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Direct experimental proof of mutual charging of small metallic particles of different size is 
obtained for the first time. This phenomenon is caused by the size dependence of the Fermi energy 
attributable to spatial quantization of the electron levels. The potential contrast method in 
scanning electron microscopy was employed to establish the existence of charged regions in an 
island film. Transmission electron microscopy was also employed to demonstrate that particle 
dimensions in the charged regions were an order of magnitude below standard dimensions. 
Relative charging of small particles is manifested as diode properties of the island film whose 
particle sizes vary monotonically in the direction ofcurrent flow. In order for such properties to 
be exhibited, charge transfer from particle to particle must occur through a substrate having 
semiconductor properties. A theoretical analysis of the observed phenomenon is carried out. 
Specifically, a theory of charged region screening by small particles of opposite charge is given. 

INTRODUCTION 

According to existing theoretical concepts, if small me- 
tallic particles forming an ensemble are of different size, 
thermodynamically-equilibrium mutual charging of the par- 
ticles will occur in such an ensemble. This is caused by the 
dependence of the Fermi energy p on particle size. Under 
equilibrium conditions the electrochemical potentials of the 
particles will be identical. In order to achieve such a condi- 
tion the electrons must make the transition from particle to 
particle through the surrounding medium. 

The primary physical cause of the Fermi level depen- 
dence on particle size R is the spatial quantization of the 
electron levels. In the quasiclassical range k,R % 1 if the dis- 
tance between levels 6 is small compared to T, spatial quanti- 
zation will be manifested as an addition to the expression for 
the level density proportional to the surface area S (k, is the 
Fermi momentum). 

The most complete solution to the problem of level den- 
sity with a square dispersion law was obtained in Ref. 1. 
Using this expression we can easily find the correction p, to 
the Fermi energy p, proportional to S/V- 1/R for an infi- 
nite spectrum ( V is the system volume). 

The sign of this correction will depend on the boundary 
conditions for the electron wave function on the particle sur- 
face.2 If the energy of the electron in the surface atoms is the 
same or higher than that of the bulk atoms, the Fermi level 
grows with increasing particle size (p, > 0). If the surface 
contains a layer of atoms whose electron energies lie below 
those in the interior, the Fermi energy diminishes with di- 
minishing R (p, < 0).  

At an electron concentration n so great that the band 
character of their spectrum becomes significant, the sign on 
p, will also depend on n (Ref. 3).  If the Fermi level arises 
with diminishing R for small n, with large n it grows. 

In the low-temperature range S T the Fermi energy 
will have a nonmonotonic dependence on R. Oscillations of 
p as a function of R have been investigated previously for the 
case of thin films,4 while Nagaev5 demonstrated that in 
spherical bodies these oscillations are quasistochastic and 
have a giant amplitude. 

As noted previously, the sign of the charge of the 

smaller particle relative to the larger particle is fixed in the 
high-temperature range. This charge may be either positive 
or negative, depending on the boundary conditions and the 
concentration. In the low-temperature range the signs of 
these charges may oscillate as a function of the difference of 
their radii. It should also be noted that in an ensemble con- 
sisting of many particles the mutual charging of the particles 
is a cooperative phenomenon. Indeed, the charge of each 
particle, which is based on equilibrium of the electrochemi- 
cal potentials of this particle and the remaining particles, 
will depend on the size and position of all these remaining 
 particle^.^ 

We will provide estimates of the size-dependent shift of 
the Fermi energy. If the energy spectrum of the crystal con- 
tains no surface band, then regardless of its size the quantity 
p, is of the order ofp,/k,R. If we have R = 50 I%, then Ip, I 
will reach 0.3 eV. When there is a surface band below the 
bottom of the bulk band, Ip, 1 may be even greater. 

We can then easily obtain an estimate for the particle 
charges q by generalizing the approach of study Ref. 3 to an 
ensemble consisting of a random number of particles. As- 
suming a large distance between particles compared to their 
radii we obtain the following expression for the average 
squared charge q2 with an equilibrium distribution of parti- 
cle radii over the interval [L - I, L + I ] :  

where E is the permittivity of the medium surrounding the 
particles. In deriving ( 1 ) we assumed p, (R ) a l/k.  As fol- 
lows from ( 1 ) for L - 50-100 I% and I /L  - 0.5 the average 
charge equals 1-2 electrons for E = 1 and on the order of 100 
electrons for E = 100. 

