phase
III. 1) Branching line a=aqa, 2) line k=a;'; 3) line
k= —2(ay,+y) "' [see Eq. (5')]. The shaded region represents the
existence of a local phase with the symmetry C,. The double shading is the
range of existence of a localized phase with the symmetry C,. The insets
show the distributions of the order parameter in a nucleus with the sym-
metry C, (a,c) and C, (b, d). The regions of formation of the nuclei in the
phase diagram are identified by arrows.
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The principal term of the branched-off solution is
M=8a(2), M=E:o(2),
where
$o(z) =exp(—4|z|/g).

Substitution of this solution into the functional of Eq. (1)
gives a potential describing nucleation at a twin boundary
outside the direct vicinity of a multiphase point:

S
F (& 8= -F (s (o) (87 +E:)

+/50, (2 +E,2) /018 81} (3)

The phase diagram of the potential described by Eq. (3)
repeats the phase diagram of the potential (1) representing
homogeneous bulk phases, apart from a shift by a, (Fig. 3).
The right-hand side of the phase diagram characterized by
0<a,<a, 7>0 represents the appearance of a localized
phase

£.=0, E=[2(c—a)/a,]",

whereas as on the left-hand side in the range 0 <, < a,,
¥ <0, we have the phase

Ei=E.=[2 (ao—a,)/(2a1+7)]"’.

The two localized phases characterized by & #0, &, =0
and &, = &, #0have the C; symmetry in the E, space. How-
ever, in the vicinity of a certain point (¢ = @, ¥ = 0) in the
phase diagram there is a range where the localized phase
with the C, symmetry can exist: ,(z) #9,(z) #0. We shall
consider branching off of the solutions with the C, symmetry
from the solution with the C; symmetry corresponding to a
localized phase characterized by §,#0, §, = 0:

n=8 exp(—A4]z|/g)+v(z),

N:=12(2), v(£o) =1,(F0) =0,

The branching occurs when the linear term in Eq. (2)
for 7, vanishes:

g';]'z= {a1+2(ao—a1) (1+7/e2) exp(—24 ]zl/g) —246 (Z)} Na.

4)
The principal term of the branched-off solution is
n.=tl.(bexp(-A|z|/g)), v~E}
y (5)
=21, p=2(1—v) (1 +—),
Qg 22}

where £ is the amplitude and 7, is a modified Bessel function.
The boundary condition b1/ (b) =1,(b), which follows
from the singular term of Eq. (4) (Ref. 24), is an equation
for a branching line in the phase diagram. In the vicinity of
the point @, = a,, ¥ = 0 we have b < 1 and this equation then
becomes

o=, —4aky, (5"

where k = a, ' if > 0. If ¥ <0, the branching originates
from the solution
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Ei=E:70, k=—2(a,+7)""

Therefore, in the vicinity of the tricritical point
a, = a,, ¥ = 0of the phase diagram there is a region where a
two-parameter localized phase may be realized and this
phase does not have a bulk analog (represented by the region
of double shading in Fig. 3). A localized phase which cannot
form in the bulk of a crystal has been observed also in the
vicinity of a dislocation in an iron garnet.?’

3. APPEARANCE OF NUCLEI AT TWIN BOUNDARIES DUETO
TRANSITIONS BETWEEN LOW-SYMMETRY PHASES

We shall now consider nucleation in the case of an or-
der—order transition between low-symmetry phases by tak-
ing as an example a transition described by two different
order parameters 7 and @:

F= j {g*tamn®+a,n'+2.9*+big*+b,q*+cn’e?
\ 4

+A48 (z) n*—B6 (z) ¢*} S d. (6)

A group-theoretic analysis (Sec. 5) shows that the potential
(6) can be used to describe nucleation in the course of the
P < R phase transition in NaNbO;. The quantities 4 and B
in Eq. (6) determine the strength of the interaction of the
order parameter with a twin boundary. If 4 = B =0, we
have 4a,b, — ¢?> <0 and the potential of Eq. (6) describes
three homogeneous phases:*® 7 = @ = 0; P(7#0, ¢ =0);
R(n =0, ¢ #0) (see Fig. 4).

