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Paramagnetic resonance is considered in magnetically dilute systems of dipole-interacting spins
for arbitrary polarization and under the condition | BE | < 1, where Sis the reciprocal temperature
of the dipole subsystem and E is the spin interaction energy at average distance. Kinetic equations
are formulated for the saturation theory. The thermodynamics of a quasi-equilibrium two-
temperature system and the resonance-line shape are investigated for the first time ever for a real
dipole—dipole interaction. The thermodynamic study is based on a concentration expansion of the
thermodynamic potential. The resonance-line shape is analyzed by a concentration expansion of
the memory function and by a cumulant expansion. The thermal mixing (in a rotating coordinate

frame) is determined for a system with arbitrary initial Zeeman and high-dipole initial
temperatures. Analytic expressions are obtained in some limiting cases, while the intermediate
regions are investigated numerically. Cooling the dipole reservoir alters greatly both the
thermodynamic and the dynamic properties of the disordered spin system.

1.INTRODUCTION

The study of quantities that describe magnetic reso-
nance in a system of dipole-interacting spins is one of the
most fundamental problems of microwave spectroscopy.

The need for calculating or at least estimating the line shape,

the thermodynamic properties, and the rate of magnetic re-
laxation is encountered in practically all theories aimed at
the study of multiparticle systems. Two approaches have
been used mainly to estimate the linewidth and line shape in
magnetically dilute substances: the method of moments and
Anderson’s statistical method.'”> The former had been
strongly criticized,>* and the latter,® after a number of gen-
eralizations, is suitable for the description of the absorption
of the energy of a high-frequency magnetic field by a weak-
nonequilibrium spin system in the high-temperature ap-
proximation (HTA), when T> w,, w; (w,is the central fre-
quency of the magnetic resonance and w; is the frequency of
the local field due to the dipole-dipole interactions). The
thermodynamuc properties and the magnetic relaxation have
been well investigated in the HTA.'

Of recent interest, however, is the study of the spin sys-
tems at low temperatures down to that of magnetic order-
ing.®'® Dynamic cooling of the spin—spin interaction reser-
voir is used and, in accord with Provotorov’s theory, the
system is in a two-temperature quasi-equilibrium state. This
theory, however, holds for high temperatures of both the
Zeeman subsystem and the spin-spin interaction subsystem.
Development of a low-temperature theory of saturation calls
therefore for corresponding theories of the line shape, of the
magnetic relaxation, and of the thermodynamic properties.

The line-shape statistical theory was extended to in-
clude the case of a low Zeeman temperature for spins
S'=1/2in Ref. 11 and for § = 3/2 in Ref. 12. The influence
of spin-polarization eftects on the phase relaxation was stud-
ied in Ref. 13. A high-temperature interaction subsystem
was implied in these studies. Steps towards the development
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of a low-temperature saturation theory were made in Refs.
14-16, but none include an analysis of the line shape and of
the thermodynamic properties of regular as well as dilute
systems. A rather effective method of allowing for nonlinear
effects in low-temperature thermodynamics is given in Ref. 8
(Ch. 5). Nonlinear effects in the moments of the NMR line-
shape function are considered in Ref. 17. For systems with
low spin density, however, this method is much less useful,
since it is valid only for BE, < 1, where E|, is the interaction
energy of two nearest spins and /3 is the reciprocal dipole
temperature.

We have previously developed'® a correlation-expan-
sion method that makes it possible to construct, in the An-
derson model (i.e., with account taken of only the anisotrop-
ic part of the dipole—dipole interaction), a statistical theory
of the magnetic resonance line shape (RLS) in a magnetical-
ly dilute spin system, for arbitrary cooling of the Zeeman
subsystem and during that stage of dipole-subsystem cooling
for which BE < 1, where E is the spin interaction energy at
average distance. A direct extension of the method to in-
clude systems with a more realistic interaction encounters
many mathematical difficulties.

We consider in the present paper the case of arbitrary
temperatures of a Zeeman spin subsystem and of moderately
low (BE <1) dipole temperatures, for disordered systems
with secular spin-spin interaction. Starting from a concen-
tration expansion of the observables,*”'® we have obtained
convenient expressions for the thermodynamic quantities,
analyzed the RLS by two methods, and investigated the so-
lution of the ensuing equations (that describe the mixing of
Zeeman and dipole subsystems by an alternating field, i.e.,
establishment of a single spin temperature in a rotating coor-
dinate frame).

In the actual calculations we have confined ourselves to
aspin .S = 1/2, to an ellipsoidal sample, and to an uncorre-
lated distribution of the spins over the lattice sites.
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2. ABSORPTION SIGNAL FOR TWO-TEMPERATURE QUASI-
EQUILIBRIUM. SATURATION-THEORY EQUATIONS

The Hamiltonian of the system considered is

Ho=H,+H.+20,S. cos ot, H.,=0oS:, (n

where 77, is the secular part of the dipole—dipole interac-
tion Hamiltonian, w, = yH, (H, is the amplitude of the field
rotating around the z axis at a frequency w). Under quasi-
equilibrium conditions the density matrix is described by the
expression

p=exp (—B.56.—BH4) /Sp exp (—B.56.—pJHb.) . (2)

The general expression for the absorption signal under these
conditions, at a distance A from the Larmor frequency w,,
can be represented in the linear-response approximation in
the form®

(S,,(A)>=—m—l:5 dte®([S,(t),S8-1, (3)

where the temporal evolution is determined by the operator
7 4, and

S, (t)=exp(idbat) S, exp (—idbat).

