Polarization effects in coherent backscattering of particles

fromrandom media

E.E. Gorodnichev, S. L. Dudarev,and D. B. Rogozkin

Engineering-Physics Institute, Moscow
(Submitted 26 October 1989)
Zh. Eksp. Teor. Fiz. 97, 1511-1529 (May 1990)

The problem of coherent enhancement of the backscattering of particles with spins = 1/2 from
random media containing small-radius scatterers is solved exactly. The polarization
characteristics of the angular spectrum of particles are analyzed for reflection from three- and
two-dimensional disordered systems and for a medium with an Anderson disorder (periodic
system of random scatterers). This analysis is carried out for the cases of magnetic and spin—orbit
interactions with the scattering centers. Effects which have no analogs in coherent backscattering
of light and scalar waves are predicted: these effects are the appearance of a fine structure in the
angular spectrum of the reflected particles in the vicinity of the backward direction, a
nonmonotonic dependence of the backscattering enhancement factor 7 on the angle of incidence,
and discontinuous behavior of the factor 7 as a function of the ratio of the cross sections of the
magnetic and scalar interactions when particles are reflected from systems with an Anderson

disorder.

1.INTRODUCTION

Interference between the wave functions of particles
moving along coincident paths in opposite directions signifi-
cantly alters multiple scattering by an ensemble of randomly
distributed centers and is known to be the cause of weak
localization waves in a random medium. This reduces the
electrical conductivity and the diffusion coefficient of elec-
trons traveling in ““dirty” metals and in semiconductors, and
also alters other transport coefficients.'”” The wave interfer-
ence effects are manifested particularly strongly in the re-
flection of light from turbid media,®'® when these effects
enhance greatly the backscattering intensity in the backward
direction.

Theoretical analyses have shown>*>'* that one of the
important features of weak localization of waves in disor-
dered systems is its sensitivity to the symmetry of the scatter-
ing process relative to time reversal. Those interactions
which break the T-invariance, for example the spin-spin
(magnetic) interaction with scatterers, can alter significant-
ly the nature of interference in a random medium. In partic-
ular, this gives rise to a variety of physical features in the
behavior of the quantum corrections to the transport coeffi-
cients of metals and semiconductors.’~>

It is particularly desirable to analyze the phenomena
associated with the breaking of the invariance of the scatter-
ing relative to time reversal in the problem of coherent en-
hancement of backscattering. In this case the observed inter-
ference effects are no longer corrections to the observed
transport coefficients (conductivity, diffusion coefficient,
thermal conductivity, etc. ), but alter radically the whole an-
gular dependence of the backscattering intensity near the
backward direction.®!

The polarization effects in backscattering of light due to
symmetry breaking in relation to time reversal are discussed
in detail in Refs. 11, 14, and 20-25. It is shown there that the
absence of the T-invariance always results in simple suppres-
sion of the peak representing coherent backscattering of
waves of the appropriate polarization.

In the case of backscattering of particles with spin
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s = 1/2 the situation is very different.?¢?’ In particular, in
the case of the magnetic and spin—orbit interactions we can
expect coherent weakening of backscattering, i.e., a dip in
the backward direction may appear in the angular spectrum
of the scattered intensity.

We shall give an exact analytic solution of the problem
of coherent backscattering of spin s = 1/2 particles from
three- and two-dimensional disordered ensembles of small-
radius scattering centers and from a medium with an Ander-
son type of disorder in the form of a periodic system of ran-
dom scatterers. We shall discuss in detail the characteristics
of the backscattering process in the case of the magnetic
(spin—spin) and spin—orbit interactions of particles with the
scattering centers. We shall show that the reflection of parti-
cles from a three-dimensional system of scatterers with dis-
ordered distributions and randomly oriented spins gives rise
to a “fine” structure of the angular dependence of the den-
sity of the particle flux in the backward direction, in contrast
to the predictions of Refs. 26 and 27. At the center of an
overall dip the angular spectrum of the backscattered parti-
cles has a local maximum. An analysis of the exact solution
of the multiple scattering problem shows that this maximum
is due to the difference between the effective lengths for de-
struction of the coherence of wave functions of particles
characterized by parallel and antiparallel spin orientations.
The backscattering enhancement factor reaches its maxi-
mum value for oblique incidence of particles in a medium,
rather than for the normal incidence which is true of the
scalar scattering processes. '*

An investigation of the angular spectrum of the parti-
cles backscattered from two-dimensional disordered sys-
tems shows that the nature of the spectrum depends strongly
on the mutual orientation of the polarization vector of the
incident particles and the plane of their motion. The dip in
the angular distribution in the vicinity of the backward di-
rection appears only for the processes involving spin reversal
in the scattering plane. In all other cases the backscattering
is enhanced coherently.

In a system with an Anderson type of disorder the mo-
tion of a particle is influenced strongly by the Bragg diffrac-

© 1990 American Institute of Physics 853



tion processes and the associated anomalous transmission
and absorption of waves in a medium. The effects of weak
localization of radiation in a periodic system of fluctuating
scatterers have a number of features associated with the dif-
fraction enhancement or weakening of the noncoherent in-
teractions, which is a function of the orientation of the parti-
cle momentum relative to the lattice. For example, in the
Bragg diffraction geometry the backscattering enhancement
factor 7, considered as a function of the ratio of the cross
sections of the ‘“‘scalar” and spin-spin interactions, can
reach its maximum (7 = 2) and minimum limiting values.

The effects considered below may be observed experi-
mentally in investigations of backscattering of polarized
electrons from disordered targets and also on reflection of
thermal neutrons from crystals under conditions of a strong
spin-incoherent nuclear interaction.

2. ANGULAR SPECTRUM OF BACKSCATTERING FROM A
THREE-DIMENSIONAL DISORDERED SYSTEM

We consider the motion of a nonrelativistic spins = 1/2
particle in the half-space x > O filled with randomly distrib-
uted scattering centers which have a small radius obeying
ro<A, where A is the particle wavelength.

We begin our investigation of the polarization phenom-
ena with an analysis of the spin—spin interaction of a particle
with scatterers. The matrix representing the scattering of a
particle by a center located at the point R, is (see, for exam-
ple, Ref. 28)

r|F .|t >=(2n/m) [A+B(sS,) 16 (r—1') 6 (r—R,), (1)

where m is the mass of the particle, S, is the spin of the
scatterers, and 7 = 1. The imaginary part of the scattering
length A is related to the total interaction cross section o,
by the optical theorem

Po
ImA4 =——0,
m 41‘[0“

where o, = 0, + 0, + 0,; 0, = 4|4 |? is the “‘scalar” in-
teraction cross section; o, = 7|B |>S(S + 1) is the spin inco-
herent (magnetic) scattering cross section; o, is the cross
section for the absorption of particles by the scattering cen-
ter; p, = 2m/A is the particle momentum.

The density of a flux of backscattered radiation and its
polarization characteristics can be described by averaging
the one-particle density matrix over the positions of the scat-
terers and the directions of their spins:

Pas (1, ¥') = (1) 5" (') ), (2)

where a and f3 are the indices of the spin components of the
wave function of the investigated particle.

