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The molecular field approximation and the Keldysh technique are used to develop a general
theory of nonlinear nonequilibrium processes in structural and spin glasses in the quantum case.
A calculation is reported of a nonequilibrium single-particle distribution function of molecular
fields. A description is given of slow relaxation of the profiles of lines in the optical spectra of
structural order—disorder glasses. The three-particle correlator in a Heisenberg spin glass is

calculated.

1. INTRODUCTION

The molecular-field approximation is used in the pres-
ent paper to develop a general theory of nonlinear nonequi-
librium processes in quantum glasses. For brevity, we shall
use the single term “‘structural glasses” for dipole and proton
glasses and we shall also consider jointly spin glasses. From
the physical point of view these three types of glass differ
only in respect of the specific nature of the Hamiltonian,
which is not very important in the general theory. Therefore,
all the systems discussed below will be simply called quan-
tum glasses, bearing in mind that in all cases the quantum
effects are important. In discussing specific results we shall
naturally employ specific Hamiltonians.

There is a highly developed theory of the molecular
field for spin glasses in the classical limit both for the static
case and for the dynamic equilibrium case (see, for example,
the reviews in Refs. 1 and 2). However, nonequilibrium pro-
cesses, which form the basis of all the physics of the investi-
gated systems, have been largely ignored (see, for example,
Refs. 1, 3, and 18). There is as yet no general theory of these
processes for macroscopic times. The present paper is spe-
cifically intended to provide such a theory. We shall consid-
er the most general case of quantum properties because they
are important in the case of both structural and spin glasses.

The following comments should be made. Unfortunate-
ly, it is very difficult to go beyond the molecular-field ap-
proximation. Therefore, a natural question arises whether
the results obtained in this approximation represent reality.
It is generally accepted'™ that the molecular field theory
describes experiments qualitatively and can serve as the lan-
guage for discussing the phenomena observed experimental-
ly. However, no attempt should be made to carry out any
specific quantitative fitting of the theory to the experimental
results and only the qualitative approach should be em-
ployed. We hope that this applies also to the description of
nonequilibrium processes in quantum glasses for the full
range of times (from quantum to macroscopic), governing
slow relaxation, although this can naturally be demonstrat-
ed only by going outside the molecular-field approximation.

In an earlier communication* the present author devel-
oped a static theory of quantum glasses under nonergodic
conditions. This problem has been known for a long time,’
but it was solved first only recently.* It was demonstrated
there that nonergodic and quantum properties can be sepa-
rated in a certain sense and that a closed system of equations
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can be written down for all the quantities of interest to us.

This theory includes naturally the Matsubara times 7
and the Matsubara frequencies w,, = 27nT. It would seem
that a description of any irreversible process, including one
which is strongly nonlinear, can be obtained by analytic con-
tinuation using appropriate Matsubara frequencies. How-
ever, it is found that this approach can give only the intraval-
ley susceptibilities. Intervalley transitions simply do not
appear when analytic continuation is employed.

This is naturally due to nonergodicity of our systems. A
theorem on analytic continuation has been is derived for er-
godic systems and may not be valid in the nonergodic case.
Physically this is due to the fact that in developing a static
theory it is assumed implicitly that in the limit f = — oo
(where t is time) a Gibbs distribution is already established.
Some years ago, on the other hand, the problem of the role of
the initial conditions in the physics of spin glasses has been
considered.®® It has been found that the initial conditions
play a decisive role in these systems. If we assume that a
Gibbs distributions exists for t = — oo, then only intraval-
ley dynamics is obtained and nothing else. This is a classical
analog of our conclusion in the quantum case.

However, if this assumption is not made a completely
different solution is clearly obtained. The authors of the
cited investigations have been unable to identify the nature
of this solution or its physical meaning. They have simply
postulated that this is the Sompolinsky solution®'" closely
related to the problems investigated by that author in the
steady-state dynamic case,*'>'* but this could not be
proved in Refs. 6-8.

However, it is clear from the results of Refs. 68 that in
investigating the steady-state dynamic solution with inter-
valley dynamics or in study of transient phenomena we can-
not begin with a Gibbs initial state, but we must assume that
the zeroth state at t = — oo is of different nature.

We shall use the Keldysh technique.'* In this case a
random exchange interaction is included either to the zeroth
Hamiltonian or in the interaction form. We can easily show
(we shall not do this, but the reader is directed to, for exam-
ple, Ref. 15) that in the former case it is necessary to use,
exactly as in the static case, the replica method and this
yields an analytic continuation of the solution obtained by
the present author.* This is to be expected if we bear in mind
that a Gibbs distribution is assumed to exist at t = — . In
the second case it is found that there is no need to use any
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replicas, but it is essential to assume the existence of slow
logarithmic dynamics and to attribute the nonergodicity to
breakdown of the fluctuation—dissipation theory.