An essential role in what follows is played by a
transition from the commutator mean value
C(t) =([S,(1),S_]) to the anticommutator mean
A(t) = ([S,(8),S_1,). Werewrite (2) in the form

p=exp(—pa6) /Sp exp(—pdb),
where
Ho=.+p.56./p.
We change over in S, (#) to the Hamiltonian 7
S, (t)=exp (—iB.w.t/B) exp (i76t) S, exp (—idbt).
We have then

(S,(A)>=—94—‘j‘dtC(t)exp[i(A—ﬁ,mo/B)t], (4)

where C(¢) corresponds formally to total equilibrium with a
temperature S ~' and a Hamiltonian . Using the known
connection'® between the spectral representations of the
equilibrium correlation functions Z‘( t) and Z(t) and chang-
ing next from Z to the initial Hamiltonian, we get

<s,(A)>=—“2—m,A (o>thp’—°"‘2_—pA—g(A),
. 5"" . (5)
g(A)= 27 (0) dtA (t) exp (iAt).

-0

These relations generalize the fluctuation—dissipation
theorem to include the two-temperature case. The transition
from (3) to (5) is important because the function g(A) is
non-negative for all A. This is proved by expressing g(A) in
the proper representation of the Hamiltonian 5%, + 5%,
Thus, the absorption signal vanishes, for arbitrary subsys-
tem temperatures, at a single point A = 3, @,/ (a property
well known in the HTA). An approximate procedure of cal-
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culating (S, (A)) must not violate this important property.
It leads, in particular, to the possibility of measuring for
arbitrary ratio of 5 and 3, by recording the zero of the ab-
sorption signal.

Expression (5) can serve as a basis for deriving, for
magnetic-resonance saturation in solids, equations that gen-
eralize the Provotorov equations that are valid in the HTA
toinclude the case of arbitrary values of S and 3, . Using the
exact relation®

d
v (82=0,(8,

calculating (S, ) with the aid of (2), and assuming that the
temporal evolution of the system is described by the tempo-
ral evolution of the quantities 5(¢) and 3, (¢), we obtain with
the aid of (5)

dp. dp b :0—PA
szw‘+cgda=—70®12(ﬂoth_’—ﬁ ; P g(4), (6)
where
1 <>
Co=="5"3s,

are the partial heat capacities of the subsystems (o
= A(0)/N), and N is the total number of spins (o = 1 for
S = 1/2). As the second equation, just as in the HTA, we
can use the spin-system energy conservation law in a rotat-
ing coordinate frame (RCF). The Hamiltonian is then
Hrep = AS, + 77, and the density matrix expressed in
terms of the Zeeman temperature in the laboratory frame
has the form (2) as before (the dipole temperature is the
same in both systems). The condition

d
E<%RCF>=O
makes it possible to obtain
A )dﬁ ( A )dﬁ,
—— VL |7 z — Ul | = VU 7
(Cat 2= C) Rt (Cat =) Fo =0 1)

From (6) and (7) we get

dﬁ: () (ooCd,,'i'ACzd BIQO_BA

dt % ColuCuCat o g (8), ©
dﬁ _ g AC,,+(QOC“ ﬁz(ﬂo—ﬁA .
2 2o CC g ekl

We have confined ourselves here to a relatively elemen-
tary derivation of these equations. Note, however, that this
result is obtained also by a more consistent analysis on the
basis of the Nakajima—-Zwanzig projection by choosing the
Kawasaki—Gunton projector*® Z in the form

9
PX=p— Z =~ J‘;‘J [<36.>Sp X—Sp 56.X], 9)

a=zd

where X is an arbitrary operator, and (%7, ) = Sp %, p.

Equations (8) go over in the HTA into the Provotorov
equations. They differ from the equations formulated in Ref.
16 in that the subsystems are not redefined, a procedure un-
necessary in our opinion, particularly for magnetically di-
lute systems. In contrast to the HTA, C,, and g(A) are func-
tions of B and 3,, which cannot be determined explicitly in
the general case.
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3.CONCENTRATION EXPANSION OF THE CORRELATION
FUNCTIONS

We examine most closely the correlation function

A(t)=K[84(2), S-1,2>.=A4(0)G(2), (10)

where the temporal evolution is governed by the secular part
of the dipole-dipole interaction,

1 - -
Ha= ’—2 ananqu qu=qu (szqu_anSq) )
o (11)
1*h

Ap=
! |x—q|*

(1—3cos®0,,).

mlw

In (11), n, is the occupation number of site x, namely,
n, = lifthesite x is occupied by a spinand n, = Oifitisnot.
In Eq. (10), (...). denotes configuration averaging over all
possible realizations of the spin distributions over the lattice
site. Pure dipole-dipole interaction corresponds to @ = 1/3.
In the Anderson model @ = 0. We assume further that
S = 1/2 and that the occupations of different sites do not
correlate, i.e., (n,). =f, {n.n,) =f? for x#gq, etc. Here
f=N/N,. <1 is the density of the spins (of the occupied
sites).

We change from averages over the density matrix (3)
to averages over the ‘“Zeeman” density matrix
po=exp( —B,#,)/Spexp( — B, ,):

CI,(8), 5-10= 2 neC,* (1), 5,71 exp (~42%)> |

q

Cexp(—Bab.)’,

XS (0, 571, exp(—32) >/ oxp(—pka) >

xwq
(12)

We have separated in (12) a single-index sum and took it
into account that n2 = n,. Not all the occupation numbers
have been written out explicitly in (12), since 5, depends
on them.