If we ignore the recoil in collisions with the incident
particle, we can rewrite the density matrix of Eq. (2) in the

form?*-%

Pa.x (rh l'z) =P£l°’r) (rh rz)

+j cee 5 de dRz dl',' drzlG(rg, Ri) G‘. (rz, Rz)
X Tagro (R, 1" Ry, 1) Pss (r/,1,"), 3)

where the repeated indices imply summation; G(r,r’) is the
Green’s function of the scattering problem;***' p{3 (r,r’) is
the density matrix of the particles that do not undergo inco-
herent interactions in the medium (the density matrix of the

coherent fields):

Pa(:) (r,r") =p§? o (7, Po) $o” (27, Po) . (4)

In the last expression p{) represents the polarization density

matrix of the incident particles, whereas #,(r,p) is the wave
function of the scattering problem corresponding to the
boundary condition in the form of a plane wave with a mo-
mentum p incident on a given surface from the region
x = — o (see Refs. 30 and 31):

o (¥, P) inc =XP (iPT) | zr-os.

The tensor function I',5,5 (r,r{;rpr;) in Eq. (3) de-
scribes the evolution of the wave field in the course of multi-
ple scattering of particles in matter. In terms of the impurity
diagram technique, it is governed by a sum of connected
diagrams without external lines.?**° Under weak localiza-
tion conditions (i.e., when p,/ € 1, where / = (no,, ) ~'isthe
mean free path and » is the number of the scatterers per unit
volume) the dominant contribution to I ,5,5 (r;,r{;r,r;)
comes from a series of ladder and fan (maximally crossed)
diagrams.

A series of ladder diagrams corresponds to a sequence
of independent incoherent scattering events. In the sum of
such ladder diagrams we shall separate the contribution of
single scattering

Lasrs (21, 1 12y 1) = (21t/m) 2 nOap160 (r1—1,") 8 (r,—1,)
X 6(ri—r,) + Lags (14, 1‘1’; T2, rzl)a (3)

where the tensor o, is given by the expression®**

1 1
Oaprs = —[ 006“5” + — O, (Uapoo-r) ] (6)
4n 3

and 0,5 = (0 53,0%5,0 5p) are the Pauli matrices. Then, the
function Lz, (r,,r;;r,r;) satisfies the following equation
(Fig. 1)

Lapys (v4, 145 12, 157) =( 2%) ‘ 1*Gapu1vOupvsd (¥, —T2)
X8(r/'—r")G(r, 1) G* (13, 1,)
+ (2—; ) : NGOayupd (r,—T;) _” dR, dR,
X G(ry,R) G (r;, R;) Lpus (R, v,"; Ry, 1’).  (7)

~

% r

= + + e = +
/2’

\ ®
N

FIG. 1,
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Such fan diagrams describe interference between the wave
functions of the particles moving in a medium along coinci-
dent paths but in opposite directions. The integral equation
for the sum of such fan diagrams is (Fig. 2)

Copre(ry, 1 15, 1)

2n ¢ 2 ’ ’ ’
= 7n— 1 GauveOpprsd (T3—1,") 8 (1,—1,") G (x4, 1,")

2 2
X.G(r,,1,) +(—:: ) nd(r,—r,’) ca,m“‘ dR, dR,G(r,,R,)
X G*(r;, R,) Cuﬂ'rv (Ru r';r, Rz) . (8)

In contrast to the scalar scattering case, '*'¢'®!° Eq.
(8) for C,p,5 (r,F];r,,r; ) cannot be reduced to Eq. (7) by
simple transposition of the arguments and the spin indices
(because o,z # 0, ). The physical reason for the absence of
this symmetry between Eqs. (7) and (8) is the breaking of
the invariance of the scattering matrix of Eq. (1), with re-
spect to reversal of the sign of the projection of the particle
spin (for the particles under consideration this is equivalent
to time reversal).

The tensors L,g,5 (r,F15rr;) and C,g.5 (Fp,1];r5,r;)
can be expanded in terms of the eigenvectors of Egs. (7) and
(8) (for details see the Appendix) and can be represented in
the form

Laprs (ry, 502, 1")
4 ' ﬂn ’
=06(r,—r,)8(r, /1) m(cﬁo.)ﬂ(oﬁm; r, 1)

X [5a96n+ (0as051) ]

nn 1 O, ,

-4;2-( Gy — -3— 0,) H(Oo - E— M YT 71 ) (36a56’re"‘ (ouﬁow) ]} »
9)

’
Copro Ty, 1, 12, 127)

=8(r,—1,)8(r,/—r,) {in—;(oo”cn) II(og—0s; 1y, 1))

(oo+1—o.)

% [8apBrs— (Gus0s1) ]+ 3

1
b2 H(Go +—§0-; Iy, l'a') [384p8157F (02505 ] }, (10)

where the propagator I1(o;r,r’) = II(0;|p — p’|,x,x") satis-
fies the equation

nn
O(o;r,r')= qz

] de[G(r, R) |*II(o; R, ¥').

(11)
A comparlson of Egs. (10) and (9) readily shows that the

tensor C is identical with L apart from transposition of the
second pair of arguments and a change in the sign in front of
o matrices. Physically, such a transformation corresponds
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to “reversal” of one of the two particle paths occurring in L
(compare Figs. 1 and 2).

An analysis of Eq. (10) shows that the tensor factors in
the first and second terms of the above expression are the
operators performing projection onto states with a specific
value of the total spin of two interfering particles.’> We can
therefore say that the first term in Eq. (10) represents a
singlet contribution and the second a triplet contribution to
the polarization density matrix of Eq. (3).

Substituting Eqs. (9) and (10) into Eq. (3), we can
calculate the flux of the particle scattered along the direction
defined by Py = (P1xsP1y) =Ppo cOS By,
Do Sin ¢, cos @,p, sin ¥, sin @) :

Do? cos® &,

]a.v(ﬂh l'Pi)= (27)°2

X _”dp dp’Par (v, ¥") exp (—ip, |0 +iP1 10”) |xs—o0,
(12)

where 2 is the surface area of the investigated medium. We
then find that J,,, (¢,,¢,) is described by

Ty (B4, 00) = E-o,,,op::’j dR | (R, Do) |* | 9o (R, —py) |?

+—’;— -"dedR,l‘Po(Rv —py) |* | (R”, po) |?