This slow dynamics corresponding to intervalley transi-
tions is inthe steady-state case fully analogous to that dis-
cussed by the present author and Horner. '">!316-18

However, in the transient case, which is of main interest
to us, we shall construct a general theory of nonlinear non-
equilibrium processes in quantum glasses.

It is very interesting to consider how one can avoid the
use of the replica method. It is found that the Keldysh tech-
nique includes a perfectly general mechanism which causes
vacuum loops to vanish. It is this mechanism that replaces
the replica method.

After developing a general theory, we shall consider a
number of specific tasks and calculate the corresponding
generalized nonlinear susceptibilities. We shall consider
only two problems. In the earlier paper® it was pointed out
that there is a problem of slow relaxation of the spectrum of
structural glasses on application of an external field. We
shall solve this problem below to arbitrary order in terms of
an external field, i.e., we shall tackle the general nonlinear
problem.

Thessecond task is related to a three-particle correlation
function of a Heisenberg spin glass. It is well known that at
finite frequencies a three-frequency correlation function of a
Heisenberg ferromagnet differs from zero even in the para-
magnetic range of temperatures. This gives rise to a number
of interesting phenomena in the scattering of polarized light
or of polarized neutrons. We shall study such a correlation
function for a spin glass and also consider the problem of its
slow relaxation under nonlinear conditions.

2. DERIVATION OF THE PRINCIPAL EQUATIONS

We shall consider, as stated in the Introduction, Hamil-
tonians of three types. The first is the Hamiltonian of displa-
cive structural glasses (which include dipole glasses):

H=— Zjihmimh + 2 U(m,ry),
ik i

U(m, r)=m?/2b+um*/8+bw,r*/2, (1)

where m and r are the displacement and momentum, made
dimensionless as a result of division by the lattice constant;
w, is the oscillator frequency. This Hamiltonian was dis-
cussed in detail in Ref. 4.

The second Hamiltonian represents order—disorder
structural glasses*

H=— ZjikSiZShz_A Zsixv (2)
ik i

where S'7 and ST are the spin operators for the spin S = 1/2,
whereas A is a constant governing tunneling.

The third system describes ordinary Heisenberg spin
glasses with the Hamiltonian

Hee Y 1,SS—h Y S, 3)
ik i

where 4 is the external magnetic field. In all cases the quanti-
ty J, is the random exchange interaction with the average
value amounting to zero and with
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<J:‘k2>=lik' (4)

We shall write down the general expressions for the Hamil-
tonian of Eq. (1), and the generalization to the other Hamil-
tonians will be self-evident.

The zeroth Hamiltonian in Eq. (1) will be assumed to
be the quadratic part of U(m,r):

m?:  bor?
HO=Z(3%+ ; ) (5)

so that the part of the Hamiltonian associated with the inter-
action can be written as follows:

V=—Z, Jiwmimy, + Z urg“ .
ik i

In Egs. (2) and (3) we shall assume subsequently that

H(,=—AZS,~‘, V=—E JaSi78y%,
i Tk
”0=_th AFER =‘—Z J S8
i ik

It is well known that the .S matrix has the following
form in the Keldysh technique:

S.=T. exp{—i jV(t)dt}. (7

(6)

where T, denotes ordering over a contour ¢ shown in Fig. 1,
which first goes from t = — « tot = + oo and then in the
opposite direction. This contour can be split into two, ¢
and c_, as shown in Fig. 1.

The Green function is defined as a matrix in terms of
m(t, ):

Do (t—t" ) =—iXT . {m(t.)m(ts')Sc}>;  a, p==. (8)

The rules for the Keldysh diagram technique are the same as
usual. The difference from the conventional technique at
zero temperature (see, for example, Ref. 19) is an allowance
for the matrix structure D,z (¢ — ¢ ). In each order of pertur-
bation theory we have, instead of the usual product of the
Green functions, a sum of these functions and @ = + is
assigned a symbol + 1, whereas @ = — is assigned — 1.
For example, the graph in Fig. 2 has the following form (the
usual factors are omitted):

Y (@)t I Dea(t=t) D (t—t) Dy (t—te) Dy (), (9)
13

(02) e = { _11’ 2:1_ .

where

S=T exp{-—- i fdtz (0.)0aVau(t) }»

cy c

\/
~ ¥

FIG. 1.
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FIG. 2.