The system of equations

{ gin=am+2a,n*+cng*+248 (z)n,

7
£:5=b,9+2b,9’+cn’p—2B8 (2) , 7

FIG. 4. Phase diagram in the vicinity of the triple point (@, = b, = 0) of
the potential (6) in the case when 4a,b, — ¢> <0, ¢ > 0. The phases with
7 = @ =0 (double shading), R (single shading), and P coexist in the
diagram. 1) Lines of second-order transitions from the 7 = ¢ = 0 phase
to the phases Pand R; 2) coordinate axes; 3) line a, = b,(a,/v,)'/? of the
first-order transition P« R; lines 4 and 5 represent Egs. (11) and (13),
respectively. The insets show a quasihomogeneous distribution of the or-
der parameter of Eq. (8) in the P phase in the vicinity of the twin bound-
ary (a) and the distribution of the order parameters 7 and ¢ [ Eqgs. (8) and
(9) ] corresponding to the appearance of a nucleus of the phase R against
the background of the phase P (b). The range of existence of the nucleus is
identified by an arrow in the phase diagram. The thermodynamic paths A
A'and B-B' represent the situations in which the appearance of equilibri-
um nuclei is possible and impossible, respectively.
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follows from Eq. (6) and has the exact solution for the P
phase:

a, s
n=(21) e e@—, ®

where
t=(|a|/2g,)"|z|+p; th p=[(D*+2)"*—D]/y2,

D=A(|al|gi)—lh-

The solution given by Eq. (8) is shown in Fig. 4a.

The appearance of a localized phase ¢@(x)#0
[@( + ) = 0] occurs at a branching point of the system
(7). The branched-off solution is

—tht
o=t ch"“tF(e—s, ets+1, e+, 1+) €
where
[2b,/|ai|+c/2a,)g. ) 1+4cg \ "
e= , 2s=\———( —1,
82 a8

Fis the hypergeometric function, and £ is the amplitude. The
equation for the branching line is given implicitly by the
boundary condition at ¢ = p:

2B g1 kA
T
I: 82 2|atl

0
=ch‘2p5;1nF(e—s, e+st+1,et+1,32), (10)

where (1 — tanh p)/2. If 4 €1, the equation for the branch-
ing line becomes a, = — 2a,B*c~'g, ' + 2a,b,c™" (line 4
in Fig. 4). The point K of intersection of this line with the
line representing the first-order transitions between the bulk
phases P — R

a,=b; (az/bz)lh

(line 3 in Fig, 4) has the coordinates
ai(k)=—2a2Bz/Qy bi(k)=_2(a2b2)ll’Bz/Q,

where
Q=cg.{1—2(a;b,)"/c}.

This intersection means that to the left of the point K
the existence of equilibrium nuclei is inconvenient, so that in
the thermodynamic path A-4 ' (Fig. 4) a phase transition
results from nucleation and growth of equilibrium nuclei
localized at a twin boundary, whereas in the B—B ' path this
occurs as a result of motion of a nonequilibrium front. In the
opposite limiting case when 4> 1 and B« 1, the branching
occurs along the line

_ 4g.b.g,!
{(1+4g10g2_laz_‘)‘/’—1} .

a,

This is line 5 in Fig. 4 and it lies below line 3 if ¢ < 4g,b,85 ',
or 4a,b, — c*>8g,b,(2b, —c) g; ' when ¢>4g,b,g, '. In
this case the phase transition involves the formation and
growth of nuclei at a twin boundary. However, if these in-
equalities are not satisfied, then equilibrium nuclei do not
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appear and a phase transition may involve motion of a front.

It should be pointed out that the symmetry of a unit cell
of anucleus (Fig. 4b) is exactly the same as the symmetry of
the growing phase 77 @ #0. Therefore, a nucleus of a phase
which cannot appear in the bulk of a crystal forms at a twin
boundary.

4. PHASE DIAGRAM OF ALOCAL TRANSITION IN THE
VICINITY OF ATRICRITICAL POINT

A phase transition occurring on a twin boundary in the
vicinity of a tricritical point @ = 8 = 0 is described well by
the following potential:

F= f {280+ an’+1/ipn*+"/eyn’—A6(2) 0’} S dz.

(11)

If B> 0, the local phase transition is of the second order with
a branching point a = a,.

The equation of state which follows from Eq. (11) can
be solved exactly if it is assumed that S <0, which gives

n= 25305)"‘ ., (12)
{|A|"'sh(2(ig) “lal4p) 43181}

where

p=In{([9p°D*~A(D*—1)]*~3|p| D) (D—1)~|A|-"},
A=9p*—48ay, D=4 (ag)~".