+a,
% [ 2% (g0, R R)
4n

6aﬂ61e+ (00.9061) €0 00"‘/30‘, ( 1 )
T o+ —— ;R
X % Pss i II\ o, 3 o
38ap076— (6as0s1) (o) ]
X 4 Ose

+ %‘.H dR dR’ P (R, po) ¥o" (R, —p1) o’ (R, po)

8apbro— (6agGsr) (o)

Go—0 ,
(R, ) [ 2% 11 (0000 B ) 20 20
+00+’/,0. H( o0+ _1__ 0. R, R,) 3608616 — (GusBor) pMo) ]
4n 3 4
(13)

The first term in Eq. (13) represents the contribution of the
single-scattering processes, whereas the second represents
incoherent multiple scattering, and the third appears be-
cause of the interference between the wave functions of a
particle in a random medium. In contrast to the scalar scat-
tering case'*'®'® in the presence of the spin interaction
(0, #0) the second and third terms of Eq. (13) are different
along the backward direction (p, = — py)-

If we exclude the case of grazing incidence and the es-
cape of particles from a medium (cos 3, |cos#,| > u.., where
w, ~(n|d|)"?p,<1 is the cosine of the critical angle), we
can ignore the refraction and Fresnel reflection of waves at
the boundary of the scattering medium and we can then de-
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scribe ¢, (r,p) in Eq. (13) using the approximate expression

NGO o1k

D=
—_— = >
5 sﬁ)’ cos ¢ 0, (14)

fpl

whereas Eq. (11) with x>0 and x’ > 0 can be modified by
substituting the Green’s function for an infinite medium*'

no
exp{ipo|r—r’| ——21(— [r—2’| }

In this case an analytic solution of Eq. (11) can be obtained
explicitly (see Ref. 33). According to Ref. 33, the function

Yo (r,p)= exp('ipr -

G _
Ir x| = 2n|rr|

I(o;¢,&¢E)=2n jp dpJo(gp)

% [[ exp(~st—2'8") 1(0; p, 2,2) dz da’ (15)

can be described by
T(0: 9,8, &)= g+g (M{‘ : 0:. noqm )
xH('“’“" , — |2 )—1], (16)
E’ Ot ' N0t
where
H(p,0|v)

cop{ a1 )

Ifv = 0, then H(u,w/v) is identical with the Chandrasekhar
function H(u,w) known from radiative transfer theory.>**

The relationship (16) allows us to write down the final
expression for the angular distribution of backscattered par-
ticles:

1
Tor (B, 9) = ———I':‘I'f [ octo)H (I, ort0.l0
apdrot G
X -H (o, 05+, | 0) _6_2_‘“4_“_““1

1 1
+( 0).,——3—&).)}1( |l mo—?m.IO)

6@ Vg
.|0)3 361040 8Osy +(ﬁ)o—0),)
2 —1} 6;9610‘“0&3007

4
—1}

| Po Py )
(18)

1
XH( Moy ﬁ)o—?(l)
X {’H(ﬁ, mo—m,| | Poy P )

NGOt
1 1
+(ﬁ)o+?ﬁ), ){IH(FL,&)D'F?(D,

x 36¢§670+0a3001 ]
4 ’

NG00t

where wy = 0/ 0oy, Wy = 0,/0 o, 14; = cos ¥, i = 0,1, and

n ’—‘—(|l’4| i

' - lJro) (19)

Equation (18) represents the complete solution of the
problem of calculating the angular distribution of particles
reflected from a disordered medium in the case of the scalar
and spin—spin interactions with the scattering centers [gen-
eralization of Eq. (18) to the backscattering of particles
from a disordered layer of finite thickness can be carried out
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using a method described in Ref. 36]. In an analysis of the
interference effects in multiple spin—spin incoherent scatter-
ing we consider Eq. (18) in the special case of totally polar-
ized incident radiation, i.e., we assume that

086 =8p400+="75 (Spo+10Gps) .

The angular distribution of the particles reflected without a
change in the polarization is

i Il’dlllo[@o'*'@e
AR L

1 1 . 1
X H (Mo, mo+w.l0)+—2—( ﬁ)o—?ﬁ).)H( [pal, mo—-é—m.IO)

ou10) (ot 5-0.){ |l n

-?0). o 30), i, @o

+_|Pou+lhu| )'2_1}]’
nGiot

whereas the distribution of the particles escaping from the
medium with the opposite spin direction is

)

J++(017(Pl)= H(Iull,mo-l-m.lO)

X H (“’01 Wo

1
+— o,

3 (20)

— 1 “.hluo I—ﬁ)o+(1).
411', I[J'1|+|1-o 2

——%—(mo——%m.)H( |Ht|»‘ﬂo_%‘°'|0)

1
X H( uo,mo———3-m.|0)

1 1
+?(0)o+?m. )

1 + -z
x{lH(ﬂ,mo‘*‘—ﬁ). [PoytPail )
3 RGiot

SETHINI{ T

H(|psl, @ota,|0) H (po, @0F@,]0)

)

[Poytpi4l )' 1}] )
o e

The sum of Egs. (20) and (21) gives the total intensity of the
backscattered radiation:

1 Jwlpe
J (04, =——
(8, (Pl) 4 IP«:H‘I‘«D

x| (@@ H(Iul, 00t0.]0)H (o, 00+ 0,]0)

3 1
+?(mo+?m. )

2
{IH(u,mo'l'—w. [Po Py ), _1}
3 noiat

__12_((,).,—@.) { l L "M) , ’

NGt

(22)

The difference between Eqgs. (20) and (21) is propor-
tional to the degree of polarization of the reflected particles.

The terms in the braces in Eq. (22) represent the inter-
ference of particles with parallel and antiparallel spins. The
numerical factors in front of these terms are proportional to
the degeneracy multiplicity (2S + 1) with respect to the
“total spin” of the interfering particles (corresponding to
S = 1and S =0, respectively).

The angular distributions calculated from Egs. (20)-
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FIG. 3. Angular spectrum of reflected particles in the vicinity of the back-
ward direction calculated for the magnetic scattering in a disordered me-
dium: a) without (curves 1 and 2) and with (curves 1’ and 2) spin rever-
sal; b) total flux density. Parameters of the medium:
8. =sin""(A/27l) =1% 1), 1) 0,=0.1, o, =0.9; 2), 2') w,=0,
o, = 1.0. The curves are normalized to the relevant values of the incoher-
ent flux density.

(22) are plotted in Fig. 3. The angular dependence of the
flux density of the particles scattered with no change in the
polarization always has a maximum in the backward direc-
tion. The angular distribution of the particle reflection ac-
companied by spin reversal [Eq. (21) ] and the angular de-
pendence of the intensity in the vicinity of the backward
direction [Eq. (22)] are governed by the competition
between the contributions of the singlet and triplet states.
Since w, is positive, the intensity peak associated with the
contribution of the triplet term is always sharper than the
intensity dip caused by the singlet state. In particular, this
has the effect that even in the case of pure spin—spin scatter-
ing the angular distribution of Eq. (22) has a local maxi-
mum near the p, = — p, direction.

This feature of the angular spectrum is due to the differ-
ence between the characteristic distances
I._,=3/2(no,) Y and I,_, = 1/2(no,) "', at which the
coherence of the wave functions of the particles with parallel
and antiparallel spins is lost, and is the result of very many
interactions between the particle and the scatterers. The dis-
tribution found in Ref. 26 using the double-scattering ap-
proximation has no intensity maximum along thep, = — p,
direction.