We can easily see that perturbation theory can be reformu-
lated in terms of the usual S matrix. We shall assume that

Va(t)=V{ma(t)},

ma(t) =m (t). (10

It should be noted that the system (10) contains essentially
two fields m _ (z) and instead of a complex profile c=c
+ c_, we obtain one simple profile ¢ , . Naturally, pertur-
bation theory should also be developed for two fields m  ,
but with one contour. This can be done quite easily, as fol-
lows. The zeroth approximation is a function D {§ (1 —t')
which is obtained from Eq. (8) by substituting S, = 1. We
shall write down this function for the zeroth Hamiltonian of
Eq. (5). However, we must note first that in the most general
case we have'*

- Dyy="[iF+[,(D*D*), D__='{,F—*[,(D*+D*),

D,-='[-F—'[(D"~D*), D_,="L,F+',(D*~D*), (11)

=—2iK,

where KX is the correlation function of the field m(¢), where-
as D® and D are the retarded and advanced Green func-
tions. In the w representation we find that the fluctuation—
dissipation theorem is satisfied under equilibrium condi-
tions:.

n D? (o) = — th——
Im D™(0) = — th—= K (o). (12)

It is clear from Eq. (5) that
Ky(ow)='/nbo cth‘)—(;,- [6(w—wo) 6 (0tm)],

DR (w)=.bwc{1/{o—w,+i8) —1/(0t+w,+i8)}, (13)
D* (o) ={D0R((ﬂ) }

Once the zeroth Green functions are defined in terms of (11)

and (13), the complete Green functions can be calculated
from

Doy (t—t') =—iT{ma () ma(t") S}, (14)

where T denotes the usual time ordering and .S is defined by
Eq. (10). Perturbation theory developed on the basis of Egs.
(7), (8),and (13) is fully identical with perturbation theory
based on Eqs. (10}, (13), and (14). However, the latter is
more convenient.

We must now average the S matrix in Eq. (10), with
allowance for Eq. (4), over the exchange integrals J,,. We
begin, however, by discussing the general procedure for
averaging over random external fields that in general may
depend on time. .

We shall assume that our field m(#) interacts with a
Gaussian random external field ¢(¢) characterized by the
interaction Hamiltonian
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V(p, m)=ge(t)ym*(t),
() (") >=L(i—t").

The S matrix of Eq. (10) with ¥ from Eq. (15) canin general
be averaged over the random field ¢ (#), because there is no
denominator in the case of the S matrix of Eq. (10). Averag-
ing Eq. (10) over ¢(¢), we obviously obtain

(15)

S=T exp{— i: _” dedt’ L(t—t")

XZ-(o,m(o,)um:(t)m.ﬁ(t')}. (16)
ap

We shall now show that any loop obtained from Eq. (16)
vanishes exactly. This means that in reality all the loops cor-
responding to an external field, i.e., vacuum loops, vanish
and the correlation function of the external field is not renor-
malized, as should be the case. The simplest loop can be
expressed in terms of a time integral of an expression propor-
tional to

Y (6)ea (02 Dest (11, (17)

Using the explicit expression for D,z in Eq. (11) and the
simple fact that

D?(t)D4(t)=0, (18)

we can easily show that Eq. (17) does indeed vanish. This
happens because the external field ¢ (¢) does not have the
index a and, consequently, the correlation function L(¢) is
independent of & and 8. A similar mechanism causes vanish-
ing of any vacuum loop.

We must note a considerable difference between the in-
teraction of Eq. (15) with a random external field and the
analogous interaction with a Gaussian random field which is
in thermodynamic equilibrium. In the latter case the S ma-
trix can be averaged, in its general form, over the field ¢, and
instead of Eq. (16), we now obtain
li .” dt dt'Zp (02) da (02) s Lias (2—1")

af

S=T exp{—

X () my(t') }, 19

Ly (t=1') == i<T [@alt) @s (¢') .

Equation (19) differs from Eq. (16) only because L, is
now strongly dependent on the indices a and /3. The compo-
nents of L, can be expressed in analogy with Eq. (11), in
terms of the correlation function of L and GX, G* for the
field @ (7). We obtain Eq. (16) if we ignore G* and G*.
Therefore, a thermodynamic-equilibrium Gaussian field
differs from an external random Gaussian field by the pres-
ence of G and G*, which describe the reaction of the field
@(t) on the interaction of the field m(z) and give rise to
renormalization of the correlation function L, (¢). In the
case of the usual random field ¢ (¢) there is no such reaction
in Egs. (15) and (16) and, therefore, the field ¢ (#) is “insen-
sitive” to m(t).