The solution (12) is valid in the range 38%/16y <a <A4?%/
g + 387%/16y. Substitution of Eq. (12) into the functional
(11) gives the equilibrium free energy E, of a nucleus at a
twin boundary (see the Appendix). A numerical analysis of
this expression shows that in the range of values 5/
y€[0, — 5] the expression for line 3 in Fig. 5 can be approxi-
mated by

a=a,+3p*»/16y,

where x~0.75 if B/y€[0, —2,2] and x=0.82 if B/
ye[ — 4, — 5,5]. Then, the point T of intersection of lines 3
and 4 (Fig. 5) has the coordinates B, ~5,5(a,y)'/? and
ar=57a,.

FIG. 5. Phase diagram of a local transition on a twin boundary in the
vicinity of the tricritical point @ = 8 = 0: 1) line of a local second-order
phase transition characterized by @ = a,and 8> 0; 2) line of the absolute
loss of stability by the localized phase: a@ = a, + 33%/16y; 3) line of
equality of the energies of a twin boundary with and without a nucleus:
a = a,+ 3B%x%/16y; 4) first-order transition in the bulk of a crystal:
a = 33%/16y,5) line & = a, for B <0 (the 7 = 0 phase is unstable below
this line).
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When line 3 of the phase diagram (Fig. 5) is reached, a
nucleus of a finite size appears at a twin boundary. Further
cooling causes its growth so that it fills the whole crystal
when line 4 is reached. However, if the thermodynamic path
passes to the left of the point 7, the appearance of nuclei is
thermodynamically favorable. In this case crossing of line 4
in the phase diagram of a crystal with a twin boundary or in
the case of a transition from the edge of a crystal the phase
front collapses and the whole crystal assumes the 7#0
phase.

5.DISCUSSION

In this section we shall show nucleation at a twin
boundary in an NaNbQO, crystal (Sec. 1) can be described
using the potential of Eq. (6) (Sec. 3) and we shall propose
an explanation for the wedge shape of a nucleus and for a
transition layer between subdomains in nuclei observed due
to P— N transitions in NaNbO,.

Without going into the fairly conventional procedure of
determination of the orders parameters and their compo-
nents, differing from zero for the phases P and R of interest
to us, we shall give the final result of a group-theoretic analy-
sis. The transition of each of the P and R phases is related to
two order parameters, one of which (common to P and R)
transforms in accordance with the three-dimensional ir-
reducible representation 7, (k,, ) of the space group O } sym-
metry of the original cubic phase. Moreover, in the case of
both phases only one out of three components of the order
parameter differs from zero, i.e., a transition may occur in
the “field”’ of this component of the order parameter with a
change in the other two components. The latter have the
symmetry of a single direction in the reciprocal space
kg = ub; and for one of them we have p; = 1/4 (P phase)
and for the other u, = 1/6 (R phase). Bearing in mind the
special features of the distortion of the structure on transi-
tion to the phase P, we can show that both these components
of the order parameter transform in accordance with the
75(kg) representation. For completeness, we should point
out that formation of the rhombohedral polar N phase with
the C$, (R 3c) symmetry is related to two three-component
order parameters, the first of which is the same 75(k,,) as in
the case of the transitions to the P and R phases, but in this
case all the components differ from zero and are equal. The
second order parameter is the spontaneous polarization such -
that P, = P, = P,. Next, direct calculations can show that
the nonequilibrium thermodynamic potential of the P— R
transition contains only invariances of the second and fourth
power in respect of the order parameter 75(kg), correspond-
ing to these phases, and a mixed biquadratic invariant, i.e.,
the P— R transition is described by the potential (6).

We shall show that in the field of a temperature gradient
a = @ + wx a nucleus localized at a twin boundary lying in
the y = O plane is wedge-shaped. We shall assume that the
surrounding crystal occupies a region x>0 and also that
(0m/3x)|,—o =0, where & is the value of a at the x =0
edge of the crystal. The linear part of the equation of state
becomes

( o'n , 9™

— 13
& dz®*  oy? (13

)= (&+wz—246(y))n.

Equation (13) givesthe value@, = 4 /g — 1.02(w’g)'/? for
the branching point and the branched-off solution is
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el A ida{(2) 1)
1 §exp{ p ly| rAi p z—1,02 , (14)
where Ai(x) is the Airy function and £ is the amplitude. The
distribution of the order parameter of Eq. (14) is shown in
Fig. 6a. The line corresponding to the level 7(x, y) = const
is in the form of a wedge similar to the wedge-shaped nuclei
of the R phase in Fig. 1.