An analytic investigation of the profile of the coherent
backscattering peak is easily carried out in the case of rela-
tively rare spin—spin interactions (o, €0,) and in the case of
weak absorption (o, €0,). Using an asymptotic expression
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for the Chandrasekhar function H(u,w|v) when 1 — w<l
and v<1 (Ref. 33), we find that for small angular deviations
6 of the momentum p, of the particles from the exactly back-
ward direction [8< (p,/) ™', I = (no,, ) '] theinterference
terms in Eq. (22) can be represented in the form

=m0 -B ) (224 ) ], 23)
iem =i 4Bl (22 )] 28y
where

_ Ipoutpal

) A(“'D) =H=(”‘°1 1l0)_’19

NGOt
B(HD) =2|,LOHz (uo, 1 |0) .

It follows from Eqgs. (23) and (24) that in the absence of
absorption (o, =0) the ratio of the characteristic angular
widths of the triplet and singlet terms in the spectra of Egs.
(20)-(22) is AB,/AB, = 1/3""2 An increase in the ratio
0,/0, gradually smooths out the coherent backscattering
peak.

The behavior of the interference contribution to
J(#,,@,) at high angles of deviation from the backward di-
rection [8> (py!) ~'] also depends on the cross section ratio
o,/0,. Using the asymptotic form of the function H(u,»|v)
at high values of v> 1 (Ref. 33), we can readily show that for

6.>>3"0, (3" +1)/(3"—1)

the interference term in J(,¢,) becomes negative.

An important characteristic of the interference of
waves and particles under multiple scattering conditions is
the factor 7 representing the enhancement or weakening of
backscattering, defined as the ratio of the observed flux den-
sity to the “background” density of the flux of incoherently
scattered particles along the exact backward (p, = — po)
direction. Using Eq. (22), we can write down 7 in the form

N=1"(w,t+w,)—1
/z(ﬁ)o+ /3@,) H? (po, @t/ s0,) —*/2 (@0—@,) H? (Jo, ©o—®,)

((l)o+0.) )H (“’01 l) (25)

where 7°(w) = 2 — H ~*(uqw) is the backscattering en-

1 1 .
.o 0°60°  a0”d,
FIG. 4. Dependences of the backscattering enhancement factor on the
angle of incidence of particles on the surface of a disordered medium: 1)
wy = 1.0; 0, =0; 2) w,=0.99, o, =0.01; 3) w,=0.95, o, =0.05, 4)
w,=0.9, v, =0.1; 5) w,=0.5, 0, =0.5.
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hancement factor in the scalar case.*® The dependence of the
factor 7 on the cosine of the angle of incidence i, in the case
when o, #0 is nonmonotonic (Fig. 4). The maximum value
of 5 for w; >0 corresponds not to the normal incidence of
radiation on a medium, as in the scalar scattering case,** but
to some specific value ui® < 1. An increase in the ratio
o,/0, reduces g **. This behavior of the factor 7 is related to
the influence of the spin-spin scattering for which the 7-
invariance limits the multiplicity of the collisions contribut-
ing to the interference part J  of the angular spectrum.

In fact, in accordance with the differential of the factor
7, it can be represented in the form

n=1+7[J, (1+4:/1:) 1, (26)

where J, and J, are the intensities of single and multiple
(k>2) incoherent backscattering. Since
(0o + ;) > (g + 1/3w,), (0y— w,), the multiplicity of
incoherent scattering is higher than the effective number of
scattering events that destroy the coherence of the wave
functions of the particles with parallel and antiparallel spins.
However, a reduction in u, reduces the multiplicity of the
collisions resulting in incoherent backscattering and the ra-
tioJ °/J, rises. For u,< 1, when the main contributions to J
and J; come from double collisions, this ratio approaches
unity. A reduction in the cosine of the angle of incidence
enhances the single scattering role and the factor (1 + J,/
J, )~ 'in Eq. (26) decreases monotonically. The maximum
of 77 corresponds to such values of ug** < 1 that the effective
multiplicity of the collisions contributing to the interference
term J © and to the incoherent intensity J, are quantities of
the same order of magnitude. When p, < 5" is reduced still
further, the angular distribution of the reflected particles
begins to be dominated by the single scattering processes
(J{|J. > 1) and the factor 7 decreases to unity.

When the particles are incident normally on a surface
(1o = 1), the dependence = 9(o,/0,) is monotonic and
we have 7(0) = 1.8817 and 77( w0 ) = 0.995.

3.POLARIZATION EFFECTS IN THE SPIN-ORBIT
INTERACTION

We shall now consider to backscattering of particles
from a disordered system of zero-spin centers when the spin—
orbit interaction becomes important. In this case the scatter-
ing matrix considered in the momentum representation is of
the form

p'|F | p>=(2n/m) (A+iC[p’, pls), (27)

where p and p’ are the momenta of a particle before and after
a collision.

The differential cross section for the scattering of parti-
cles by a single center is not isotropic in the spin—orbit inter-
action case. An allowance for the angular anisotropy of the
scattering cross section greatly complicates the equations for
the tensor functions L p,5 (r,F]5515) and
C.,sys (r,,r1;r,,r; ), and it makes the problem of calculation
of the angular spectrum of the reflected particles very diffi-
cult. However, if we ignore the exact form of the reflection
spectra, we can find those new qualitative characteristics of
the angular distribution of particles which are due to the
symmetry of the spin-orbit interaction under time inversion;
this can be done by applying the isotropic scattering approxi-
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mation. It is interesting to point out that this approximation
is fully justified when collisions accompanied by spin rever-
sal are relatively rare (o,> o,,, where o, is the spin—orbit
scattering cross section) and the directions of particles after
consecutive spin—orbit interaction events are uncorrelated. *

In the approximation of isotropic single scattering the
equation for the function L 4,5 (r,,r{;r,,r; ) applicable to the
spin-orbit interaction differs from Eq. (7) only by the re-
placement of o, with o, in the scattering tensor o,4,5 - The
equation for Cg,5 (r,,r;r,,r;) is obtained from Eq. (8) if
instead of o,5,5 we substitute a tensor (see Refs. 2,4, and 5)

1 1
Hapys = —5— ( 000apB10 — — G0 (GupOsy) ) (28)
4rt 3

The difference between the tensors 04,5 and x4, is in this
case related to the time-reversal symmetry of the scattering
matrix of Eq. (27):

<p’| T | pd=(2n/m) (A+iC[—p, —p’] (—s))
=(2n/m) (A+iC[p’,pls).

The procedure of calculation of the angular distribution
of backscattered particles carried out using Eq. (18) differs
in no way from the procedure used above in the magnetic
interaction case and it effectively reduces the modification of
Eqgs. (18) and (20)-(22) by replacing of o, with o, in the
terms describing the usual incoherent scattering, and o,
with — o, in the interference terms. In particular, for
J3 @) =J,  (Fue) +J__(F,¢,), the following
expression (w,, = 0,,/0,, ) applies:

1 || o
J = AT
.9 4o | | +po

X{ (@0t ®uo) H (| pull, @t @s0]0) H (pho, @0+ 0401 0)

3 1
+g(on=g0n)
1 [Poytpaul ) :
|3 o522 )
H Ry @o 3 ®s0 NGt ]

[Po Pyl )‘z_i]}.
. (29)

~ 2L oo [ |(n oo

The first term in Eq. (29) describes the usual angular spec-
trum of the incoherently scattered particles, whereas the sec-
ond and third terms are the results of the triplet and singlet
interference between the particles.