We can thus see that averaging over external fields in
the S matrix of Eq. (10) is a trivial matter. This applies also
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to the averaging over static random quantities such as over
therandom exchangeinteractionJ,, . Noreplicas appear and
instead we have a nonlocality on the time scale, which is
similar to that which appeared in Eq. (16).

Substituting ¥ from Eq. (5) into Eq. (10), and averag-
ing over J,;, we find from Eq. (4) that

s=Texp{—[J dtar' ¥\ (0)en (0 lamet 1

ikap

xm* () m () mf (')
R . 1

Asalready pointed out in the Introduction, we shall consider
only the molecular field theory. A standard decoupling cor-
responding to this approximation makes it possible to derive
from Eq. (20) the molecular field equations for our problem,
which are in fact equations for the correlation function D ;:

(20)

Doy (t—t') =—i<T {mq (t) ms (') S},
s=Texp{-2i1, [ fatat' Y, (6.)aa(0)wDs (1—1")
af

XMq (t) mﬂ(t/)

—ifdt; (@)}, 1)
lo= Dl

The averaging in the system (21) is carried out over the
zeroth Hamiltonian H,, defined by Eq. (5).

We shall now show that the system of the molecular
field equations (21) has a very simple physical meaning. We
note that, according to Eq. (19) and the arguments discus-
sion used to derive Eq. (19), the system (21) describes the
case when our field m(¢) interacts with a certain dynamic
equilibrium quantum field A(¢). In this case the Hamilto-
nian for the field m and the S matrix are as follows:

H=—hm+U(m, 1),

S=T exp{— i j dtz (0,)aa[—ha(t) ma(t)'*‘%ma‘(t) ]},

) (22)
Lo (t—t') =—i<T (ha (£ hs(t') ) > =41, Dap (t—t').

The last line of Eq. (22) contains a correlation of an equilib-
rium field 4, similar to L,z in Eq. (19), and this equation
shows how the former is related to the field correlation func-
tion D,z (2).

We shall now introduce prior averaging over the config-
urations J;;, a quantum molecular field:

B ()= 2.3 Jum (). (23)

It is clear from Eq. (23) that in the zeroth molecular-field
approximation, i.e., in the case of a large number of the near-
est neighbors and when Eq. (4) is obeyed, the field 4(¢) is
indeed a Gaussian thermodynamic quantity with the corre-
lation function Lz () of Eq. (22).
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It therefore follows that our molecular field equations
describe a very simple situation: the system contains random
molecular fields 4; (¢) which fluctuate in time. Such a pic-
ture differs radically from the usual situation, such as that
encountered in a ferromagnet when molecular fields do not
fluctuate in time but are essentially static quantities.

3.MOLECULARFIELD EQUATIONS UNDER NONERGODIC
CONDITIONS

The principal molecular field equations, i.e., the system
(21), are valid in the ergodic and nonergodic regions. How-
ever, in the nonergodic region we must make an additional
approximation, namely we have to assume that our system
has a continuous spectrum of exponentially long relaxation
times. This assumption has been discussed in detail ear-
lier"**-131¢17 for steady-state dynamics of classical spin
glasses. Since nonergodic times are related to intervalley
transitions and these, as pointed out by the present author in
Ref. 4, depend weakly on whether the conditions are of the
quantum kind, it is clear that the assumption of a continuous
spectrum of nonergodic relaxation times should be made
also in the quantum case. Following Refs. 1, 3, and 13, we
shall assume that

Das (t)=Dg3 (t)+Day’ (1),
F(t)=F,(t)—2iq(z),

R « (7
DF(t)=D, (t)———ltlT A (2)0(t), (24)
DA(t) =Dy () — ——— A’ (2) ¥ (—t
(t)=Dy"*(t)— It‘T Z )
z=e In 1] , a—=0, :z~1.
T

In the system (24), we separate from D,_; the regular part
D 9 (¢) from the singular part D {3 (¢). Consequently, F, D*
, and D* split into regular parts F,, D §, and D §, and singu-
lar parts related to g(z) and A(z), which are functions of a
logarithmic variable z. These are unknown functions of the
theory and they can be described by equations which are
fully equivalent to the corresponding equations in Refs. 3
and 13 [see Eq. (46)]. In the system (24) the last line de-
fines the conditions for going to the limit in the case of the
principal logarithms, ©(¢#) =0 when <0 and J(¢) =1
when ¢> 0, where 7 is the paramagnetic time and T is the
temperature.

