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The properties of superfluid gaseous H1 consisting of hydrogen atoms in the states |a) and |b ),
are analyzed. The presence of two components means that there are two Bose-Einstein
condensation points, T, and T, . At temperatures in the interval 7, < T < T, the systemis a
solution of normal particles of type |6 ) in a superfluid background of component |a). At T < T,
the properties of Ht are detemined by the simultaneous presence of two condensates. The energy
spectrum of the system and the dynamics of the condensate wave function are derived. A
corresponding diagram technique is developed. Thermodynamic functions, the velocities of
acoustic vibrations, and the kinetic coefficients of gaseous H1 are calculated.

1.INTRODUCTION

There has recently been considerable research interest,
both theoretical and experimental, in some very diverse
properties of spin-polarized atomic hydrogen, Ht. Gaseous
H1 is a unique entity which does not condense into a liquid
even at absolute zero, according to the theory. It exhibits a
number of macroscopic quantum-mechanical effects, being
one of the most striking examples of the so-called quantum
gases.'™ One of the most important directions in this re-
search field is seeking for superfluidity of gaseous Ht, asso-
ciated with a Bose condensation of hydrogen atoms as the
temperature of the system is lowered. Observing a phase
transition at temperatures which are not too low requires
fairly high gas densities. Although the gas pressures which
have already been achieved at 7~0.1-0.8 K are extremely
high (N=4.5-10" cm™?; Refs. 4 and 5), three-particle re-
combination® leaves little hope that it will prove possible to
achieve the densities required for realizing superfluidity in
this temperature interval. There is accordingly major inter-
est in plans for a variety of magnetic traps and in research on
spin-polarized atomic hydrogen at lower temperatures.’

To some extent or other, the present study goes in both
of these directions. In this paper we examine thermodynam-
ic characteristics, hydrodynamic processes, and kinetic phe-
nomena in spin-polarized atomic hydrogen below the point
of the transition to a superfluid state. In addition, we study
the effect of the phase transition on the nuclear spin dynam-
ics, in particular, on the spin-wave spectrum. This informa-
tion may prove extremely important in NMR experiments,
for identifying Bose-Einstein condensation in a gas. We
work from the circumstance that gaseous Ht is usually a
mixture of atoms which are in two distinct states as a result
of a hyperfine interaction:

[@>=]1 32—+ 4, [d>=[t4>
(7 is the hyperfine interaction parameter). As a rule, the
density of particles in state |@) is significantly higher than
thatinstate |b );i.e., wehave N, >N, or x = N,/N, €1.For
this reason, the critical temperature of the transition to the
superfluid state for component a,

Toa~ N2 /m
(m is the mass of the hydrogen atom), is far higher than the
Bose condensate points for the particles in state b,

ch~flsz"'/m<<Tm.

Here thus exists a temperature interval 7T, <T<T,, in
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which only one component of gaseous H1 is superfluid. The
particles of the other component form a normal (nonsuper-
fluid) system, which is dissolved in a superfluid gas of hy-
drogen atomsin state |a). In this situation, we can call up the
entire arsenal of the phenomenological theory of superfluid
solutions of quantum fluids (Ref. 9, for example) to describe
the properties of Ht. On the other hand, since we are dealing
with a low-density Bose fluid, i.e., since we are actually deal-
ing with a slightly nonideal Bose gas, we can use the Bogo-
lyubov method'? for a systematic microscopic calculation of
all the phenomenological parameters, including the energy
of the ground state.

In the interval T< T, <T.,, gaseous H1 is a system
with two Bose condensates, so a corresponding phenomeno-
logical description is required. In particular, low-frequency
vibrational processes in a gas of this sort are described by the
equations of three-velocity hydrodynamics with two “super-
fluid” velocities and one “normal” velocity.'' Again in this
case, it is a straightforward matter to work from first princi-
ples to find the energy of the ground state, to find the spec-
trum of elementary excitations, and to express all the macro-
scopic observable quantities in terms of the scattering length
for the s-wave scattering of hydrogen atoms by each other.
This length is a = 0.72 A.