We shall use below expansions of the observables in
terms of the occupation numbers and the concentrations.
The methods are described in sufficient detail in Refs. 3 and
7 (see also Ref. 18 and the review paper®'). We confine our-
selves to high-symmetry (e.g., cubic) lattices and to ellipsoi-
dal samples. The lattice sums of form =, ¢ (x — q) given for
them below are practically independent of q. Taking into
account the self-averaging of 4(¢) we have

G (1) =A(t)/A(0) =CA(t)>e/<A (0)>e.

In the leading order in the concentration f, we have

G(O) =11 )y <[Se*+S,%, By (=) S, exp(—BBod) o/

<exp (—PBx) >0, (13)

o A A
where S, 7 ( —t) = exp( — iBy, #)S 5 exp(iB,.t). As usu-
al, in this approximation everything is expressed in terms of
solutions of two-spin problems. These solutions were ob-
tained by using the identities

o5 =g lo( g hol-g) sl ol )-ol -3 )]
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<1Zp>2(p(i S e L S

27 2 4

1—p2[(1 L) - L)
+—lol=,— = )+ol- =, =
2 L9\ T e 2’2]’

(@ (8y",857)> =

ol )t 7o(-3)
S.S) =—o|l— )+ —ol——
9 (SS,) 7%\ i 7
sslolo-2) aw
:qq) 4 q) 4 ’
1
STy X
where @ is an arbitrary function, and

P=2(S;)o= — tanh(B,0,/2) is the polarization at
B =0. We ultimately get

G(t)=1+m,(t)+m,(2), (15)

mo(t)=f2 (cos at—1+ipsin at), (16)

4 s h(1+u) (cos at—1) +ip (h—u—hu)sin at
(0 =1{1=p’) Z T+h—hutp* (h—a—ha) ’

17)

a='/,A0:, h="/,th(apa), u=th(!/, pa). (18)
Note that m, (¢,8 = 0) = 0, and that m,is independent of 3.

A direct calculation of the RLS g(A) on the basis of (5)
is impossible. In fact, it is shown below [see (24)] that, for
example, my(Eyt>1) = — D |t| + ibt,1.e.,individual terms
of the terms of the series increase with time without limit. It
is therefore necessary to rearrange the concentration expan-
sion so as to have a satisfactory long-wave asymptote. There
are two general methods for such a transformation. One is
based on the construction of approximations for the memory
function,'®?? and the other on the use of cumulant expan-
sions.?'?* In both cases it is useful to compare the results
with an exactly solvable model, whose role is assumed here
by the Anderson model with 5 =0 (Refs. 18 and 24).

The memory function K (¢) corresponding to the corre-
lation G () is the kernel of the integrodifferential equation

——=—§drK(r)G(t—r). (19)

We know® that even simple approximations of K(¢)
lead to good results for the RLS in systems with regular spin
arrangement. The construction of K(¢) is based then on the
first terms of its expansion in powers of #, determined from
the first terms of the G(¢) expansion (i.e., from the moments
of the corresponding Fourier transforms). It is shown in
Ref. 7 that such a comparison of the concentration expan-
sions of this function makes it possible to solve analogous
problems for systems with low spin concentrations, without
using any other approximations.

The Laplace transforms of the functions G(¢) and K(¢)

G(\)= jdte—“G(t), K(x)=5 dte~*K (t)

are connected by the relation K(1) = G(A) ' — A, while
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1 R(A)
— S 2
A =gn(8) = B R AT (D) T 20
where R(A) =ReK(A=¢—iA), I(A)= —ImK(

=¢e—1iA), e- +0.
In the leading order of the concentration expansion we
have

K()\.) =—)\? (mo (}")+mi (A))=K, (7»)+K1 (),

zpha
K ()= fhz‘ A+at ' (21)

h(1+u)a*—ipha(h—u—hu)

B == ”Z)E[Hh “hut P h—u—hu) ] (i)

The use of cumulant expansions is based as a rule on the
representation

G(t)=(11+G:(t))exp(—G.(2))

with separation of the leading terms of G, (#). The general
principles of the method of cumulant expansions are de-
scribed in sufficient detail in Kubo’s classical paper,?* and
examples demonstrating its efficacy in the physics of disor-
dered systems are given in Refs. 21, 25, and 26. An effective
representation in our case is

G(t)=(1+my(2))exp(mo(?)), (22)

on the basis of which, with allowance for (5) and (10), we
have

g(A)=g.(A) =2—1n— J. dt (1-+m, () Yexp (m, (¢) +iAt).  (23)

In the Anderson model Eq. (22) coincides with the exact
solution at 5 = 0 (Ref. 24), while m, exp m, coincides with
the first term of the correlation expansion for all 5 (Ref. 18).

To obtain quantitative results we must next specify the
shape of the sample, the type of the crystal lattice, and the
orientation of the external field. Substantial simplifications
arise in the continuous-medium approximation (CMA),
when the sums over x in (16), (17), and (21) are replaced
by integrals. This is legitimate if in the region of its signifi-
cant values the summed expression changes little on going to
the nearest site, as is the case in (16) and (17) for E¢> 1 and
in (21) for |A | €E,. Here E, = y*#/r},;,, while r.;, is the
shortest distance between the spins in the lattice. Note that
the contribution of the region of small |x| ~r,,, in (16) and
(17) is insignificant if E,t> 1 both by virtue of the small
volume of the region and as a result of the rapid oscillations
of the summed expression when x is varied.