The quantity D { (¢) in the system (24) changes after a
characteristic microscopic time, whereas D {(¢) changes
after a macroscopic time

to=Texp(1/x). (25)

If -0, the times 7 and 7, are parametrically separate.
However, the nonergodicity is not manifested by slow relax-
ation after a macroscopic time 7,, but by the breakdown of
the fluctuation—dissipation theorem in the case D {j} (¢). It is
the failure of this theorem that is a criterion of nonergodicity
(for details see Refs. 1, 3, and 9-13). It should also be noted
that the variable z satisfies the ultrametry condition

2(t,—ts5)} (26)

for any macroscopic time #,, ¢,, or ;. We can allow for the

z(t,—t;) =max{z(t,—t,),
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ultrametry property of the variable z by a procedure similar
to that used in Refs. 1, 3, and 13. Let us consider the follow-
ing time interval:

[to, 8], to>—o0, ty—>+Foo, 27
We shall separate this interval into j* * ' subintervals of du-
ration 7:

t—to=Tj**". (28)

The size of the subinterval 7 is selected to be much greater
than any microscopic time (w,7> 1, A7> 1, y7> 1), where
o, and A are the parameters of the Hamiltonians (1) and
(2), whereas y is any damping which may occur during mi-
croscopic time intervals. Any instant during the interval
(27) can be represented as follows:

t=t.+i; te[—1/2, 1/2],
ta=ta+T\anjk+a1jk—l+ cee +a[].k~l+ N +ak), (29)
a=0,...,j—1; 1=0,..., k

where? changes in theinterval [ — 7/ 2, 7/2]. It follows from
the definition of z in Eq. (24) that D () op (1) changes after a
time much longer than 7, while D (t) still changes after a
time much shorter than 7. Therefore, wehave D )} (1) =0,if
t, #t, forany t and ¢t ' and differs from zero only fora =b.
On the other hand, D $3(¢) does not change during such
time intervals. If we label instants of the time by a and t, we
obtain
(') (s)
(t 4 )‘_Dmﬁabv (30)
D& (t—t')=D%y (") b

Such a representation is fully analogous to the correspond-
ing representation in the static theory of Ref. 4, but the
meaning of the index a is now naturally different. We can see
from Eq. (29) that ¢, is governed by k¢ + 1 numbers a,. Let
us assume that we now have j— o0, so that since a, ~j, we
have

2(t—ty) =2,= (k—1+1) Az,

—t) = max 0= k"l_
s(ty—t) =z (k+1)Az, (31

Az=alnj—+0, k—o, j—>o,

a—>0. Az/oa—o, Z,.— 0.

Itis clear from the system (31) thatz(¢, — ¢,) considered in
the limitj— o is governed only by the number / in the hierar-
chical ladder, but not by the specific values of a,. This im-
plies ultrametry.

We shall now substitute Eqgs. (24) and (30) into Eq.
(21). Then, in the exponential function in Eq. (21) we find
two terms:

/2 /2

1= 00 J dtma@ ) § dmma)

abap -1/2 —1/2
/2 T/2

+2Pab( .y dtmm(z)>( j dfmab(f))v

abo —-1/2
Mo (1) =ma (tt7),

gu=qlz(ta—ts) 1, (32)
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o
w = ——————NA"[2(t.—1 1—8ap),
Pab ZTlta_tb‘ [2( ») 1 ( b)

/2

IZ=Z§ f dF, dE, DYy (Fi—E2) Maa (F1) Maa (F2).

aaf —1/2

The first term I, stems from the singular part D {), and the
second from the regular part. The term with DR — DA
will be ignored because it is small in the zeroth order when
expressed in terms of the principal logarithms. It should be
noted that averaging using the S matrix from Eq. (32)
should be carried out over the zeroth Hamiltonian of Egs.
(5) and (6). Then, the correlation functions decrease after
time intervals of the order of w;” ' and A~'. We can therefore
assume that m, (¢) and Myp () in Eq. (32) commute. For
the same reasons the integrals with respect to 7 can be ex-
tended over an interval [ — 0, ]. We finally obtain from
Eq. (21) (3,t'>t,t'):

Day (=) = —iCT{ M (£) My () S},

Dis=— <M (£) iy (') S,

S=Texp{_2i[0 ‘” dt dt’ 2 (0) au (0.) 652 [Dasas
ab ab

&
+ aubDé‘?}) (t—tl) ]maa(t) mgy, (t’) ‘—lS dtz (oz) aa urgaa }~

(33)

In Eq. (33) the T product denotes ordering in respect of ¢,
but not in respect of a, because m, (¢) and m, (t) commute.
For the same reason the expression for D' is simplified by
dropping the T-product symbol, so that D is independent
in fact of 7and ¢, whereas in the term D ), the T-ordering
symbol in the S matrix orders the operators and m,z (t")
separately in respect of 7 and ¢'. However, the average in
D &, does not then vanish, because the S matrix contains
terms which mix m,, and mg,.