In the absence of absorption (o, = 0) if the angles of
deviation from the backward direction are small
[8< (pol) ~'], the triplet and singlet contributions to Eq.
(29) can be represented exactly as was done earlier in Egs.
(23)-(24):

o 3 40,0, L\"
Js=a=16n P«o[A(P«o)“B(P«o)(GM +wv ) ], (30)
R 1
Js=o=_—H0[A(l‘vo)“B(p;0)V]- (31)

16z
According to Eq. (31), the same contribution to the angular
spectrum of the reflected radiation has a ““triangular” singu-

larity in the backward direction, which demonstrates>®** the
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FIG. 5. Angular spectrum of the reflected particles calculated in the vicin-
ity of the backward direction for the spin—orbit scattering in a disordered
medium: 1) 0, = 1.0, w,, =0; 2) w, = 0.9, w,, = 0.1. The curves are nor-

so

malized to the corresponding values of the incoherent flux density.

conservation of the coherence of the wave functions of the
particles moving along oppositely directed paths.

An analysis of the above results leads us to the conclu-
sion that the angular spectrum of the particles which are
backscattered without spin reversal should exhibit a smooth
maximum, whereas in the case of spin reversal there should
be a dip with a triangular singularity. Such a triangular dip
along the backward direction occurs also in the total distri-
bution J(#,,¢,) (Fig. 5).

These features of the angular distribution of the reflect-
ed radiation are due to the interference of the particles char-
acterized by parallel and antiparallel spins. Since time rever-
s/ql alters the scattering amplitude .7 (p’,p,s) into
J(—p,—p',—Ss), it follows that the T-symmetry of the
amplitude of Eq. (27) conserves the coherence of the wave
functions of the particles with antiparallel spins moving
along coincident trajectories in opposite directions. On the
other hand, the coherence of the wave functions of particles
with parallel spins is destroyed over distances of the order of
the mean free path relative to the spin-orbit interaction, i.e.,
for I, = (no,)~".

FIG. 6. Orientational dependence on the factor representing the enhance-
ment of the backscattering of particles from a periodic system with an
Anderson disorder: 1) w;, = 1.0, 0, =0;2) w; = 0.9, 0, =0.1(0, + 0;).
Bragg geometry case, y, = £,/2|Re V| (the value y, = 0 corresponds to
the exact Bragg condition).
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4.COHERENTBACKSCATTERING FROMASYSTEMWITH AN
ANDERSON DISORDER

Generalization of the above expressions to the scatter-
ing of particles by fluctuating periodic structures is readily
made by replacing the scalar scattering cross section o, in
Egs. (7)-(8) with the “isotopic” incoherent scattering cross
section o; of Ref. 37 (the corresponding scattering channel
is associated with fluctuations of the magnitude of the poten-
tial, representing the interaction of a particle with separate
periodically distributed centers) and by going over from in-
tegration over the volume of the scattering medium to sum-
mation over the crystal lattice sites:*®

1 (©
Jar (04, @1) = 5 OasroPse ZI | ¥ (R, po) [* | ¥ (Ra, —ps) |?

a

1 . (0
+ ma; | ¥ (Ra, po) | | (Ro, —P1) | e

X{ (0:+0.)Q(ast0,; R, R,)

36“610"' (ouaob'() 1 1 . \
X——4————-+( ;s — 3 0.) Q(O{_'S_Uu Ra’ R,

x 38as676— (0as0er) }
4

1
. " 'R“’_ ‘R’ .
+4m2§wm,po>w p) " Ry, po)

8apOro— (GapGay)
4
36¢p616+ (0.,,90.;1) }
'———"——4 .

X (Rs, —p) oo {(Oro.)(?(d«—ou; R, R,)

+(0i +—13—.'00)Q(0i+%0l;Ra7 Rb)

(32)

An equation similar to Eq. (11) for the propagator
Q(o;R,R,) is now

Q(0; Re, R)= "2 |G, (R, Ry) [
+um—n32 |G.. (R, R.) |?Q(a; R, Ry).  (33)

The main difficulties encountered in the solution of Eq. (33)
and calculation of the angular spectrum of Eq. (32) are re-
lated to the complex structure of the wave functions ¥ (R,p)
and of the Green’s function G, (r,r’) describing the problem
of particle diffraction by the periodic potential of a crystal.

For a weak potential we can find ¥ (R,p) using the two-
wave approximation of the dynamic diffraction theory while
insolving Eq. (33) we can ignore the influence of the diffrac-
tion effects on multiple scattering.*”*® The subsequent inte-
gration of Eq. (33) and calculation of the density of the flux
of backscattered particles of Eq. (32) are similar to the pro-
cedures applied in Ref. 38 to scalar fields. The peak profile
and the polarization features of the process of coherent back-
scattering are then similar to those discussed in Sec. 2.

The most interesting is the problem of how the anoma-
lous transmission and absorption of particles in a crystal
influence the backscattering enhancement factor 7. We ana-
lyze the Bragg diffraction of the incident and reflected parti-
cles in which the effects of the anomalous transmission and
absorption of radiation are manifested most strongly.*® The
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wave function W (r,p) at the lattice sites is then (see, for
example, Refs. 37 and 38)

‘P(Ra,P)=exp(iPRa){—;7[( 1+%)% - 1]}
XeXP{"ZUiZ—T;E[i—(1+EEK)%]} , (34)

where v = p/m is the velocity of the particles; ¥ 'is the Four-
ier component of the periodic potential corresponding to the
diffraction reflection by the reciprocal lattice vector G,
G, = — |G|, and the parameter € represents the “energy”
deviation from the exact Bragg  condition
&= [(p + G)? — p*]/2m. The exponential nature of the de-
pendence of the wave function on the depth of penetration of
the radiation x, into a crystal makes it possible to use Eq.
(25) in calculating the backscattering factor 7, provided we
replace u, with cos J,Re(1 + 4V/g,)'/?, where

4V \* :
3 ) [ 2
€& 2 Yo

Al 2 YT

(35)

as y, = £/2|Re V'|. We can see from the above expression
that in the limit y, -0 (i.e., in the vicinity of the exact Bragg
geometry) the first argument of the Chandrasekhar func-
tions in Eq. (25) becomes infinite. The use of the familiar
expression®’

lim A (p,0) |0)=(1—0)"" (36)

H=>oo

yields an unusual result:

ki _{ 1+(|)i for Ga“—'Ov
val 1 for 6,0,

Yo—>0

37

withw;, = 0,/(0; + 0, + 7,).