2.SPECTRUM OF EXCITATIONS; THERMODYNAMICS

We will treat gaseous H1 as a two-component system of
quantum-mechanically distinct particles of species a and b,
i.e.,asamixture of hydrogen atomsin states |@) and |b ). The
Hamiltonian of this binary system can be written in the stan-
dard form

H=Haa+be+Haby

i j‘f’.»*(r £) VAW, (r, t) dr
2m ! B

1 (-~ ~
+7j YA ()W, t) Uy (r—r)
Y ()W (r, ) drdy,
Ha = J‘Iif; (r,2) {i’b+ (r',t) Uy (r—r") 1i},,(l", t) {i’a(r, t)drdr’.

(2.1)

Here ¥;* and V¥, are field operators subject to the standard
Bose commutation relations:
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fp'l'(n t) {irh+ (l", t) —‘?hq‘ (l", t) q}‘ (1', t) =6‘h6 (r—l") )

Wi (r, t) Wu(r, t)=Fo(r, t) ¥ (r, £) =0. (2.2)

Gaseous atomic hydrogen is studied at fairly low tempera-
tures, which definitely satisfy the condition T<#*/mry?,
where 7, is the range of the interaction between particles. For
this reason we are dealing with a system of slow particles,
pro/#fi<1, for which the interaction is dominated by long-
wave s-wave scattering, and which is amenable to an exact
microscopic description in the gas approximation Nr,’<1
(Refs. 2, 10, and 12).

We first consider the case in which the Bose condensa-
tion occurs in only one component of the system, i.e., the
case with T, < T< T, where

Vo2 s pay
Tu‘=[ F(si;g(s/z) ]'I ﬁr]:'

, i=a,b. (2.3)

Here {(x) is the Riemann zeta function and I'(x) is the
gamma function. Switching to operators which create and
annihilate particles for the @ and b componentsin (2.1), and
taking into account the effective short range, pr,<#, we
write the Hamiltonian in the form

A—H () + A () + te 2 1pabisb, (2.4)
P
or
O Pl L 1 ) ot . s s
H(c)= L _zp? éptép + o Uee Z‘ Eprpalpalpa:
> P

Since the hyperfine effects are small, all the binary-interac-
tion potentials can very accurately be assumed to be identi-
cal, regardless of the particular species of the particles in-
volved in the scattering: u,, = u,, = u,, = u. If we are not
interested in the corrections to the ground-state energy of
higher order in the density, proportional to N°/?, we can
express % in terms of the scattering length a in a very simple
way:

2g=u=4nh*a/m, a>0. (2.5)

Using next the standard Bogolyubov transformations'®
for the operators @, *,a, and the relations
at + Y 8,8, =Noy <GBy =Hu(p)»
P 0
we find the total energy of the system with the help of (2.1),
(2.2):

(2.6)

E=gN;+

{e(@)n.(p) +&:(P) N (D)}  (2.7)

(2n ﬁ) :
In (2.1), (2.7), and below we are omitting a term — M-H
(M is the magnetization ), which stems from the existence of
an external magnetic field. The first term in (2.7) deter-
mines the ground-state energy, in which we ignore small cor-
rections on the order of gN,%(N,a*)'’? which are inconse-
quential because of the low gas density. The contribution of
weakly excited states is determined by two independent
branches of the spectrum of elementary excitations,
£,(p),%,(p), and by the corresponding distribution func-
tions n, (p),.#", (p). The energy spectrum and the distribu-
tion function of the impurity quasiparticles of component b,
dissolved in the superfluid of atoms in state |a), are
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&b (p) =8E/[8N, (p) =2¢gNo+p*/2m,

/m(p)={exp[ﬁ(_l;&]_1 }—x’

jmb(p) (2 ﬁ)3 Nbv

(2.8)

where p, is the chemical potential of component b. [In prin-
ciple, we could also retain the term 4g/N, in dispersion rela-
tion (2.8); that term stems from the interaction of impurity
particles with each other.] The spectrum of excitations asso-
ciated with the existence of superfluid component a has the
typical Bogolyubov form
. Na 0 o N
Co = — W( gNS})=——
The distribution function n,(p) is also described by the
Bose-Einstein formula with a zero chemical potential.
If the concentration of component & is not too small,

13> (N,/N,) > N,"a,

(2.9)