The system (33) is a complete set of equations for
D (t) and D §),,. It should be noted that essentially the
system (33) represents a system of equations for a set of
commuting fields m, (¢). Such separation into commuting
fields m, (¢) is analogous to that adopted in Ref. 4, but in the
present case it is important that the index a denotes a macro-
scopic instant of time ¢,. In the case of such commuting
fields the zeroth Hamiltonian is

H0=ZH0(mu7ra)v

where H, (m,r) is defined in Eq. (5). It should be noted that,
in spite of the fact that m, (#) commute, the indices a and 8
are retained and they will be very important later.

Standard Stratonovich-Hubbard transformations'**?
yield the following expression for the S matrix:

(34)

s=( Tesp{i Z, (0t o, [ dtme, o 1)

- 2ilo_U dt dt’z, (0:) aa (0.) sDss’ (E—t") Maa (t)

afa
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X Mg (') —i Jdtz, A }> ,

8 hE

(k) 1 )
ooy =hOFR + R,

k—

(35)

Thesymbol (...), . denotes averaging over all the variables 4
and § which occur in Eq. (35). This averaging can be carried
out explicitly as follows (see, for example, the analogous
expression in Ref. 4):

B dh ] (h©)2
o= o0 =g, |

dh(l) { (h(l))z }
X a',, —_ex _ un i
H S (8nlyq, ) P 81yq,

a,

(k) (k)
o H S (dﬁa".“n,\._l exp {_ (/?’l""-“k~1)2]

avmag_y  OLog Ve 8L |
dg?” ag” { (E) — V2

X =S Xp {— ipytT = =
§ @/t T, (— By 7o) P P TR (= AY) }

() (k)

w« H S dE*”D""’kzl dE—Jo,..uk”l
Qoo g (SH/T[) IO (— Ah”/pk)

b 3
(E,»(w)‘,u.ak_l)z - (Efrz)n..,a,\._l

¢

X exp {—i[),‘.TT ) }( .- (36)

8I,(— AY)
Here,
QIVZQI“Qr—i. A{’=Al+1_A{v
qa=q(z). A=A(z), p=j*"1,

and the dots in Eq. (36) denote products of intermediate
numbers of variable expressions similar to those written
down explicitly.

Equations (35) and (36) are very similar to the corre-
sponding expressions in Ref. 2, but there are two very impor-
tant differences. Firstly, instead of fictitious replicas, we are
dealing here with real indices @, S = +, —, corresponding
to two different time profiles in the density matrix. Secondly,
as before—and in contrast to Ref. 4—we are dealing with an
S matrix and we can therefore consider processes far from
equilibrium.

4. INTRODUCTION OF THE FREE ENERGY AND THE
EXPRESSION FOR THE S MATRIX IN TERMS OF A
COMPLETE PROBABILITY FUNCTIONAL

Itis known from Refs. 1, 2, 4, and 13 that the basis of the
theory of nonergodicity is provided by partial differential
equations for the free energy, magnetization, and various
distribution functions. In particular, we can calculate a com-
plete probability functional of molecular fields. "''* Using the
results of Refs. 1, 4, and 13 we can write down directly the
necessary expressions. However, we must bear in mind the
following. Our technique generally differs from that used in
Refs. 1, 4, and 13. However, in spite of this technical differ-
ence, all the recurrence relationships, partial differential
equations, and distribution functions for the static case are
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identical with the results of Ref. 4. We shall not give here the
fairly cumbersome derivations demonstrating this point, but
consider simply one very important point, namely the deter-
mination of the free energy and of other thermodynamic
quantities in the Keldysh technique. We shall do this by con-
sidering a specific example. Let us assume that H, (m,r) is
obtained from Eq. (5) and the interaction is described by

V=—hm+um'/8, (37)

where the S matrix is found using Eqs. (10) and (37). We
shall now calculate the magnetization M(4) for the com-
plete Hamiltonian. It is quite obvious that

M (h)=<{m,(t)S> (38)

and that it is independent of @ and . On the other hand, if the
complete range of integration in terms of ¢ is given by Eq.
(27), it is obvious that

O (S (h)>=i b}
(S ()Y =i(t~t) M (h) D _1(0.)ua- (39)