A transition from the antiferroelectric phase P to the
ferroelectric phase N (R 3¢ = C$,) in NaNbO, causes split-
ting of the nucleus of the N phase localized at a twin bound-
ary into a system of domains shown in Fig. 2b. The boundary
between these domains is a one-dimensional defect of the
order parameter field, i.e., it is a circulation line. "

Near the branching point this boundary changes into a
transition layer between the subdomains of the nucleus and
the thickness of this layer diverges in the limit 7— T, which
is the branching temperature. The distribution of the order
parameter in the vicinity of such a layer is an extremum of
the functional

F(n)=5{-§[(§£)+(%)]

+2 7’ +1;i n*—A6(x) nz}L dz dy,

15
5 (15)

where L is the length of the crystal along the z axis. In the
vicinity of the branching point @, we can find the solution of
the equation of state in the form 7 = £( y)¥,(x). We shall
then obtain the following functional for £( y):

F(E)—‘-%j{ ’/zg(z—j)z +1/, (a—ao)§2+‘/85§‘} dy.
(16)

The equation for £( y) which follows from the condition for
the minimum of the functional (16) has the solution

§(y) =[2(a—a) /Bl th{[(c—a)/2g] "y}

with the transition layer thickness la(a, — a) ~'/? diverg-
ing at the branching point. The distribution of the order pa-
rameter in the transition layer is shown in Fig. 6b.

6. CONCLUSIONS

The appearance of a localized phase, which does not
form in the bulk of a crystal, is a common occurrence. Such a
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FIG. 6. a) Distribution of the order parameter of Eq. (14) in
the vicinity of a twin boundary, emerging on the edge of a
crystal in the field of a temperature gradient. A crystal is
located in the region x>0 and a twin boundary is in the y = 0
plane. b) Distribution of the order parameter in the vicinity
of a circulation line. A twin boundary is located in the x = 0
plane.

phase may be induced by a defect creating an homogeneity
and by the edge of a crystal. It can appear because an inho-
mogeneous distribution of the order parameter of the origi-
nal phase alters the conditions for the loss of stability by
precipitation of a condensate with the second order param-
eter, compared with the conditions of the loss of stability of
homogeneous phases. The precipitated phase with the sec-
ond-order parameter is localized in the region of an increase
or afall of the first order parameter, depending on the sign of
the interaction constant. This is most likely to occur near a
multiphase point, because the anisotropy of a crystal in the
space of the components of the order parameter E is weak in
this region. On the other hand, the conclusion about the
limited range of existence of nuclei (point 7') in the case of a
first-order phase transition, which is the result of the exact
solution of Eq. (12), applies only to inhomogeneities with a
small radius of the falling region. The coordinates of the
point T are governed by the temperature interval , of the
existence of nuclei. In our experiments, and also in Refs. 4
and 10, this interval was a,~ — 0.1-5 K. The point T was
then in the range of validity of the Landau theory. However,
no rigorous theoretical results for long-range inhomogene-
ities and the experimental results demonstrate that in the
case of a crack creating an inhomogeneity proportional to
r~'/2 a nucleus appears even in the case of such a definite
first-order transition as that from the tetragonal to the mon-
oclinic phase of ZrO, (Ref. 27).

The authors are grateful to A. L. Korzhenevskii and A.
K. Tagantsev for discussing the results, and to M. L. Kraiz-
man who provided us with his program producing three-
dimensional images.

APPENDIX

The expression for the equilibrium free energy of a nu-
cleus in the case of a first-order phase transition is

'
FO=G‘{1_ ‘/A ¢chp 3|ﬁlv Y}
A" sh p+3| 8| (48ay)™
I A"chp 1 A"chp
+G. 1- 7 T T q ; 2
48ay A" sh p+3|B| 3 (A"shp+3|B])
_ 9p*—16ay Y}
(48ay) ™ '
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where
3 3 1
G‘ = —Zl,f—l_(ag) Ia7 G2=18(a3g) I’y
A=48ay—9p*, D=A(ag)~",
_ [ (=3|B|D+[9p*D*+A (D*—1)]")
p‘—‘lﬂ{ (D—'I)Al/’ }v

(48ay)"+3|p|—A*
(48ay)"—3|p|+A™

Ml (48ay) "+3| | th(p/2) —A™
(480y)"—3| B |th (p/2) +A" °

1t follows from the recently published results'” that the appearance of a
localized superconductivity at a twin boundary in tin at temperatures
To> T. isrelated toits defect structure, whereas in the case of defect-free
twin boundaries we have T, < T, and, therefore, the electron—phonon
interaction is weaker at a twin boundary.
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