(2.10)

the condition T, > T> T., >gN, clearly holds, so the basic
contribution of Bogolyubov excitations to the thermody-
namics of the system is determined by the massive part of the
spectrum at large momenta p> mc,. The density of the nor-

mal component,
1 (dn dp

m—_ = |27
e 3 Yae ¢ (2nh)°
is thus given under conditions (2.10) by the sum of the Bo-
golyubov and impurity components:

(2.11)

p W =p 405" =mN,(T/T ) “+mN,. (2.12)

It can be seen from (2.12) that at T~ T, the two contribu-
tions to the thermodynamics are the same in order of magni-
tude. Specifically, at 7., >T> T,, >gN, the impurity com-
ponent of the heat capacity, for example, is always small:
5 5 L]
5 TCA)L(h) (1\” Na+ng_
2 T(C/)T(72)

At TX T, the situation changes, and the two components
become comparable in magnitude:

L[ TR |y (T

Cy= (2.13)

(2.14)

Under these conditions the chemical potential of component
b vanishes as a power law:
2r°hS Ny [ T 2
'-l'b = — —3 —

ch’/z
If the concentration of particles in state |5 ) is sufficient-
ly low,

(2.15)

13>N.'a> (N,/No)*, (2.16)
the relation between the contributions of the a and b compo-
nents to the thermodynamics of the system also depends on
the temperature. At 7., <gN, < T < T, the density of the
normal component is again given by (2. 12), but in this tem-
perature region the relation p, " €p, always holds. If, on
the other hand, we have T,, < T <gN, < T,,, the contribu-
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tion of component a to the thermodynamics is determined by
the phonon part of spectrum (2.9), so the total density of the
normal component is given by

p™M=2nT"*/45h%c,*+mN,. (2.17)

If the temperatureis not too low, T, < T* < T < gN,, where

ARERK
T'=gNa[(7°) ol (2.18)

the phonon component in (2.17) will be significantly greater
than the impurity component. As the temperature is
lowered, T.,<T<T* we have, on the contrary,
mN,>p;".

Corresponding conclusions can be reached for the heat
capacity (and for other thermodynamic quantities). In the
case T,, <gN,<T<T,.,, for example, the value of C, is
again given by (2.13), with C,‘” > N, . If the temperature is
sufficiently low, T., <T<gN, <T,,, the heat capacity of
the gas is determined by the sum of the phonon component

Cy” ="/ 5 (T/2nhics)® (2.19)
and the impurity component C,.%, which is given by the cor-
responding component in (2.13) or (2.14), depending on
the relation between T and T,,.

3.ENERGY SPECTRUM OF TWO-CONDENSATE SYSTEM

We now consider the case T'< T, < T,,, in which gase-
ous Ht has two Bose condensates simultaneously. The pres-
ence of two condensates means that there exist two macro-
scopic wave functions that describe the behavior of the a and
b particles in the superfluid H1. The space-time dependence
of the Heisenberg operators V¥ is determined by the usual
Schrodinger equation

i 0= DB, i=ab. 3.1)

The Hamiltonian in (3.1) is H' = H — 3,u,N,, where H is
given by (2.1).

Substituting (2.1) into (3.1), and using commutation
relations (2.2), we find

2

9« A N
ﬁ—iJ=_~w—)iJ
i ofllf(r) ( sz wi ) Wi(r,t)
+¥ ,(r, 1) j‘f# ', ) U (x—r)

XV, (r',t) dr’+‘f".» (r, 1) I ﬁ’h+ (', ) Uy (x—2) ‘i", (r',t)dr’,
i, k=a, b, k¥i.
(3.2)
By definition, the Heisenberg operator ¥ina system
with a Bose condensate can written as the sum of a “‘quasi-
classig\al” wave function Z(r,t) and of an above-condensate
term W' (r,¢):

W (r, t)=B(r, )+ ¥ (r, t). (3.3)

Near absolute zero, nearly all the particles of a slightly noni-
deal gas are in the condensate, so the above-condensate part
V' can be ignored in the leading approximation. Substituting
¥ (which is equal to £) into Schrodinger equation (3.2), we
find the following result for slightly nonuniform distribu-
tions, for which the length scale of the variation in the func-
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tion Z(r,¢) is significantly greater than the range of the po-
tential U, (r):

1]

] ik
ih— i=(" Vz—lli)Ei‘l'EilEiIzuii‘l'EtlEhlzuim
ot 2m

i, k=a,b, i%#k. (3.4)
In (3.4), the chemical potential u; of each component is
determined by the obvious relation

wi=NazitN . (3.5)

In (3.5) we have omitted terms + SH (/3 is the magnetic
moment of the particle), which are unimportant for the
analysis below, since all the terms in Hamiltonian H ' which
depend on the magnetic field cancel out.