In the continuous-medium approximation we have

my(t)=—D|t|+i6t, D= %cyzﬁ
2 3%41 24
n 3
0= [ T ( 3"—In ————-) +n§]pcyzﬁ

The volume density of the spins is here c = f/Q, and Q is the
volume of the unit cell. The parameter £ depends on the
orientation of the ellipsoidal sample relative to the external
field and on the ratio of the ellipsoid axes, with — 1<£<2;
for a sphere we have £ = 0. Let us examine the calculation of
8 in greater detail. Obviously,
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————fp Zsmat 6, +6,+8s,

6, = Ip (sin at at )

1= - T 1
—~ 1+|at| (25)
fp ( at ) _Ip P

8, ;. 1 [af] at), 0 —sz at=ngpy*hc.

Since 8, and &, do not depend on the shape of the sample,
they can be calculated by summation inside the sphere, fol-
lowed by taking the limit as R — « . The macroscopic shift &,
is determined by the mean-field contribution which is pro-
portional to £ (Ref. 8, Ch. 5). The contribution of the second
term to the fluctuational shift &, is zero. Therefore, using the
CMA, we have

fPZ

lx|<R

4;rijdyj‘ rtdr— “x (%)

1+l at| r+|ux ()t

=—ncpy’h J. dyy,(y)1n|x(y) |

'I|+
S

=3 31 ) cpy*h=0.502¢cpy*A.

Here y = cos 6, r = |x|, = 3¥*#, y(y) = 1 — 3p%. Next,
wyxt )

1+ | wyt]

1)

A1) =0

since the integral with respect to y vanishes.
Similarly

t
o =L [ara(sin 2%

1
=4nxcp j dyx (y) _’. rk dr(sin r—is -
[} 0

K,(\)=D-id. (26)
Equations (19) and (22) lead to the same result at m, =0,
ie,atf=0:

Go(t) =G (t, p=0)=exp(—D|t|+ibt), (27)

g (A)=g(A,p=0) = BRI D (28)

We have no such simple equations for m, and K. In the
case considered, however, when 8D ~E < 1, we can obtain
closed expressions for g(A). In fact, combining (17), (23),
and (24) and using the CMA, we have

gc(A)=g0(A)+g1c(A)1

gic(A)=c(1—p*)

(29)

h(1t+u) . (A, a) —p (h—u—hu) . (A, a)
1+h—hu+p*(h—u—hu) ’

(30)

XJd%

where

9:(A, a)='/:[g.(A+a)+g,(A—a) ] —g.(A),
A,a)="/,[g:(A—a)—g.(A+a)].

Note that the integral in (30) is independent of the shape of
the sample and the integration limits are therefore infinite.
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Replacing the integration with respect to |x| by integration
with respect to |a| and calculating next the integral over the
angles, we get

2 2
g::(8) =—D(1-p)

da (u—h—hu®) [ (1+p%) @b+ pe,]
& 1—p'u*—2(1—p*) hu+ (1+p?) *h? (u>—1)

0
(31)
where
=g.(A, a), :=,(A, a), h=h(a)='/.th afa,
u=u(a)=th/,pa.
The integrand in (31) can be written in the form

Xe (a, A)‘Pc(a) s (a, A)‘ps (a’)v

where  y.(a,A) =@, (a,A)/a% y(a,A) =@, (a,A)/a.
Both y. and y, have for a>0 a resonance maximum at
a = |A + §|, with a width of order D. On the other hand, the
functions ¢, (a) and ¥, (a), by virtue of the condition
BD <1, are practically constant near this maximum. There-
fore in the leading order in SD we can make in (31) the
substitutions ¢ (a) - ¢, (A + 8), ¥, (a) -y, (A +8) and
integrate next with respect to a. As a result,

£ 8) _ 0,(8, D) = (4—p?) (se—ho—usthe)
& (A)

p+[1—2ng,(A)D] (1+p*) h,

1—p'u®—2 (1—p*) housy+ (1+p2) *ho? (u,2—1) ’

(32)

where
=h(A+8)="/, th(ap (A+8)),
uo=u(A+6) =th (l/zﬁ (A+5) )

In the Anderson model, 4 = 0. Equation (32) for that case
was obtained earlier in Ref. 18.

We consider now g,, (A). In the leading order in the
concentration we have

R(A)=Re K(e—iA) =D+R,(A),

I(A)=—Im K (e—iA)=6+I,(A), (33)

R,(A)=D®,(A,0), (34)

I.(A 2(1—p?

L) 0, (ap =247 sf o
(ui*hi—hiuiz) (ah, (1+p2) +Aﬁp) (35)

M—pur—2(1—p") hau+ (147 *(ui—1) h*'

Here #, = | tanh(aa), u, = tanh(a/2). An estimate of the
asymptotes by standard methods?? leads to the values .

( P*)

D, (Ap—~0) = ——C.(p*) AP,

da (zy—hy—hyuy) by (1+p%)
az 1—p*u,*=2(1—p*) hyu,+ (1+p%) * (us® —-1)’
(36)

Co(p?)=

0
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O, (Ap—~>>) = —-———2 D) In(AB)? (37)
2 1 -
w- =] -],
. _ aln(1/a)
to(p*=0, a~'/s) = [a(1—a)/2] ™. (39)

Here a < 1/2 and Eq. (39) was estimated from the asymp-
totes of the integrand in (36) as a— « and a—0.

It follows from (35)—-(39) that I,/A SBD < 1forall AB
and p. Therefore, with account taken of Eq. (20), we can
neglect the contribution of I, in g, (A). Note, however, that
if ASD Eq. (36) defines a contribution proportional to 8
from I, to the resonance-frequency shift. To the same accu-
racy, we can neglect the terms R, in the denominator of
& (A) in (20), and obtain ultimately

gn(A)=g:(A)+gim(A),

(1—p®) (uo—ho—uo*ho) [p+ (1+p*) ko]
Pue?—2(1—p*) hozo+ (1+p%) 2ho? (12 —1)

(40)

Attention is called to the fact that g, (A) defined by
Egs. (29) and (32) and g,, (A) are practically equal. In fact,
g1, and g,,, differ only in the region where A < D. In this
region, however, we have (g,. — g, )/8,S (BD)?, which is
much lower than the accuracy with which g, has been calcu-
lated. The contribution of g, becomes substantial only at
BA~1.