In Eq. (39) the left- and right-hand sides are expressions
proportional to

Z (6:) aa=0,

whereas M (4) is finite. It follows from Eq. (39) that

S () =1+ (E=1) p(R) 3y (02)ams

a

M (h)=d¢(h)/oh. (40)

Equation (40) gives the free energy ¢ (/) as a coefficient in
front of an expression which vanishes. Similarly, in the re-
plica method'? the free energy @ (4) is defined as the coeffi-
cient in front of # (n is the number of replicas and we assume
that n—0). It should be noted that ¢(4) is the difference
between the total free energy and that free energy which
would be obtained in the absence of the interaction, but in
the derivation of the recurrence relationships this is not im-
portant because the latter energy is independent of 4.
Using the definition of the free energy given by Eq.
(40), we can now deduce the usual recurrence relationships.
In the intermediate stages we have to allow for the property

Z(o,)m=0, (41)

by analogy with the procedure used to derive the recurrence
relationships in Refs. 1 and 13, where it is assumed that
n—0. In general, Eq. (41) plays exactly the same role in
quantum dynamics as the property n — 0 in the conventional
theory. This is why we can avoid the use of replicas. How-
ever, it should be pointed out that the property described by
Eq. (41) is inherently a feature of the Keldysh technique
applied to any system, whereas the replica methods can be
used only in the case of disordered systems.

Fairly cumbersome calculations, fully analogous to
those described in Refs. 1 and 13, allows us to calculate—for
example—the moment M (4). It is expressed in terms of the
limiting value of the function M(z,h) (M(h) = M(w,h)
that satisfies the following simple differential equation:
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M (2, h) 1, Mz h)
- i O
1 oM (z,h
v EuEn T

1‘[(0, h)EMo(h):<m1aSOa(h> >7

Se(h)=T exp{ih Z, (0:) an f dt Mo, (t) —21l, Z (62) ax
@ af

X (02) s f f dt dt' Day (t—t") Maa () Mea (')

—iz (62) aa fdtﬂlii—(t)—}. (42)

We can show that M (%) in Eq. (42) is identical with the
corresponding expression in Ref. 4.

We can also express the complete S matrix in Eq. (35)
in terms of the complete probability functional F(4,):

s=Jonrn [Lsu,

ph, = | | an.

The complete probability functional F(4, ) is a function of
all the fields considered at macroscopic times 4, and has the
following form"'*;

(43)

Fh,)= jdh‘“

81,q,

X{deh“l( R, 20, B )
xdeh;nt P(a b

{ (R —h)*
Balgy P

2, 08

(k) (h—1) (k)
X || Jan®., PGl k. )
ey

3 | X (44)

z|)=zmux=kAz; thln,;n:A.Z,

where # is an external magnetic field and P(z,h,2',h ') is the
transient probability of some Markov process and satisfies

the Kolmogorov equations in terms of the first and second
variables"':

R Dk ey
0z 2 oh
opP {1 azP 1 7] }
= = —q' (7 — AN (Z)Y—[PM(z', b
il ) N @) S [PH

Pz, h, z, ¥)=8(h—h"). (45)

The system of equations (42)-(45) solves in principle
the problem of steady-state dynamics in the quantum case. It
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has to be supplemented also by an equation for D (3 (1),
which will be given below.

Equation (43) can be used to calculate any correlation
function. We recall that F(4,) and P(z,h,z',h ') are normal-
ized to unity and also that (S, (4, )) = 1. We can therefore
write down, for example, a correlation function

‘q(Zdb)= ﬁDhuF(ha) ]:[<mzzdmﬁbsoa(hu)>

_ { dh, dhaF by ) My () My (), (46)

where F,(z,,,h,,h,) is defined in terms of an integral of
F(h,) with respect to all values of 4, except 4, and 4, .
Exactly similarly we have

D& -t = anr DL (b, 11y,

D& (B i—t)=—i “n
=ty =—i(Tmg (t) my(t,) S, (R) .

The system (47) closes our system of equations. Exactly the
same procedure can be used to obtain any correlation func-
tion, for example, a four-particle function in which the times
t, and ¢, lie within the same macroscopic interval [¢, — 7/
2,t, + 7/2], whereas t, and ¢, lie in a different macroscopic
interval (¢, — 7/2, t, + 7/2]. Obviously, this correlation
function dependson ¢, — t,, t; — t,, and z ;..

5. NONEQUILIBRIUM DISTRIBUTION FUNCTION OF
MOLECULAR FIELDS

We can at long last tackle the main task, which is calcu-
lation of an arbitrary nonlinear susceptibility. We shall con-
sider only the susceptibility at macroscopic times, which
corresponds to slow (long-term) relaxation in the experi-
ments. We shall consider only one example of a generalized
nonlinear susceptibility, but its derivation will demonstrate
the general method for calculation of such quantities.