We find the spectrum of excitations of the system by
examining small oscillations of the condensate wave func-
tions about their expectation values N, '/2, N,'/? (Ref. 10).
We write slight perturbations of the functions Z, in the form

E.=N)2+A expli(kr—at) ] +B* exp[—i(kr—o0t) ],
8,=N," +C expli(kr—ot) ] +D* exp[—i(kr—ot) ],

(3.6)
where 4, B*, C, and D * are small complex amplitudes.
Substituting (3.6) into equations (3.4) and (3.5), and
linearizing them with respect to small deviations, we arrive
at the characteristic system

Aho=(p*/2m) A—p.A+u.,N.(B+24)
Fuw[ (NoNy) " (C+D)+N, A},

— Bho=(p¥/2m) B— 1B+ 11.aNo (A+2B)
+ua[ (N.N,) " (C+D)+N,B],

Cho=(p*/2m) C—p,C+uN, (D+2C)
+uab [(NaNb) i (A+B) +N.l(,'] 3
—Dhw=(p*/2m) D—u,D+

+ 4,, N,(C+2D) +ugs [ (NNo) " (A+B)+N.D] . 3.7

The condition under which system (3.7) is consistent deter-
mines the unknown dispersion relation:
[(p*/2m)*+ueNop*/m— (héo)z]

X[ (p*2m)*+umN,p*/m— (ho)?]

—4ua, NN, (p*/2m)2=0.
As we mentioned earlier, in the case of gaseous hydrogen H 1
all the potentials u, are quite accurately equal: u,,
= u,, = u,, = 2g. Solving Eq. (3.8) at the same accuracy
level, we find a dispersion relation for small oscillations of
the condensate wave functions. This result determines the
spectrum of both branches of elementary excitations in the
given two-component system:

(3.8)

hw,=e,(p)=[2gNp*/m~+(p*/2m)?] ",

(3.9)

ho,=e.(p) =p*/2m,
where N=N, + N,. As before, the spectr’: - (p) is of
Bogolyubov form, and its phonon part is ch. erized by

the same sound velocity, ¢, = 2gN /m~2gN,, 'm, at this
accuracy level. In the spectrum £, (p), in contrast, the corre-
sponding sound velocity is zero. This result stems from the
circumstance that the interaction constants are the same for
all the particles of the system, and it is a macroscopic reflec-
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tion of the appearance of an additional symmetry, under the
substitution' a<»b, in the initial Hamiltonian.

This assertion also agrees completely, in the appropri-
ate limit, with the results derived by Mineev'? through a
direct diagonalization of the Hamiltonian. The fact that the
velocity of acoustic vibrations vanishes in the spectrum
£%(p) corresponds to the boundary of absolute thermody-
namic stability of the mixture with respect to stratification.
Incorporating in the total energy the hyperfine interaction,
which is responsible for the different values of the constants
u; , and also corrections of higher order in the gas density
leads to a nonzero sound velocity in the spectrum &,(p) in
the stability region of the systems.

In our approximation, (3.9), the second phase transi-
tion to a superfluid state at T'= T, formally does not alter
the spectrum of excitations of the system, so we could say
that we are dealing with a single, doubly degenerate conden-
sate. On the other hand, since the chemical potential u, of
the impurity excitations is zero at 7<T,, (in contrast with
the situation at temperatures 7> T, where we have
U, <0), the presence of a second critical temperature T,
has a strong effect on the thermodynamics of the system. At
temperatures which are not too low, gN, <« T'< T, for ex-
ample, the contributions to the thermodynamics from the
quasiparticles of the two species are equal:

T )?/z+ N( T )'/a 2'/«1_‘(3) (3 )m5/1T’/z
r) ) S\ By )R

w23

If, on the other hand, the gas temperature is sufficiently low,
T<min(gN,,T.,), the density of the normal component and
the heat capacity of the superfluid gas will be given by the
obvious equations

oMoy =/,0M + 2P T/ 45 e,

p‘"’=mN«(

Cv=
(3.10)

Cs 4y =4/,Cyv s (T/20kc,)’, (3.11)
where p and C, are given by (3.10). The first term in
(3.11) is significantly larger than the second.