To date there has been no direct experimental confirma- 
tion of mutual charging in an ensemble of small particles. 
Essentially there are not even any experiments confirming 
the size dependence of the Fermi energy of small particles, 
although there are experiments that demonstrate the size 
dependence of the work function x (this was first observed 
in Ref. 6). It is, however, important to emphasize that the 
size dependence o fp  generally does not derive from the size 
dependence ofx. Indeed it is sufficient to assume an electro- 

347 Sov. Phys. JETP 70 (2), February 1990 0038-5646/90/020347-06$03.00 @ 1990 American Institute of Physics 347 



static energy of order e2/2&R for such a dependence; this 
energy is acquired by the particle after the electron leaves it. 
The initial size dependence of x was in fact treated in this 
manner. The fact that pl also makes a contribution to the 
size dependence o f x  was only noted in Ref. 2: 

wherex, is the work function of a bulk specimen. 
Physical situations where x reveals a size dependence 

whilep does not and vice versa are also possible, as indicated 
by (2).  Boundary conditions for whichp, vanishes, for ex- 
ample, correspond to the first case. The fact that such 
boundary conditions do exist derives from the previously 
noted variation in the sign ofp, as the surface electron ener- 
gy diminishes. The second case corresponds to the equality 
p, = e2/2&R. It is also clear that the sign of the size depen- 
dence ofx may be quite different from that ofp. Indeed if the 
size dependence of x were determined by the quantity p 
while the correctionp, were positive, thenx would diminish 
with increasing R. Due to the electrostatic term, however, x 
could at the same time increase as a functions of R. 

Mutual particle charging likewise does not follow from 
the size dependence of X. Indeed, the charges that arise on 
particles of different radii R,  and R, are proportional to 
p (R ,) - p (R,). These vanish for p, = 0 although the size 
dependence of x does not vanish. A comparison of the ex- 
perimental data on the size dependence of x and on mutual 
charging establishes the fundamental possibility for separat- 
ing the contributions of the kinetic energy and the electro- 
static energy to the size dependence of X .  

An experiment7 that observed a silver particle coagula- 
tion rate in plasma four orders of magnitude greater than 
that would be determined by the Van der Waals forces repre- 
sents indirect evidence of the existence of mutual charging of 
small particles. The effect can be attributed to the fact that 
substantially stronger attractive forces with Coulomb 
asymptotic forms occur between the silver particles under 
conditions of mutual changing. This explanation is support- 
ed by the fact that the coagulation rate of carbon particles, 
between which mutual charging is absent, does notincrease. 

The present study is evidently the first to provide ex- 
perimental data directly confirming the existence of mutual 
charging of small particles, i.e., an actual size dependence of 
the Fermi energy. We describe and analyze two types of ex- 
periments. The first experiment employs electron micros- 
copy to observe the potential distribution throughout the 
film and to detect charging of the region where the smallest 
particles are concentrated. The calculation carried out in 
this case identified the properties of the screening of this 
charged region by other particles when mobile charge carri- 
ers are absent. 

The second experiment employed electrical measure- 
ments and revealed rectification properties of an island me- 
tallic film deposited on an insulating substrate so that parti- 
cle sizes diminish monotonically in one direction. The diode 

1. VISUALOBSERVATION OF MUTUALCHARGING OF 
SMALL PARTICLES 

We begin with a presentation of the results from visual 
observation of charged regions in island films. The studies 
were carried out at 300 K on island gold films fabricated by 
thermal deposition on the (001) cleave faces of an NaCl 
crystal. Since the crystal surface was nonideal due to the 
cleaving process (for example edge irregularities occur on 
the surface), the small-particle formation conditions dif- 
fered throughout the surface. Therefore the island film may 
have had areas where particle sizes differed significantly 
from the average particle sizes. Electroneutrality does not 
hold in such regions in accordance with the concepts out- 
lined above. 

The studies were carried out using a scanning electron 
microscope and an electron-beam energy spectrometer.' 
This method employs a comparison of the energy spectrum 
of the secondary electrons of the probed region to the refer- 
ence spectrum of the secondary electrons. Electrodes were 
attached to the film and the spectrum of the grounded elec- 
trode was used as the reference spectrum. The secondary 
electron spectrum may deviate from the reference spectrum 
for two reasons. First any deviation of the local potential of 
the probed region from the reference potential will cause an 
energy shift of the local spectrum relative to the reference 
spectrum equal in magnitude to this potential, which is then 
registered as a signal (the vertical beam deflection during its 
horizontal sweep). Second, electrically neutral substrate de- 
fects may also serve to distort the spectrum, and these also 
produce a signal. However, the apparent potential associat- 
ed with such defects can easily be differentiated from the 
true potential by the behavior of the signal in an external 
electrical field applied to the electrodes. 