Analysis of Eq. (17) shows that, in order of magnitude,
|m,(¢)| S D |B|. Therefore, one of the conditions for the ap-
plicability of expressions (22) and (32) is D |8 | € 1. The re-
strictions on the region of applicability of Eq. (22) in the
HTA have been considereed in great detail in Ref. 7. Recall
that this equation is accurate in the Anderson model, and
that the deviations in real systems are of order not lower than
¢?, increase with time, and are due to the presence of flip-flop
processes. At lower temperatures, however, the spin flips are
slowed down, and the region of applicability (with respect to
t) of (22) should increase. It is important also that Eq. (22)
is accurate in the Anderson model also if p#0, but =0
(Refs. 18 and 24).

The possible difference between the RLS functions
g(A) and g,(A) at =0 and p =0 is not as strong as the
difference between G(¢) and exp m,(¢). It is not qualitative
but quantitative, is small, is concentrated in the region
|A] =D, and is determined by the contribution of the flip-
flop processes.” Accordingly, the agreement between
g(A,B=0) and g,(A) should improve with increase of |p|.
The influence of the dipole temperature 8 ~' is concentrated
in g,(A). The behavior of g,(A> D) is due to the function
m,(t €1/D), which is determined accurately in our meth-
od. The practical equality of g,. and g,,, at A SD means
apparently that the equations obtained are reliable in this
region.

gim(8)=g:(A) 7

4.CONCENTRATION EXPANSION OF THE THERMODYNAMIC
QUANTITIES

The energies and the heat capacities can be expressed
using the function
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F(B, B.)=—<1n Sp exp(—B.76.—pb.)>.

=F,—In<exp(—BIba) >¢>, (41)
where
F.,=F(0,B.)=—NInch ﬁ—z“l
,Obviously,
o=, Com- T = O (D). (@)

Expanding F, in terms of the occupation numbers from
&, and averaging we have, in the leading order in f,

F=F,—Lév— Zln<exp(—ﬁl§°,) Yo=F,tF.. (43)
Using (11) and (14), we find that

=L(h,u)ch PZE exp (apa/2),

2 (44)
1—p* 1+
L(h, u)————(i— )+—1’ H‘;h

Cexp(—BBuz) 20

The notation here is the same as in Eq. (18). The succeeding
transformations of (44) will be aimed at separating the sin-
gularities of this expression at large and small |x|, after
which a transition to the CMA becomes possible. For large
|x], i.e., for small a, the following is valid:

L(h,u)= 1-—5[a+p *(1—a) .

To separate the contribution due to the shape of the sample,
we introduce therefore

ap
+lapl”

InL(h,u)=InL(h,u) +—;— [at+p(1—a)] 1

We have now

PR

_ NfZ{aBa

+~lnchE23+an}=Z(D.v, (45)
i=0

4 e B’fﬂnL)
2 2

ap
+1ap]

1
- [oc+10’(1—oc)]1

where

=¥2 p(1-a)pa = (=@ prrh,
=__f_.[a+p (1-)] 2 (m‘“ﬁ)’ (46)

|x|<R
m2=——f21 = NfEan‘(h u).

lxl<R lx|<R

Only &, depends here on the shape of the sample. In the
remaining ®; we can sum inside the sphere and then let its
radius R tend to infinity.

If the condition E,3> 1 is met, we can change over to
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the CMA. The contribution of the second term in @, is zero
and the first is determined by an integral of the same type as
for the shift §, in (25). Taking this into account, we have

8 8
0. =N [gtpr1—a)], 22— 050201 (47)
4p p

It is convenient next to represent ®, in the form
D, = PP + OV + PSP, where

w_ N 16n R
0=~ ML} jo) = - Svelpl {6+ ).
(48)
W Nt |Ba _ DIB| [
7 21+|Ba|/2— N— 1 1n[pD]
16n®
+Z§o dylx(y)llnlx(y)l-—ln( 3 R )] (49)
@_ N Ba_ (pa/2)* ND|[5|
‘ 2 g[“‘“‘ 2 1-1-|Ba|/2] —0A812—5
(50)

The constant £, in (48) depends on the type of the crystal
lattice and on the orientation of the latter relative to the
external magnetic field. For a simple cubic lattice we obtain

=5.821, E.[110]

In the presence of an exchange interaction exceeding
the dipole interaction at distances 7 < 7., <7 = ro/f '3, it is
useful to use an approximation in which it is assumed that
A, =0at |r| <r, (Ref. 27), i.e., the spins coupled by ex-
change interaction are disregarded in the usual spin dynam-
ics, since they reach equilibrium with the bulk of the crystal
spins too slowly. We use in this case the substitution

Yy . jda B =N, (52)

0= x| <R Tex

£, [100] =2110, & [111] =—0.804. (51)

which leads to the value

165 Q 167 3N..

Ei_glo 5/’ ln—s=——s/:ln (53)

Here N,, is the number of sites in the region covered by the
exchange interaction. We obtain finally

__~DIBIT, 18D]
0,=—N Zn[ ; +16 I 2569] (54)
Similarly,
0.8 2 ),
- (55)

1) = | S0 (L (b ) L~y —u) 1.