4.ENERGY EIGENFUNCTIONS

Above we derived equations which describe the behav-
ior of the condensate wave function. The basic assertions can
also be formulated in terms of the above-condensate opera-
tors W' (r,t). For this purpose, it is most convenient to use a
diagram technique for slightly nonideal Bose systems.'" A
theory of solutions of two Bose fluids has been derived by
Nepomnyashchii.'*

In the case at hand, it is convenient to slightly alter the
description of the system in terms of Green’s functions; it is
also convenient to immediately make use of the small value
of the gas parameter in order to derive the final results. We
define the normal and anomalous Green’s functions for the
two components by the customary relations

iGi(X,, X,) =<, ./Y’AT‘P}'"’(XJ, {if{’ (X) | A, M,
iFi(Xy, X,)=W:t+2, N TE (X)), U/ H(X) | N, A,
i. k=a, b, i#k. (4.1)

In a binary system with two Bose condensates, it is nec-
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essary to introduce some additional Green’s functions,
which correspond to the transitions of the particles of species
a and b into different condensates and vise versa:

iSa(X,, Xo) =<, MW TE/ (X)), B, (X,) |1, St 1D,
iSut (X, Xo) =<1, At TH/H(X,), U/ +H(XL) |, A,

iQun (X1, Xo) =<1, M| TW/H(X,), ) (Xo) | Nt DD,

iQu (X, Xo) =P, A1 TH/ (X)), B H(X,) |1, A0,

(4.2)
where ./, is the number density of above-condensate parti-
cles of species i, and X; is a space-time 4-vector. Many of the
eight functions in (4.2) are not independent and can be ex-
pressed in terms of each other. The interchanges X, <X, and
a<>b, combined with a time ordering in (4.2), lead to the
equality S, (X,,X,) = S,, (X,,X,), which has the following
meaning in the momentum representations:

Sas (P) =Sw (—P). (4.3)

Using a property of the Heisenberg operator ¥ for an
immobile fluid,
T+ (X) =¥ (-X),
we also find
Sas* (P) =Sb¢(_P)v Sab(P) =S8a* (P),

Qab+(P) =Qab(P) .

The basic graphical elements of the diagram technique for
describing all of the Green’s functions introduced above are
the following energy eigenfunctions (Fig. 1). For example,
the difference between functions G(P) — G, ® (P), where
G, (P) is the Green’s function of an ideal Bose gas, is de-
termined by a combination of different chains of the type in
Fig. 2. Pruning the outermost link from all the chains in Fig.
2, and going through the standard procedure, we find an
equation which determines the exact Green’s function
G;(P):
(aa)

G.(P)—G." (P)=G,” (P)[Z

(4.4)

(P)G,(P) 45" (P)F.(P)

43,42 (P) Qus (P) +25" (P) Sa (P) 1,

(bd)

G, (P)—G\" (P)=G," (P)[Z\,” (P)Gy(P)

+387 (P)Fy (P)+21" (P) Qus (P)

+3.5(P) Sa (P) 1. (4.5)

In deriving (4.5) we made use of relations (4.4).
The equations for the other Green’s functions are de-
rived in a completely corresponding way:
F.(P)=G," (=P)[2" (P)F(P)
+25” (P)Qu(P) +2i,” (P)Sw (P) +Z02” (P) Ga(P) ],

bb)

Fy(P)=Gy" (—=P)[21;” (P)Fy(P)
+3% (P) Gy (P)+24” (P) Sur(P) +352” (P)Qu(P) ],
Qs (P) =G5 (P)[24}” (P) Qu(P)
+357 (P) Sa (P) 351 (P)Ga(P) +34;” (P)Fa(P) ],
Su(P)=GS" (—P) [24” (P) G, (P)
+3, (P)F,(P) 425" (P) Qu (P) +21” (P) Su(P) 1.
(4.6)
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In deriving (4.6) we made use of the circumstance that in an
ideal gas at T = 0 all the anomalous functions F,”, F,®,
S, 9, 0., are zero.