Figure 1 shows the potential contrast signal plotted as a 
function of the coordinate along the scanning line. Curve 1 
corresponds to the case where no voltage is applied to the 
film. The features appearing on this curve have different 
physical origins. Indeed when a voltage is applied to the film 
(curves 2 and 3 are obtained by applying a 0.5 and 1 V vol- 

properties of such a system are naturally explained by the 
nonlinearity of the 1-v characteristic (IVC) of the metallic FIG. 1. Potential contrast Lurves ( a )  for an island gold film deposited on 

the (001) cleaved face of an NaCl crystal at Tz300 K and a film voltage 
particles with different energy levels separated by the semi- Ur = 0 (curve 1 ), 0.5 ( 2 )  and 1 V ( 3 ) ;  the left electrode is grounded. b- 
conductor interlayer. repeat measurements showing the reproducibility of results 

348 Sov. Phys. JETP 70 (2), February 1990 Borziak eta/. 348 



tage to the film, respectively) the feature labeled by the ar- 
row vanishes while the other features remain. When the vol- 
tage is removed the feature indicated by the arrow reappears. 
The potential contrast curves are recovered in their entirety 
in repeated measurements (compare Fig. l a  and lb),  are 
stationary in time and are independent of the energy and 
intensity of the probe electron beam. This suggests that they 
reflect the natural properties of the film and do not derive 
from changes in its state during the measurement process. 
Specifically, film charging by beam electrons is excluded. 

Therefore the potential contrast curves as a function of 
the coordinates reveal two types of feature. Features of the 
first type remain unchanged upon application of voltage to 
the film. Consequently they are not related to film charges 
and are wholly determined by its morphology. The second 
type (it is the only one labeled by the arrow in Figs. la, b),  on 
the other hand, exists when no voltage is applied to the film 
although it vanishes when the voltage level is raised. Conse- 
quently it can be attributed to the electrical charges that 
accumulate in a specific region of the film. Given the elec- 
troneutrality of the film, they must be screened by charges of 
opposite sign in the adjacent regions. 

A drawback of this approach is that the measurements 
are carried out along a single scanning line. If a given step is 
selected and the spectral shift of the secondary electrons is 
converted into a digital signal and is then used to modulate 
the luminance of a television cathode ray tube, it is possible 
to carry out measurements across the entire surface with the 
results output as equipotential lines.8 

Figure 2 shows the equipotential lines from the applica- 
tion of a U' = 3 V voltage to the film as alternating dark and 
light lines. The potential difference between two neighbor- 
ing light (dark) lies is 0.3 V. If a film were to contain no 
charged regions the equipotential lines would form a family 
of parallel lines. However, Fig. 2 clearly reveals a film region 
surrounded by a closed equipotential line (as indicated by 

the arrow). This behavior of the potential can be attributed 
solely to charges in this region. In order to avoid confusion it 
should be emphasized that the results shown in Figs. 1 and 2 
were obtained on different specimens. The fact that, unlike 
the first specimen (Fig. 1 ), the external field applied to the 
second specimen (Fig. 2)  does not break down the charged 
region can be attributed to its geometrical proximity to the 
"B" electrode which is used to stabilize the specimen (the 
center of the region is negatively charged, while the "B" 
electrode is positively charged). Changes in electrode polar- 
ity will cause the charged region to vanish; this effect was 
observed in many specimens. It is important that the 
charged region shown in Fig. 2 does not vanish when the 
external field is removed, i.e., like the region in Fig. 1 it is 
produced by the intrinsic properties of the film. 

The specimen whose equipotential lines are shown in 
Fig. 2 was also analyzed by scanning electron microscopy. It 
was established that particle size within the charged region 
amounts to a few tens of angstroms, while it is an order of 
magnitude higher outside this range. Hence the natural ex- 
planation is to attribute the charge region to the difference in 
the Fermi energies of the electrons in the localization range 
of the smallest particles and in the remaining film. 

A theoretical analysis of the charged regions due to the 
difference in particle size will be examined in Sec. 3. 