0
Here i, = } tanh(aa), u, = tanh(a/2). We obtain thus

5
Fom—nN{ 2 ‘Z‘; — (ot (1=a0)) B—

T
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where &, = 3%/2£,/167 — 2.569.

In the case of pure dipole interaction (a = 1/3) the
function J,(p*) is uniformly approximated (with relative
accuracy not lower than 2% ) by the expression

1) =—{-Z @+5p) (1-p)

1 1 nip? }
2 +___.——-_———-
tp [ln r 8 6(1+n’p.’/10)] » 57

where

4 -1
u=[ln 1_1)2] .

To derive it we took it into account that

1 (p—0) =—0 395—0.156p*+0 (p*), a="/s, (58)
L (p* 1) =—¢(n) +o(p),
1 2 2,2 (59)
—ln L TP
Plw)=ln - CHn = 10)

(here Cis the Euler constant), joined together these asymp-
totes choosing the coefficient k in the equation

Jo(p*) =—(0.395+kp*) (1—p*) —p*(u)

such that (58) could be expanded for small p?, and rounded
off slightly some of the coefficients, for example C
+ In(2/7) = 0.12563 - 1/8.

Note that the expansion (59) is valid for all @ < 1/2,
and its singular terms are determined by the contribution of
large a ~ 1/p in the integeral (55), i.e., by the contribution
of relatively close spin pairs. Actually a S |BE,|, so that the
asymptote (59) is valid if u 2 1/|BE,|.

It is important that the expansions (58) and (59) can
be differentiated, since they are valid in the complex p* re-
gion near the real interval (0,1). Therefore all the thermody-
namic characteristics can be obtained in the CMA directly
from Egs. (41), (42), (56), (57). In particular, the Zeeman
and dipole energies are defined in the CMA by the relations

@y
E1=N'—P,
2
2
P=2S, >_p[1 (1_,,2)(1 aﬁﬁ DBl 0J0(P))J’
p 7 ap*

Ed=N8d7 (60)

D{ ml[ Toop 00 6+1]

70300
o5l e ] - ),

and for the heat capacities we have

[B| Dp é’Jo(p’)]

1
Ca=w,(1—p%) [4— (1—a)b— an  opt

A 1) un_m_ﬂ2 2
C:z_'czz +Cu 9 Cu = 4 (1 p)1 (61)
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ﬁ5(1 —p) (1-3p%) (1—a)

D|g|
2n

Y =
8

—ay’ (1—p%)

Jzz(pz)f
1 0 d
I (p?) = — ?[ 2p%(1—p?) 3;;‘*‘ 1—3P2]a—pﬂo(?2)-

In addition to the continuous-medium approximation
considered above, interest attaches also to the dipole high-
temperature limit (DHTL), when p is arbitrary (p? < 1) and
|BE,| < 1. In this case it follows directly from (44) that

1 1
F¢=—N{ ~ 8:p(1—a) + 6 p2M, (1—p*)

X [(1—a)2pz+3a’—-2a+1]}; (62)

P=p{1—--1—2—pz—v[2(1—&)63+M2ﬁ2(az+(1—a)2p2)]}, (63)
um % 8p(-0) — £ M, (=) [ (1-a) 300201,
o =5 - {22 p1-0) G-t

—BM,[a?+3p* (1—2a) —5p* (1—a)*] },
Cor= ‘Z— (1=p*) [8,(1—ax) +BM,p (a+ (1—a) p?) ],

Car="1:M,(1—p?) | (1—a)*p*+3a*—2a+1], (64)

where, just asin the CMA, C,, = CY + C P, while C 2 is
defined in (61). In these equations

M= _E A

is the second moment at p = 0. Recall that in a simple cubic
lattice

M, [1001=2DE,, M,[110]=0.75DE,,
M,[111] =0.33DE,, E,=y*#/Q.

In the approximation (52) we have M, =
=2.1E,D/N,,.

Concluding this section, we note that for a system of
spins coupled by the RKKY interaction, the concentration
expansion of the free energy and of certain thermodynamic
quantities was carried out for the state of total thermody-
namic equilibrium in Refs. 28 and 29. The RKKY interac-
tion energy, just as the dipole-dipole energy, decreases in
proportion to 3, and it is natural to expect a definite simi-
larity of the results. Study of a two-temperature system,
however, raises problems not encountered in equilibrium
thermodynamics, some of which are solved in the present
paper (see also Ref. 30).

MZO(Nex )

5.KINETICS OF RESONANCE SATURATION AND THERMAL
MIXING IN AROTATING COORDINATE FRAME

Equations (8) and the equations for the heat capacities
and the energies, obtained in the preceding section, are the
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general basis for the calculation of the saturation kinetics of
magnetic resonance in disordered systems, and for further
generalizations aimed at taking spin-lattice relaxation into
account. If, however, the interaction with the lattice can be
neglected, it is convenient to begin the description of the
kinetics with the equations for the polarization P and for the
dipole energy £,. Note that these are in fact the directly
observable quantities.®

Recognizing that the left-hand side of Eq. (6) is simply
&, = wyP /2 we find that

pewin BBy Pmd
puo o (>
p=—th=5", » g=—th—-, W=no/g(p,¢4).