Taking the small values of the gas parameters N;a’<1
into account, we find that the energy eigenfunctions are de-
termined primarily by diagrams of the type in Fig. 3. In the
leading approximation, and under the assumption that all
the potentials u;,, are again equal, we finally find

G.(P)=GS" (P)[1+ (2N, +N,) G.(P)u
+N,uF,(P)+u(NeNy) *Qus (P)
+u(NoN3) "Sas (P) 1,

G, (P)=Gy" (P) {1+ (2N, +N,) G, (P) u+N,uF, (P)
+ (NoVo) "“u[Qas (P) +8as (P) 1},

F.(P)=G'” (—P){(2N,+N,) uF,(P)+ (N.Ns)"u
X[ Qus (P)+8ay (P) ] +ulNoGa(P) },

Fy(P)=Gy" (—P) {(2Ny+N,) uF,(P)
+ (NuNy) "t [ Sa (P) +Qus (P) 1+uN,Gy (P)}

Qus (P)=G}" (P) {(2N,+N,) Quy (P) +uN,So, (P)
+(N.N,) "u[ G (P)+F.(P) ]},

8a(P)=G;" (=P){ (N.N,) "u[ G, (P) +F,(P) 1+uN.Qu (P)
+(2No+N,) uSas (P) }. (4.7)

Equation (4.7) determines all the Green’s functions of gase-
ous H1 with two Bose-Einstein condensates. In particular,
after some straightforward manipulations we easily verify
that the functions G, (P) have poles at points determined by
conditions (3.9).

5. ACOUSTIC MODES

Superfluids are known to allow a greater than normal
diversity of low-frequency hydrodynamic vibrations, be-
cause of the additional degrees of freedom which stem from
the presence of a superfluid motion. A characteristic addi-
tional mode in superfluids is second sound, which is a vibra-
tion of the density in the system of elementary excitations.
The spectrum of all acoustic branches of a superfluid solu-
tion is determined from the solution of the linearized hydro-

k) (ik)
i Z” i ZZU

6
=

. h
iy 24

i i i //_\ k
il ik
2y 2y

.

FIG. 1.
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FIG. 2.

dynamic equations,”'' which are quite well known, so we

will not reproduce them here. The dispersion relation for the
vibrations is expressed in terms of exclusively the thermody-
namic characteristics of the solution in this case.

Let us apply the results of the solution of the hydrody-
namic equations of superfluid solutions to gaseous H? at
T., <T<T,,. The vibrations of the first type (first sound)
are baswally vibrations of the gas density p = m(N, + N,)
which propagate at a velocity u,> = dP /dp (P is the pres-
sure). In the leading approximation in the concentration N,,
this velocity is naturally the same as the velocity c,” from
(2.9):

u=c,2=2gN,/m. (5.1)

The velocity of second sound in superfluid atomic hydrogen
is given by (cf. Refs. 9 and 15)
P _{aT ) c?
u,’= ('p(—n) - 1)[62(6_0 oo ——(P-b Ma) |,
where S = op is the mixing entropy, and where we have in-
troduced

(5.2)

6=0—cdo/dc, c=N,/(N,+N,).

(5.3)
It can be seen from the results of the preceding part of this
paper that at temperatures which are not greatly different
from T,,, more precisely for max(7T,,,gN,)<T<T.,, we
canignore the impurity b component in the thermodynamics
of the gas, and from (3.2) we find the following result with
the help of (2.12) and (2.13) (cf. Ref. 16):

. 10 TCRIEC) T( T“’*)

U9 TC)ECR) mN T Tl (5.4)

>r Tw
l n
k bk k bk
WVV\N\)L/WV\» M\I\A’P———P
i i i i
——PPANNNANS R e e o
| |
| I
k Lk kK bk
FIG. 3
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The observation of temperature waves (5.4) at T<T,,
might serve as a reliable method for identifying the transi-
tion of gaseous Ht to a superfluid state.