2. THE DIODE PROPERTIES OF ISLAND FILMS WITH A 
PARTICLE SIZE GRADIENT 

The mutual charging effect can also be used in practice. 
If a dispersive metallic film is deposited on a dielectric sub- 
strate with the size of film islands varying monotonically 
from one electron to another, such a film will have diode 
properties due to the mutual charging of the particles. In- 
deed the charge-induced initial potential relief of the film is 
added to (or subtracted from) the applied voltage depend- 
ing on its polarity, thereby producing asymmetry in the con- 
ductivity of such films. A necessary condition for this phe- 
nomenon is that the electrical conduction of the medium 
through which charge transfer from particle to particle oc- 
curs, i.e., the substrate (see Sec. 4) ,  be of semiconductor 
nature. 

Oblique deposition was used to fabricate films with an 
island size varying monotonically from one contact to an- 
other. However, this fabrication technique remains difficult 
to implement. Films with a sharp island size gradient were 
deposited using a different technique; this technique em- 
ploys a mask. 

The I-V characteristic shown in Fig. 3 corresponds to 
an island gold film with island sizes varying from several 
tens to several hundreds of angstroms. The characteristic is 
given for the f 0.1 V range since the asymmetrical behavior 
of its branches corresponding to different voltage polarities 
across the film is particularly clearly expressed in this re- 
gion; this is consistent with the theoretical analyses outlined 
above. The forward current direction is the direction where 
current flows from large islands to small islands, as would be 
expected with the charge sign established above for the small 
particles. At higher voltages both branches of the I-V char- 
acteristic converge and are accurately superimposed. In the ~. 

initial section of the I-V characteristic the rectification ratio 
FIG. 2. Theequipotential linesin an island film, U, = 3 V, T-- 300 K. The for the gold films exceeded a quantity of order 10 in individ- 
contact-island film boundaries are designated A and B. ual cases. 
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FIG. 3. The I-V characteristic of a film with asymmetric inhomogeneous 
island structure ( T z  300 K) .  

3. MUTUALCHARGING OF SMALL METALLIC PARTICLES 
WITH AN IRREGULAR SPATIALDISTRIBUTION BY SIZE 

An irregular size distribution is unavoidable in any en- 
semble of small particles. Since the Fermi energy ,u of the 
particle depends on its size a trend towards equalization of 
the electrode chemical potentials will cause electrons to 
travel from particle to particle through the surrounding me- 
dium (a  small but finite conductivity is assumed). In Ref. 3 
the calculation of the electrical charges in the particle system 
was limited by the smallness of this number. Such a calcula- 
tion will be carried out below for an arbitrarily large number 
of particles. We will assume, in accordance with the com- 
monly encountered experimental case (see Sec. 1 ) that there 
are clearly differentiated regions containing concentrated 
particles of sizes substantially smaller than throughout the 
remaining film. 

Naturally the charge within the smallest particle accu- 
mulation region will be irregularly distributed, and a com- 
pensating charge layer will be formed outside this region. 

In some sense it is possible to state that the large parti- 
cles screen the small particles. However, the potential distri- 
bution in a small-particle system is significantly different 
from the ordinary screening problem in a conducting rnedi- 
um where such screening results from the change in concen- 
tration of mobile large carriers near the screened charges. 
Here such screening results from the change in the charges 
of immobile particles. Unlike the standard situation, here 
the screening length cannot include kinetic parameters, 
while the coordinate dependence of the potential is different 
then in ordinary screening. 

Strictly speaking, a very small but nonzero number of 
mobile electrons must exist between the particles in the me- 
dium in order to support charge transfer from particle to 
particle to equalize their electrochemical potentials. This 
will result in ordinary field screening. However in the analy- 
sis below the corresponding screening length will be as- 
sumed to be large compared to both the size of the region and 
the screening length for the case of screening by the compen- 
sating charge. Hence we will neglect ordinary screening. 

A calculation will be carried out below in order to clar- 
ify the nature of charge and potential distribution in such a 
system. Obviously such a calculation will be simply a model 
calculation due the random shape of the region and the arbi- 
trary particle size distribution. However the estimates ob- 
tained from this calculation will also be applicable to actual 
island films. 