This discontinuous behavior of the enhancement factor
7 in the vicinity of the point y, = 0 is due to the same phys-
ical factor as the shift of the maximum of the dependence
17(u,) toward grazing angles of incidence, which occurs as
the ratio o,/0, increases [see Eq. (25)]. In fact, the near-
zero value of the parameter y, corresponds to an anomalous-
ly deep penetration of the field of the incident radiation into
a crystal.’” Therefore, in the absence of absorption, for
o; = 1 and o, = 0, the contribution to the interference term
of Eq. (10) is made by the processes of the scattering of
“infinitely high”” multiplicity [J,/J, = 01in Eq. (26)] and,
in full agreement with the familiar law of enhancement of the
“multiple” part of the scattered radiation intensity,'* 18
the limit of Eq. (37) amounts to 2. An allowance for the 7-
invariant spin-spin interaction (o, > 0) limits the multiplic-
ity of the collisions, governing the value of J “and suppresses
absolutely the coherent backscattering process. The depen-
dence 77(y,) illustrating this behavior is plotted in Fig. 6. We
can see from this figure that the curve corresponding to
g, >0 lies below the curve obtained for o, = 0, which con-
firms the picture of the effect discussed above.
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5.BACKSCATTERING OF PARTICLES FROM TWO-
DIMENSIONAL DISORDERED SYSTEMS

An important feature which distinguishes two- from
three-dimensional systems is the conservation of the projec-
tion of the spin of the particles along the z axis, perpendicu-
lar to the scattering plane xy, in the magnetic and spin—orbit
interactions. Consequently, when particles are reflected
from a medium with a two-dimensional disorder, we find an
additional dependence of the angular spectrum on the orien-
tation of the polarization vector of the incident particles rel-
ative to the xy plane, which results in a qualitative difference
between the polarization phenomena in a two-dimensional
system from those discussed above in the case of a three-
dimensional system.

We shall now analyze from the beginning the process of
multiple scattering of particles in the magnetic interaction
case. An example of a two-dimensional disordered medium
with such an interaction is a system of randomly distributed
vortices with random (clockwise or anticlockwise) direc-
tions of the current.

The equations for the tensor functions
L ,p,s(r;,ri;ry,r;) and C,p 5 (1,1 ;r,,r;) are then obtained
directly from Egs. (7) and (8) if instead of the scattering
tensor of Eq. (6) we substitute

Do

_(53_'5)—2 (006a6610+030a620162) ’ (38)

Oaprs =

where o, and o, are the scalar and magnetic (spin incoher-
ent) scattering cross sections for the two-dimensional case.
The cross sections 0, and o, have the dimensions of length.

Since the tensor o,,4,; is expressed in terms of the matri-
ces 8,5 and o 4, it follows that transposition of the argu-
ments r, and r; and of the spin indices can reduce the equa-
tion for C,g,s(r,ri;rur;) to the equation for
L 3,5 (ry,r];ryr5). The solution of the latter in the two-di-
mensional case can be written as follows:

’ 7
Logrs (re, 24" 10, 1) =Clappo (x4, 7,5 0,7, 1)

n
= —(%;T 6(ry—r;)8(ry'—1,)
6a¢675+0a3'067'
2
80s016—0ap’0sy” ]
R —

x[ (Go+0.) n(00+01; rh l",)

+ (00—03) H (00—03; Iy, ril)
(39)

The propagator I1(o;r,r') =I1(0o;|y — y'|,x,x") satisfies the

equation

nop,
mZ

M(o;r,r')= |G (r,x") |*

+—”%’2’°—§ d|G(r,r") |*IL(a; 1",¥'),  (40)

where G(r,r') is the Green’s function of the appropriate two-
dimensional Schrodinger equation and # is the number of
scatterers per unit area. Integration in Eq. (40) is carried out
over the half-plane x” > 0.

We shall now consider the physical meaning of the var-
ious terms in Eq. (39). In the expression for the sum of the
ladder diagrams L4, (r},r{;r,r;) the first term describes
the particle density and the second the polarization of the
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particles in the case of multiple incoherent scattering in a
disordered medium. In the expression for the sum of the fan
diagrams C,z,5 (1,1} ;r,,r; ) the first term represents inter-
ference between the wave functions of the particles with
identical signs of the spin projection on the z axis, whereas
the second represents the interference of the wave functions
of particles with the opposite signs, i.e., these terms give re-
spectively the triplet and singlet interference contributions
to the density matrix.

Equation (40) is the two-dimensional analog of Eq.
(11). If we ignore the Fresnel reflection and refraction of
particles at the boundary of the investigated medium, Eq.
(40) can be solved exactly (see Ref. 33).

Substituting Eq. (39) into the expression for the density
matrix of Eq. (3), we can readily calculate the angular spec-
trum of the backscattered particles which in the two-dimen-
sional case is related to p,,, (r,r’) by the expression

-
Jor(8,) = znl; :52’ j j dy dy’ exp{—ip;(y—y) }par (", ') |20-

2

=ﬁ§9a1($71’u;xwu) [P (41)
where we have written p, = p, cos &,,p; = p, = p, sin ¥,
and .7 is the length of boundary lines separating the medi-
um from vacuum.

The density of the flux of backscattered particles polar-
ized along the z axis is

ooto.  |ppe { '
—_— A , 0o, |0
2% pa|tpe (I msel, @0 |0)

X h(po, @t o,]|0)

Jz(ﬁ1)=

it

(42)

+[ Ih( ﬁ,mo+m.| Po |sinﬁ,+sinﬁo|)
NG 1ot

where the function

oo

h(u,m]v)=exP[——l:;oj 1f_izczln(1_ (1+vzic2)'h )]
(43)

is the two-dimensional analog of the “generalized” Chan-
drasekhar function H(u,w|v) (Ref. 33). The conservation
of the projection of the spin s, in the case of multiple scatter-
ing in a two-dimensional medium makes the angular spec-
trum of the particles polarized along the z axis and undergo-
ing the magnetic interaction exactly the same as the angular
spectrum of the backscattering of zero-spin particles. The
scattering amplitudes for the forward and backward waves
with parallel spins are identical at each of the centers and the
magnetic interaction does not disturb their coherence. As in
the scalar case,*® in the absence of absorption (o, = 0) the
angular spectrum of Eq. (42) has a sharp *‘triangular” peak
in the backward direction.

Note that, in accordance with the above discussion, the
only contribution to Eq. (42) is that made by the first term
of Eq. (39) which describes the particle density in the sum of
the ladder diagrams and represents the interference of the
wave functions of particles with parallel spins in the sum of
the fan diagrams.

861 Sov. Phys. JETP 70 (5), May 1990

The situation is quite different when particles polarized
in the scattering plane are reflected. The projection of the
spin along any axis in the xy plane is no longer an integral of
motion and we can therefore have scattering with spin rever-
sal. The wave function of a particle polarized in the xy plane
can be represented as a superposition of the wave functions
with s, = 1/2 and 5, = — 1/2. Therefore, the interference
between the wave functions of counterpropagating particles
polarized in the scattering plane includes the contribution of
the wave functions of particles with identical and opposite
projections of the spins along the z axis. It follows that the
expression for the backscattering spectrum should now con-
tain both terms of Eq. (39).