Under the condition (2.16), and in the case
T, <T<gN,, expression (5.2) for the velocity of second
sound takes a very simple and physically lucid form:

. { ¢*/3, Tu<T'<T<gN,,

“ = Usr/3m, T.,<T<T"<gN.,
where T * is given by (2.18). Under the same conditions at
T~T,,, the quantity u,” assumes the value
10 TCL)ECH) Ta

9 TCAL)ECH) m’

which is slightly smaller than 57, /3m, which is the value
we would find by extrapolating (5.5) to T=T,. To avoid
any possible misunderstanding, we recall that simple expres-
sions (5.1)-(5.6) for the spectra of hydrodynamic vibra-
tions are valid ony in the case u,<u,. For this reason we
cannot (for example) use those expressions to calculate u,
and u, at T~ T,, under conditions (2.11). In this case, we
should use the general solution of the original dispersion
relation, which we will not reproduce here because of its
length.

Since the density of gaseous H?t is always low under
actual conditions, there may arise a situation in which the
mean free path / for the excitations of some species or other
becomes greater than the size of the experimental cell, d. In
such a case the spectra of acoustic vibrations may be quite
different from the results of previous calculations.'” In the
simple case in which the condition />d holds for all quasi-
particles simultaneously, second sound cannot propagate at
allin the system, and the vibrations of the first type are modi-
fied into so-called fourth sound, whose velocity is

(n) (%)
L ST (S P

¢ m? N, mN,/ "

At temperatures below the point of the second phase
transition, T'< T, the spectrum of acoustic vibrations is
determined by the equations of three-velocity hydrodyna-
mics with two velocities of superfluid motion and one of
normal motion. In the case of superfluid two-component H1
these equations simplify substantially. The reason is that
since there is no renormalization of the effective mass in this
approximation there is no mutual entrainment of the super-
fluid components, which is exceedingly important in the
case of *He—*He solutions of quantum fluids.'' Below we
present some simple expressions for the propagation veloc-
ities of acoustic modes which can be derived from the results
of Refs. 11 and 18 in those regions of the temperature and the
concentration in which the conditions #,> u,> u, hold.

The propagation velocity for vibrations of the first type
remains essentially unchanged: u,?> = 2gN,/m. The disper-
sion relation for the quanta of second sound is set by the
velocity of the corresponding sound wave:

[ mN,—ps" p,,‘"’p,,‘"’] 1 0°E

P pWp 4o act
In the limit 7— 0 the velocity of second sound given by (5.8)
is zero, in total agreement with the absence of a phonon re-
gion on the second branch of the spectrum of elementary
excitations, #iw, (p), from (3.9). The propagation velocity of
acoustic vibrations of the third type, basically temperature
waves, is given by

(5.5)

2
2

(5.6)

(5.7)

z=

(5.8)

Us
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_ TSZ mNb-—pb(”)
- Cy p(n)(m'Nb_pb(m)+pb(n)z .

2

(5.9)

Us

In the limit 7—-T,,, and under the conditions gN, <gN,
<£T<T,,, the velocity of the third sound vanishes in accor-
dance with
(20 Ta TCRECH) (( T7)
© 9 m TC/H)L() To* /"
The limiting value of u,* as T— 0 turns out to be c,>/3.

We wish to stress that our analysis is valid only for hy-
drodynamic, not excessively low, frequencies, 7, '
<w<1~", where 7 is the ordinary relaxation time for the
relaxation to an equilibrium in terms of the energy any mo-
menta in the system of particles, and 7, is the time scale of
the restructuring of the spin states (over times longer than
7,, the quantities N, and N, cannot be assumed to remain
constant).

Us

(5.10)

6. KINETIC COEFFICIENTS

The transport properties of superfluid atomic hydrogen
H1 are determined by the interaction of all the elementary
excitations which are part of the normal component of the
solution. The cross sections for the mutual scattering of
quasiparticles in this case can be determined very simply, so
it is possible to rapidly derive expressions for the kinetic co-
efficients in some approximation or other. Below we present
some results for the temperature regions which are of pri-
mary interest from our standpoint.