The model used below corresponds to a spherical region 
of radiusp containing randomly distributed particles of radi- 
us R , and Fermi energy p ,  = p ,  ( R  , ) . Particles of radius R ,  
are distributed randomly outside the region. Such a model 
better reflects the properties of composite systems than those 
of island films, for which a model of charged spheres in 
three-dimensional space would be more appropriate. How- 
ever, we can expect that this model will provide at least a 
semiquantitative reflection of the properties of the island 
films. Convincing evidence in favor of this assertion derives 
from the similarity of results obtained for the three-dimen- 
sional and one-dimensional model when particles of radius 
R ,  form a plane-parallel layer. For the numerical calcula- 
tions carried out below for the island films the permittivity of 
the medium E will refer to the half-sum of these quantities for 
the substrate and a vacuum. 

The conditions of electrochemical potential equality 
between the particles can be given as 

Here q, is the charge of a type 1 particle at point ri, p, (ri ) is 
the potential at this point produced by all remaining parti- 
cles, q, and p,(r, ) are the corresponding quantities for the 
type 2 particles. The equality (4)  accounts for the electro- 
neutrality of the system. 

At rather high concentrations n, and n, of particles 1 
and 2 spherically symmetric distributions of the charges and 
the potentials can be assumed, allowing for the slow decay of 
the Coulomb potential. Then 

m 

n, q, (r')  d3r' =-j-- + % J Y. (r" d r r  k=1 ,2 .  ( 5 )  
e o  ( r ' - r (  E l r -r ' (  ' 

Then using familiar electrostatic theorems we obtain from 
( 5 )  

n q ,  ( r ' )  d3r' 
sl ( r )  = J q l  (r ' )  d3rf  + fi J 

Er o 
r ' 

). 

As we see from (7)  subject to (4)p,( b ~ )  ) = 0. 
The integral equations (3), (6), and ( 3 ) ,  (7) can be 

reduced to exactly solvable differential equations by double 
differentiation with respect to the spatial coordinate: 

and 
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Their solution subject to the finiteness of the charge, the 
electroneutrality condition ( 4 ) ,  and the vanishing of q, ( co ) 
is given by the expressions 

C 
q2 = - exp {-xz (r-p) 1, 

r 

[The expressions for the potential and not the charge ordin- 
arily take the form of ( l o )  in the ordinary screening prob- 
lem. ] 

As we see from ( 1 0 )  for x g % l  virtually the entire 
charge of the internal region is concentrated within its boun- 
daries and diminishes outside the boundaries over a length 
- x ;  ' with the thickness of the charged region depending 
solely on the geometrical parameters R ,  and n,  and dropping 
off with increasing particle concentration as n; The par- 
ticle charge at the internal boundary of the region is equal to 

i.e., its typical order of magnitude is the same as the particles 
that do not form regions but rather are distributed randomly 
among particles of normal size [this is easily observed by 
setting p ,  and p2 equal to zero in ( 3 )  1.  

The potential decays over the screening length x; ' 
along the outside of the boundary; this screening length van- 
ishes as n,+ CO. The particle charge will also vanish: 
q 2 ( p )  C C ~ - ' / * .  

Using ( l o )  and ( 6 ) ,  (7)  we obtain the following ex- 
pressions for the potential at the center and along the bound- 
ary of the region: 

rp (0) = (pz-l.l1)le, 
p2-p1 xlp ch (zip) -sh (xip) 

'(P)=- ( 1 2 )  
e xip ch (xlp) +px2 sh (xlp) ' 

As we see from ( 12) the potential remains nearly con- 
stant throughout the entire anomalous region for x ,  % x,. On 
the other hand it jumps sharply within this region for x2 % x , .  
The experimental data in Fig. 1 more closely correspond to 
the first case. 

4. ASYMMETRY OF THE I-V CHARACTERISTIC OF METAL- 
SEMICONDUCTOR-SECOND METAL SYSTEMS 

This section will attempt to explain the rectification 
properties of island films with the particle size gradient de- 
scribed in Sec. 2. These can naturally be attributed to the 
difference in the Fermi energies of particles of different size. 
However this differential is itself insufficient. As we know, a 
direct contact between two metallic strips with different Fer- 
mi energies will behave like an ohmic resistance. It is of fun- 
damental importance that is in this case particles with differ- 
ent work functions will make contact through a 
semiconductor, whose role in this case is played by the sub- 
strate. As is well known, a metal contact with a semiconduc- 
tor has rectification properties if the carriers in the contact 
layer of the semiconductor are depleted. In the present case 

the situation is clearly quite different. The metal, on the con- 
trary, increases the electron concentration in the contact re- 
gion of the semiconductor. 