Recall that P=2(SZ%) is the polarization of the system
spins, and p = 2(S'%), is the polarization at infinite dipole
temperature. One more equation gives the law, already used
in (7), of energy conservation in a rotating coordinate
frame:

——Az— P+ey4=const. (66)
The system of equations becomes closed when supplemented
by the equations P= P(p,q), €, =¢€,(p,q), which we
choose to be Eqgs. (60) and (63) as well as the relation that
follows from (65):
1—q
p= X In —1Tq- . (67)
Let us consider the canonical resonance-saturation
problem when the dipole system has initially a high tempera-
ture and its polarization is arbitrary. (Its high-temperature
analogis considered in Ref. 31.) This is just the state realized
in a number of EPR experiments at temperatures 7~1 K
and at frequencies w,/27 ~ 10-40 GHz.?”*? We confine our-
selves henceforth to spherical samples, neglect the fluctu-
ation shift 8,, and consider the case of dipole-dipole interac-
tion, when @ = 1/3. The DHTL leads then to the expression

P=p[1— s (1P M (14457 ],

) (68)
1 2
8d='—'71§(5M2(1+—3_p)1
and in the CMA case we have
P=p[1+—10|a|<1—p2>a]"(,i)], (69)
p D ]
- — I, (p*) —E.— (70)
O i G

Neglecting £, (¢ = 0), we can rewrite (66) in the form

sd=—§—<Po—P). (71)

We assume for the sake of argument that A, is defined by an
equation that allows for the existence of exchange interac-
tions. Following the established research practice, we con-
fine ourselves to detunings |A| S M,

It can be seen directly from (65) that P tends monotoni-
cally to an equilibrium in which p = ¢, and it follows from
(71) that £, (¢) also varies monotonically.
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Let the final state p, = ¢, lie in the DHTL region. Obvi-
ously, the entire process likewise takes place in this region.
The condition for the applicability of DHTL in the presence
of exchange interactions is

|EoB|/Nexk 1. (72)

For A5 M, we have
(BA)*<PM,~8B’E,*/Nex<1.

Therefore ¢ = — 1BA, |g| <1, in the DHTL region, and at
equilibrium B, = — 2p,/A. Substituting these relations in
(68), using (71), and retaining terms of order not higher
than first in p, €1, we obtain for the polarization
3A*
=———P 7

Pf 3A2+Mz 0y ( 3)
and the condition for applicability of the DHTL takes the
form

2E,| AP, |/ (N. (A /M) ) <1,
or, recognizing that D~ 4fE,,
D|P,A|/(2A*fNext*[:D?) 1. (74)

Note the appearance of the characteristic parameter fN,,,
which has the meaning of the fraction of the spins subject to
exchange interaction. Clearly, the theory considered is valid
only if fN., €1, otherwise allowance must be made for the
exchange narrowing of the line and an explicit account must
be taken of the effect of the exchange dynamics on the ther-
modynamics. The condition (74) is quite stringent. For ex-
ample, if A~ D it goes over into 3| PyA|/D = 1 regardless of
the actual value of fNV,,, and it was patently violated in the
experiments of Refs. 27 and 32.

If the final state lands in the CMA region, the analysis is
somewhat more complicated. For P, <1 we can again con-
fine ourselves to terms not higher than of first order in p,,
arriving then, after taking into account the asymptote (58),
Eq. (53), and the relations P, = p, and sign(fAp) = —
at the equation

D
= —D( ——+0.15]. 75
n|Aps|+D1n| ps| =n|Apo| —D\ In AN ). s
Its solution for |In|p,||>m|Ap,/D | is
A A
p;=0.86fN,. —D——l exp(n|-l—)--p., ), (76)
and for [In|p,|| <7|Ap,/D |
D { Dlpol
= — 15). (77)
|psl=1pdl A\ TN A] +015)

With increase of A, the second term of (77) reverses sign,
but this takes place at |A| = A, =~E,/N.,, where the theo-
ry considered is no longer applicable. For 1 — |p,| <1, tak-
ing into account the relation u = |AB|~"', the expansion

(59), and the conservation law (71), we get

lel=|P0| -

1 2.2
<1A] [ln INo|A] 0.26+—6—:rt p,]. (78)

In the considered range of A (if A>S M,), the logarithmic
terms in (77) and (78) are estimated at
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In(D/fNue| A]) > |In(fN.2) "] >0.26.

Equations (77) and (78) can therefore be combined to form
the expression

- L Lllol
P,|=|P _—1 .
I ,l l 0| anegIAI

n|A|
This solution is valid both for |In|P;||<7|AP;/D | and for
1—|P|<1.

Figure 1 shows P, vs the detuning, calculated from the
approximate equations (73), (76), and (79), the results of a
numerical calculation using Egs. (68)-(71), and the more
exact values obtained in the region |BE,|/N,, ~1 by direct
application of Egs. (45) and (46) in the approximation (52)
(solid lines). It can be seen that the exact dependence is close
to the line that can be obtained from plots of the functions
(73), (76), and (79) joined together by tangents in the in-
termediate regions. A similar analysis for the dipole energy
£, isshown in Fig. 2. Note the substantial difference between
the plots of P;(Py,A) in the DHTL and CMA regions. In
particular, in the CMA we get a nontrivial dependence of
(76) on P,, and the parameter A,,,, which is equal to half-
width of the P, — P,;(A) line at half maximum, amounts to

A‘/zN (D/J'[,Po)ln (po/.ﬂvex) 3

(79)

whereas in the DHTL we have
Ay~M,"~D] (fN..)".

Let us examine the evolution of the system with time.
The dependence of the rate Won p and ¢ is quite weak and is
immaterial in the qualitative analysis. If Wr<1 Eq. (65) is
equivalent to P= — WP, and when ¢ increases the system
goes over into an exponential reaxation near the stationary
solution p, = g, at a new rate wy.