The flux density of the reflected particles polarized in
the scattering plane is

1
J:vt (ﬁt)=4?'|£‘l;—i_*l_%{(mo+ms)h( [,
1 0

X ﬁ)o+ﬁ)ul0)h(l"0y (00+(1)5|0)
+ ((00-'(1).) h( | M1 ' y Wo— s ' 0) h(l‘-o, Wo— W | 0) + ((1)0+(1),)

[ oo 2 1R

NG ot
2
Po |sinﬁ.+sinﬂol)l—1 ]}
N0 o1

(44)

sin ¥, + sin Y,

+(0o—0,) [ | h( fi, ®o— @,

Here, the plus sign in Eq. (44) corresponds to reflection
without spin reversal, whereas the minus corresponds to
spin reversal.

Since the magnetic interaction breaks the time-reversal
symmetry, the coherence of the wave functions of the parti-
cles with antiparallel spins is destroyed over distances of the
order of the mean free path under the magnetic scattering
conditions, i.e., over distances /,, = (no,) ~'. Consequently,
the singlet contribution to Eq. (44) is not only less than the
triplet contribution, but it is characterized by a smoother
dependence on the angle @ representing the deviation from
the backward direction.

In the absence of absorption the angular spectrum of
Eq. (44) has a sharp triangular peak along the backward
direction, and this is true of the backscattering accompanied
by conservation of the polarization and of the processes
which involve reversal of the particle spin. One should men-
tion also that if o, = o, a particle polarized in the xy plane
seems to “forget” the spin direction after each scattering
event: J_ , (&)) =J__(J).

If the polarization of the scattered particles is ignored,
the expression for the angular spectrum
J¥=J, ¥+ J__"Iis identical with Eq. (42) obtained
above.

We now analyze the polarization characteristics of the
angular spectrum of the particles reflected in the presence of
the spin-orbit interaction. The scattering amplitude is
then®™

p'| T a|pd=A+iClp'pl.s.. (45)

In contrast to the case of the magnetic interaction discussed
above, the amplitude of Eq. (45) is invariant under time
reversal. Consequently, in the case of multiple scatteringin a
medium we can expect conservation of the coherence of the
wave functions of the particles moving along coincident op-
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posite paths and characterized by opposite signs of the pro-
jection of the spin along the z axis. In the case of the wave
functions of particles with the same spin projections along
the z axis the coherence is destroyed over distances on the
order of the mean free path in the spin—orbit interaction case
l, = (no,)"".

In the approximation which ignores the angular anisot-
ropy of the spin—orbit scattering* the expressions for the
sums of the ladder and fan diagrams have the same matrix
structure, but they cannot be converted from one to the other
simply by transposition of the coordinates and the spin in-
dices:

7 7
Lagyo(ry, 2,5 15, 1,°)

Pont
(2m)*

804010 Gap’00r”

[ (00+Gaa) H (00+0m; riy rl') 2

6 96 8— O, 91051z
+ (00_030) H (Oo—Uuo; rly l'" )—L_-a—-'

2
Xﬁ(l‘,—rz)ﬁ(l‘,'—rz'), (46)
Copro(ry, 14’515, 1,7)
n OapOrst0as 00’
= (p;ﬂ)z[ (00_010) H(Go_oao; Iy, r‘,)_blf_i_ﬂ__bj_
Ga, 6 —0q z z
+(60+040) IT(Go+0u0; 14, 14) &219_9_9.’__]
X 8(r;—1,") 6 (r/—r2), (47)

where o,and o, are the cross sections of the scalar and spin—
orbit interactions, whereas the propagator Il (o;r,r’) satis-
fies Eq. (40).

Using Eqgs. (46) and (47), we readily obtain expres-
sions for the angular distributions of backscattered particles
with different polarizations in the initial and final states. The
relationships for J#and J* , are similar to Egs. (42) and
(44) and can be obtained from Eqs. (42) and (44) by replac-
ing o, with o,, in the terms describing the distribution of
incoherently scattered particles, and by replacing o, with
— 0,, in the interference terms of the angular spectrum.

The conservation of the spin projection s, has the effect
that the contribution to the angular spectrum J* is made
only by the interference of the wave functions of particles
with identical projections of the spin along the z axis, the
coherence of which is lost over distances of the order of /.
Therefore, the peak in the angular distribution of the parti-
cles polarized along the z axis is smoothed out.?’

On the other hand, in view of the nonconservation of
the spin projection in the plane of motion, the angular spec-
trum J} . includes also a term describing the interference
of the particles with opposite signs of the spin projection
along the z axis and, in contrast to the magnetic scattering
case, the singlet contribution to the density of the flux of the-
reflected particles is much greater than the triplet contribu-
tion. Consequently, in the absence of absorption (o, = 0)
the angular distribution of /¥ | hasasharp triangular peak
and J™ _ has a dip of the same triangular shape.

6. CONCLUSIONS

We have obtained the exact solution of the problem of
coherent backscattering of particles with s = 1/2 from ran-
dom media containing small-radius scatterers. We classified
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the polarization effects observed on the reflection of parti-
cles from three- and two-dimensional spatially disordered
media and from a periodic system with an Anderson disor-
der in the two cases of the spin—spin and spin-orbit interac-
tions with the scatterers.

We predict effects that have no analogs in the coherent
backscattering of light and scalar waves, such as the appear-
ance of fine structure in the angular spectrum of particles in
the vicinity of the backward direction, nonmonotonic de-
pendence of the backscattering enhancement factor 7 on the
angle of incidence, and discontinuous behavior of this factor
7 when particles are reflected by systems with an Anderson
disorder, considered as a function of the ratio of the spin—
spin and scalar interaction cross sections.

We are grateful to Yu. A. Kravtsovand M. I. Ryazanov
for their interest and valuable comments.

APPENDIX 1

The eigenvectors of the collision operator in the equa-
tion for L 4,5 can be found by introducing tensors

Eapr6=0ap01s,

(A1)
Zapro=(0apOs1)
and defining their multiplication rule as follows:
(i’i) ap'{6=zav'{uzvau6- ( A2 )

It readily follows from Egs. (A1) and (A2) that
EE=E,
ES=3E=%,
$3=3£+28.
It is clear from Eq. (7) that the selection of the eigenvectors

of the collision operator reduces to a solution of the problem
of the type

(0:B+/,0.2) (E+BE) =g (E+BZ). (A4)

Theusein Eq. (A4) of the rules of Eq. (A3) gives the follow-
ing quadratic equation for

ﬁz'—z/sﬁ“‘/s=0-

which yields the eigenvalues and the normalized eigenvec-
tors of the problem of interest to us,
gi=ota, ‘[(E+3),
(A5)
8:=0,—"/30,, E/A(E_‘/;E)-
Similarly, we can calculate the eigenvectors of the collision

operator of the equation for C,4,5 by defining the product
rule

(22) apre=ZamsZvprar (A6)
which leads to
EE=E,
E3=3E=73, (A7)
I3=3E-23.