In order to simplify the discussion we will consider a 
system consisting of two metallic particles. Here the stop- 
ping layer lies between the two contact layers of the semicon- 
ductor. If both metallic particles were identical this layer 
would be quite symmetrical with respect to these particles 
and would have a symmetrical shape. It is clear that such a 
layer cannot produce a symmetry in the I-V characteristic. 
However if the particles are different the stopping layer is 
asymmetrical and hence the I-V characteristic ceases to be 
symmetrical. Therefore we are talking about a new rectifica- 
tion mechanism compared to existing mechanisms. 

If the system consists of an ensemble of particles with 
monotonically varying sizes then this can obviously be con- 
sidered to be a system of metal-semiconductor-metal cells in 
series with an identical stopping direction and hence the 
qualitative arguments outlined above apply to such a system 
as well. 

We will provide a mathematical description of the I-V 
characteristics of the metal-semiconductor-other metal sys- 
tem below. In order to simplify the discussion both metal 
strips and the intervening semiconductor will be assumed to 
be plane-parallel wafers, which makes it possible to treat the 
system as one-dimensional. 

We first find the distribution of the potential p, when 
the current vanishes. Consequently the following constant 
electrochemical potential condition must be satisfied: 

wherep, andp2 are the Fermi energies of metals 1 and 2, e is 
the carrier charge, and n, is the carrier concentration in the 
semiconductor far from the contact. 

Consistent with ( 13) the potential p, within the semi- 
conductor is found from the Poisson equation 

Equation ( 1 4 )  assumes that the intrinsic carrier con- 
centration is small compared to the concentration that arises 
in the semiconductor due to contact metal doping. 

The boundary conditions on ( 14) consist of continuity 
of the potential and its derivative at the semiconductor 
boundaries ( + I), and the analysis accounts for the fact that 
within the metal the potential obeys an exponential law with 
a characteristic Thomas-Fermi length. 

It is obvious that ep, within the interval [ - 1,1] will 
pass through an extremum. If we designate the extremum 
point as x,, then from ( 14) we have 

@=erp,/T, r=&T/2ne2n8, 
@ (I) =@ (x,) +2 In cos[ (x-x,) lR], 

R=r esp[ @ (x,) 121. 
( 1 6 )  

The selection of signs in ( I S ) ,  ( 16) is determined by the 
fact that the potential @ ( x )  is negative and passes through a 
maximum at x, under contact doping conditions. The posi- 
tion of the point x, itself is found from the boundary condi- 
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tions outlined aljove.Without dwelling on a detailed analysis 
of these conditions we will provide the quite obvious result: 

We now address current flow. This is given by the 
expression 

where u is electron mobility, F = - apo/dx, f is the current- 
generating field, and v ( x )  is the change in carrier concentra- 
tion compared to its equilibrium value n  during current flow. 
Allowing for the fact that f and v  are related by the Poisson 
relation, we obtain from ( 1 8 ) ,  recalling ( 15 ), ( 16 )  and the 
relation between Fand dn/dx under equilibrium conditions, 
the following expression: 

x-xo 
i = u [ e n ,  (+)zcos-2(-7i-) 

The boundary conditions on differential equation ( 19)  
are given by the equalities v (  f I )  = 0  (Ref. 9 )  or subject to 
the Poisson equation 

The I-V characteristic is obtained by numerical integration 
of ( 2 0 )  and ( 19) ;  an analytic solution of even the linearized 
equation ( 1 9 )  is impossible. However, it is also possible to 
establish the nonlinearity of the I-V characteristic without 
solving ( 19)  basedAon the following arguments. 

The operator L, which is linear, cannot produce nonlin- 
earity of the I-V characteristic. The nonlinearity can be pro- 
duced only by the second term in ( 19)  with the necessary 
condition that the system be asymmetrical. Indeed, as fol- 
lows from ( 19 ) ,  

Inasymmetricalsystem f ' ( 1 )  = f '( - I ) .  Hence with a 
change in the sign of j  the quantity f ( x )  also simply changes 
sign and the total voltage drop 

keeps its absolute value. If the system is asymmetrical, i.e., 
xo+O, the voltage drop will depend on the current flow di- 
rection. With small f the nonlinear term in ( 19 )  can be ac- 
counted for in perturbation theory. If x, is also small, then 

and the difference in the voltage drops ISp( j ) lap(  - j ) 1 
remains of the same order upon reversal of the direction of 
current flow. 
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