In the interval T, € TS T, the contribution of normal
impurities, i.e., of the particles of component b, to such
transport phenomena as heat conduction and viscosity is
vanishingly small. In this case a quantitative description of
these effects reduces to examining the interaction of exclu-
sively the atoms in state |a) with each other. For example,
we find the following expression for the thermal conductiv-
ity in the 7 approximation (which, although an approxima-
tion, gives the correct temperature dependence):

2 2 2
2t jn(n+1) (p_) ( P _ﬂ)i, (6.1)
31 2m 2m o™/ (2nh)®
where the relaxation time 7 is given by
T 1=NLov)="*/smaT? R?,

K=

(6.2)

dp
N.= j na(p) G
Calculations based on (6.1) and the results derived pre-
viously for the thermodynamic quantities lead to the expres-
sion

w=AT"[a*m", (6.3)
where the constant 4 is given by the following expression in
our approximation:

A=2""n"3 [1/21-‘ (7/2) r (a/z) E (7/2) C(a/z)
=T (¢/)ECL) 1T CL)ECL).

In our model, the numerical coefficient 4 in (6.4) is notice-
ably different from the result given in Refs. 16 and 19.
While the thermal conductivity of the gas at TS T, is
determined primarily by the particles of component a, the
diffusion coefficient D of the hydrogen atoms in state |b )
(we are actually dealing with a nuclear spin diffusion) is
fundamentally a consequence of the presence of component

(6.4)
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bin the system. At high temperatures T, < TS T, at which
the scattering of particles in state b by excitations corre-
sponding to the “massive” part of the energy spectrum of
component a plays a leading role in the diffusion process,
calculations for the diffusion coefficient'®

T 1
D= mZVa<—E,7>’ o= (1-cos)do (6.5)
lead to the result
D=BK[(ma)*T, B—a"/2T ()L (}). (6.6)

Under conditions (2.16) and for T,, <T*<T<gN,,
where T * is given by (2.18), the primary dissipation mecha-
nism is the scattering of the particles of species b by the first-
sound phonons. The magnitude of the corresponding scat-
tering cross section completely determines all the transport
properties of the system in this temperature region. Since the
effective mass of the impurity quasiparticles is the same as m
in this case, the Hamiltonian of the interaction of hydrogen
atoms in state |b ) with the phonon field contains only a sin-
gle term:

9
: - —a—;—"am(r, 1) =2g0N.4(r, £). (6.7)

Toillustrate the situation, we calculate the cross section
for inelastic scattering of impurity & particles which are
moving in superfluid component a at low temperatures. The
probability for a transition of an impurity quasiparticle from
an initial state |/) with momentum p to a final state (f| with
momentum p’ is given by the well-known expression from

quantum mechanics:
+oo
4

d
j flHi-pn] Pexp (—iat) ETI:—E)—S ,
- (6.8)

1
dw=—ﬁz—

where #iw = (p* — p'?)/2m. Substituting (6.7) into (6.8),
taking an average over the density fluctuations 8N,, and
normalizing the inital wave function to a unit flux density,
we find the differential scattering cross section (per particle
of component a):
A A i)
d"_(f o, S (@0 5 a
hq=p~p’, (6.9)
where S(w,q) is the dynamic form factor of component a,
i.e., the space-time Fourier transform of the correlation
function (6N, (r,t,) XN, (r,t) ). In the phonon tempera-
ture region we have the following expression for the function
S(w, q) of an arbitrary superfluid Bose liquid'*:

S(,q)=N nhq [8(0—qu,)texp(—hqu,/T)8(wtqu,)]
4 * mu, 1—exp(—hqu/T)

(6.10)
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If we have T < g\, in this case, then we also have figu,> 7,
and expression (6.10) simplifies considerably. From (6.9)
and (6.10) we then find the following expression for small-
angle scattering:

P (x ) do’
mu, sm( 2/ 4n’
Cross section (6.11) can be used to calculate the contribu-
tion of inelastic scattering by phonons to all the transport
characteristics of the system.

Another interesting direction would be study collective
spin waves in gaseous H1. These waxes exist in the system
over broad regions of the temperature and the density.?**

We wish to thank A. F. Andreev and L. P. Pitaevskil for
useful comments.

do=16na*
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