The eigenvalues and the normalized eigenvectors of the spin
part of the collision integral of the equation for C,g,; de-
duced using the rules of Eqs. (A6) and (A7) are
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817000, l/:A(E“ﬁ),
(A8)

gz=00+‘/30., 3/5(E+’/si) .

Substitution of Eqs. (A5) and (A8) into Eqs. (7) and (8)
reduces this expression to the form given by Egs. (9) and
(10).

'L. P. Gor’kov, A. L. Larkin, and D. E. Khmel’nitskii, Pis’ma Zh. Eksp.
Teor. Fiz. 30, 248 (1979) [JETP Lett. 30, 228 (1979)].
?S. Hikami, A. L. Larkin, and Y. Nagaoka, Prog. Theor. Phys. 63, 707
(1980).
3B. L. Al'tshuler, A. G. Aronov, A. 1. Larkin, and D. E. Khmel’nitskii,
Zh. Eksp. Teor. Fiz. 81, 784 (1981) [Sov. Phys. JETP 54,420 (1981)].
“B. L. Altshuler, A. G. Aronov, D. E. Khmelnitskii, and A. I. Larkin,
Quantum Theory of Solids, Mir, Moscow (1982), p. 130.
°G. Bergmann, Phys. Rep. 107, 1 (1984).
V. V. Afonin, Yu. M. Gal’perin, and V. L. Gurevich, Zh. Eksp. Teor.
Fiz. 88, 1906 (1985) [Sov. Phys. JETP 61, 1130 (1985)].
V. V. Afonin, Yu. M. Gal’perin, and V. L. Gurevich, Pis’ma Zh. Eksp.
Teor. Fiz. 44, 507 (1986) [JETP Lett. 44, 652 (1986)].
%Y. Kuga and A. Ishimaru, J. Opt. Soc. Am. A 1, 831 (1984).
°M. P. Van Albada and A. Lagendijk, Phys. Rev. Lett. 55, 2692 (1985).
1P, E. Wolf and G. Maret, Phys. Rev. Lett. 55, 2696 (1985).
'"'"D. P. Dvornikov and 1. A. Chaikovskii, Pis’ma Zh. Eksp. Teor. Fiz. 46,
348 (1987) [JETP Lett. 46,439 (1987)].
2D, V. Vlasov, L. A. Zubkov, N. V. Orekhova, and V. P. Romanov,
Pis’ma Zh. Eksp. Teor. Fiz. 48, 86 (1988) [JETP Lett. 48,91 (1988)].
'’S. Etemad, R. Thompson, M. J. Andrejco, et al., Phys. Rev. Lett. 59,
1420 (1987).
'"“A. A. Golubentsev, Zh. Eksp. Teor. Fiz. 86, 47 (1984) [Sov. Phys.
JETP 59, 26 (1984).
SA. G. Vinogradov, Yu. A. Kravtsov and V. I. Tatarskii, Izv. Vyssh.
Uchebn. Zaved. Radiofiz. 16, 1064 (1973).
'®Yu. N. Barabanenkov, Izv. Vyssh. Uchebn. Zaved. Radiofiz. 16, 88
(1973).
'"7Yu. A. Kravtsov and A. 1. Saichev, Usp. Fiz. Nauk 137, 501 (1982)
[Sov. Phys. Usp. 25, 494 (1982)].
'8L. Tsang and A. Ishimaru, J. Opt. Soc. Am. A 2, 1331 (1985).
'M. B. van der Mark, M. P. van Albada, and A. Lagendijk, Phys. Rev. B
37, 3575 (1988).
2°E. Akkermans, P. E. Wolf, R. Maynard, and G. Maret, J. Phys. (Paris)

863 Sov. Phys. JETP 70 (5), May 1990

49, 77 (1988).

2Ip, E. Wolf, G. Maret, E. Akkermans, and R. Maynard, J. Phys. (Paris)
49, 63 (1988).

2A. A. Golubentsev, Izv. Vyssh. Uchebn. Zaved. Radiofiz. 27, 734
(1984).

23M. J. Stephen and G. Cwilich, Phys. Rev. B 34, 7564 (1986).

24F, C. MacKintosh and S. John, Phys. Rev. B 37, 1884 (1988).

25M. P. Van Albada, M. B. Van der Mark, and A. Lagendijk, J. Phys. D
21, No. 108, 28 (1988).

26J, Igarashi, Phys. Rev. B 35, 8894 (1987).

27R. Berkovits and M. Kaveh, Phys. Rev. B 37, 584 (1988).

28W, Marshall and S. W. Lovesey, Theory of Thermal Neutron Scattering:
The Use of Neutrons for the Investigation of Condensed Matter, Claren-
don Press, Oxford (1971).

29A. A. Abrikosov, L. P. Gor’kov, and 1. E. Dzyaloshinskii, Methods of
Quantum Field Theory in Statistical Physics, Prentice-Hall, Englewood
Cliffs, N.J. (1963). A. A. Abrikosov L. P. Gor’kov, and 1. E. Dzyalo-
shinskii, Quantum Field Theoretical Methods in Statistical Physics, Per-
gamon Press, Oxford (1965).

38, M. Rytov, Yu. A. Kravtsov, and V. L. Tatarskii, Principles of Statisti-
cal Radiophysics, Springer Verlag, Berlin (1987).

31A. Ishimaru, Propagation and Scattering of Waves in Random Inhomo-
geneous Media, Vol. 2, Multiple Scattering, Turbulence, Rough Surfaces,
and Remote Sensing, Academic Press, New York (1978).

32V, M. Galitskii, B. M. Karnakov, and V.1. Kogan, Problems in Quantum
Mechanics {in Russian], Nauka, Moscow (1981), Chap. 5. [Transl. of
1st Ed. Publ. by Prentice-Hall, Englewood Cliffs, NJ (1965)].

3E. E. Gorodnichev, S. L. Dudarev, and D. B. Rogozkin, Zh. Eksp. Teor.
Fiz. 96, 847 (1989) [Sov. Phys. JETP 69, 481 (1989)].

34y. V. Sobolev, Light Scattering in Planetary Atmospheres, Pergamon,
Oxford (1975).

338. Chandrasekhar, Radiative Transfer, Clarendon Press, Oxford
(1950).

3SE. E. Gorodnichev, S. L. Dudarev, and D. B. Rogozkin, Preprint No.
055-89 [in Russian], Engineering-Physics Institute, Moscow (1989).

¥8. L. Dudarev, Zh. Eksp. Teor. Fiz. 94 No. 11, 289 (1988) [Sov. Phys.
JETP 67, 2338 (1988)].

38E, E. Gorodnichev, S. L. Dudarev, D. B. Rogozkin, and M. 1. Ryazanov,
Zh. Eksp. Teor. Fiz. 96, 1801 (1989) [Sov. Phys. JETP 69, 1017
(1989)].

V. V. Ivanov, Radiative Transfer and Spectra of Celestial Bodies [in
Russian ], Nauka, Moscow (1969).

Translated by A. Tybulewicz

Gorodnichev et al. 863