If the final state lands in the DHTL region, we have

19°
¥
1’
0 s 2
w07 % p
1wt
05k
10*
b
° A
1w’ | Y ] 1
VA I/ L /L k4 /R /14
A/D A/D

FIG. 1. Dependence of the quasistationary value of the polarization on the
detuning fN,, = 5X 1074 a: P, = 0.76, (B,w, = 2), curve ]—extrapola-
tion of values obtained from the equations for the CMA in the DHTL
region; curve 2—extrapolation of DHTL into the CMA region; the dash-
dot line shows an extrapolation, according to Egs. (76) and (79), into the
region 1 <A/D<3; b—separated AR D detuning region; curve /—
P,=0.76, (3,0, = 2); curve 2—P, = 0.99 (B,0,=5).
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FIG. 2. Dependence of the quasi-stationary value of the dipole energy on
the detuning; fN,, = 5X 107% a—P, = 0.76, (B, w, = 2); b—separated
AX D detuning region, curves /I—P,=0.76, (B,»,=2), curves 2—
P, =0.99, (B,w,=5); dashed curves—DHTL results.

g = (3A%/M,) (P, — P) for p> <1, as follows directly from
the energy conservation in the RCF. Equation (65) takes
then the form

3A? 3A*

J— =22 ) (p— P,=—""__p
W=W (p=g¢=0)., (80)
If the final state lands in the CMA region, then
1—ps . nA/D+I]I+], 1+ ps|
6 =—6 ) l=l ) 81
== TEEVATANN “ppr O
where
8 LA 37,
/a=2|P|';972(1—P) e Jz——2|17|'a—pz,
69g=q—q;, Op=p—p;.

This relation follows from Eq. (71) after substituting in it
Egs. (69), (70), and (67), taking the variation, and substi-
tuting p = g = p;.

It is easy now to find that for small p, the approach to
equilibrium is described by the equation

82
7 (82)

o,

where P =P — P;, W, = W(ps.qr = py)-
In the opposite case 1 — P7<1 it must be recognized
that

a2 P
8p=—3p, (1-7")oP.

It follows then from (81) and (59) that

%ap=—w, (1 +-mal )sp (83)

2Dy, ¢

This equation is strictly valid in the region of large [A|
~Ey/N,, where

Wy =—;—- {6[1D(D/fN¢=| A | ) _1-26]}%'
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Comparison of (82) and (83), however, shows that it is nat-
ural to expect (83) to be valid also at small |A|, when
P, =~p;, and it follows from (79) that

4 1 2n|A| -
=!1
1—p;z] [ nDln(Dlpol/fNexlAl)]

It follows from (80), (82), and (83) that the rates of
approach to equilibrium differ quite strongly for DHTL and
CMA.

We conclude by estimating the values of |8D | reached
in the processes considered above, and verify by the same
token the condition | 8D | €1 of the validity of the formulated
theory. The basis for this analysis are the relations (67),
(76), and (79), with account taken of the fact that in the
essential region of the values of A we haveq , = p, = P,. We
confine ourselves next to the case P3 = 1. It is easily seen
that max|3D | is reached in the region where Eq. (79) is
valid. In terms of the variables b = |3D |and x = |A|/D, and
with allowance for Eq. (67), it reduces to

1 [( 1 1 ]
b—;ln 2nz—I1n :ch,,,)/ln v b

= 1n (84)

From this we get in the leading order in 7
=In x/In(1/fN,, ) <1
2 1 1.
buam| D s = 206 LT5 (85)

In(1/fN..) t+1 In(1/fN.s)’

where § = 3.591 is the root of the equation § + 1 =¢1In¢.
The maximum is reached at x=[({+1)/27]
XIn(1/fN.,) =0.731In(1/fN.). In this case Inx
~InIn(1/fN,, ) <In(1/fN,, ), as was assumed in the deri-
vation of (85). In the case fN,, = 5X10~* we obtain
b..x = 0.23. This value goes over into b,,,,, = 0.29 when the
next term of the expansion in 7 is taken into account. Both
values are substantially smaller than unity.

6.CONCLUSION

Thus, the concentration expansion of the thermody-
namic quantities and of the line-shape function have enabled
us to develop for the first time a consistent theory of magnet-
ic-resonance saturation in magnetically dilute solids at arbi-
trary polarization and moderately low dipole temperature.
Our solutions are valid up to the onset of spin-lattice relaxa-
tion; this stage is quite extensive at low temperatures.>®
Allowance for spin-lattice relaxation is related to no less
important aspects of saturation theory.

Another object of future research is a generalization of
the Provotorov two-temperature hypothesis to obtain a
more detailed description of the slowest processes. These are
the processes of establishment of quasi-equilibrium between
small clusters of closely located spins and the remainder of
the system.?”%33 It follows from thermodynamics alone
that a self-consistent theory that permits CAM to be intro-
duced in the DHTL region should consider separately at
least clusters consisting of pairs and triplets. The first steps
in this direction were made in Ref. 33. It appears that such an
approach can lead to a theory that is valid at alternating-
field amplitudes that satisfy the condition W7, S 1, where 7.
is the time of the flip-flop processes in the main bulk of the
spins.

The fact that the quantity BD ~BE turned out to be the
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smallness parameter corresponding to concentration makes
our results applicable to the study of a large group of phe-
nomena connected with dynamic cooling of a subsystem of
spin—spin interactions. In particular, a temperature region
becomes accessible in which a transition of a system of di-
pole-interacting spins into a dipole-glass system sets in.>*
Analysis® 7> of the results of the spin-temperature approxi-
mation of nonlinear effects shows that in the case of a strong
separation the smallness parameter of this approximation is
BE,~pE /f, i.e., the concentration expansion increases the
range of dipole temperatures that lends itself to analysis by
f ! times.
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