In principle we could write down equations of type (21)
under transient conditions, when the correlation functions
D,z (1,t") no longer depend on the difference between the
times, and we could solve these equations in the nonergodic
range. Thisis a very difficult task and we have been unable to
solveitin its general form. We have achieved something less,
namely, we have assumed that ¢(z) and A(z) are determined
by a steady-state process and have calculated all possible
nonequilibrium susceptibilities. Since the system exhibits
slow relaxation and g(z) and A(z) are modified in a time 7,
defined in Eq. (25) even if 2«0, it is obvious that such an
approach is valid in the case of short macroscopic times, as
long as

[q(2)—q(0)1/q(0)<1, (48)

i.e., if the expression obtained above for the susceptibility
corresponds to the zeroth approximation in terms of the pa-
rameter (48).

Let us assume that we are dealing with a steady-state
process and that some macroscopic moment in time ¢, a
magnetic field of arbitrary magnitude 4 is applied. We shall
be interested in various quantities, at a different macroscopic
time ¢,, for example, the magnetic moment or the correla-
tion function at ¢, and ¢, within the interval [, — 7/2,
t, + 7/2]. In attempts to calculate directly these quantities,
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for example the value of the usual linear susceptibility, we
meet the same difficulty as in the classical theory of Refs. 1
and 13. We have to calculate averages of the (m,,, mg,S)
type and identify the dependence of such an average on @ and
.- However, it is clear from Eq. (46) that—as in Refs. 1 and
13, these averages are independent of & and /3 in the replica
method. The dependence on « and 3 appears in the next
order in respect of a large parameter used in the steepest-
descent method. A direct calculation of the corrections to
this method is very difficult. Therefore, the problem was
bypassed in Refs. 1 and 13 and we shall do this here. We shall
multiply Eq. (35) by myg, and differentiate the resultant

expression with respect to 4", , where is a level in the

hierarchy corresponding to z(¢, — ¢, ) = z,. If we multiply
the whole expression by an external field 4, we obtain a cor-
rection to (mg, S ), necessitated by application of a magnetic
field # at a moment ¢, i.e., we obtain the susceptibility multi-
plied by 4. This susceptibility is

h Z(macmgb5> (G;)aa, (493)

where the sum over ¢ extends to all values of ¢ such that

z(te—ty) <z=z(t.—1s). (49b)

Following Refs. 1 and 13, we find that this correction is
h5F(z,,h,)1t1’(z,,h,)dh,. (50)
It then readily follows from Refs. 1 and 13 that

M(z,h)= jP(z,h,O,hi)Mo(h,)dh,, (51)
where M, (h) is defined by Eq. (42). Itis clear from Eq. (42)
that M,(h) = (m_, S, (h)) and, therefore, Egs. (50) and
(51) yield a correction of the first order in /4 to the distribu-
tion function of the molecular fields AF, (4,), which appears
because an external magnetic field is applied at a moment 7,,:

0
AF,(h,)=hjF(z,hz)vgh—P(z,hz,O,hl). (52)

Naturally this
=z(t, —t,).
We can easily calculate these corrections also in higher
orders in 1. We readily find that they are obtained if Eq. (35)
is multiplied by my, and differentiated several times with
respect to 4 " , . If we use a simple expression"’

o |

correction depends only on z=z

F,(h)= jF(z, h,) P (2, by, 0, hy) dhy, (53)

we find that the complete nonequilibrium expression
Fi(z,h,) is

n

P(zq hiv 01 hi)

v
F(ncg) 2. )= 1 qF I, h, Z——‘
¢ (z,h)) § dh,F ( ) z) - nl gh,"

= j dh,F (z, hy) P (z, hyth, 0, ). (54)

Equation (54) is the explicit expression for the complete
nonequilibrium single-particle distribution function in our
simple case of an arbitrary constant magnetic field. The deri-
vation of this expression demonstrates quite clearly how we
can calculate many-particle distribution functions or a sin-

159 Sov. Phys. JETP 69 (1), July 1989

gle-particle distribution function when a magnetic field var-
ies several times, and so on. This can be done quite simply,
but the procedures are fairly cumbersome so that we shall
not do that here.

We must mention one very important circumstance. It
is clear from Eq. (54) that if the inequality of Eq. (48) is
satisfied, a nonequilibrium distribution? function can be cal-
culated explicitly if we know the steady-state solution of the
problem. This is also true of other quantities.

6. SLOW RELAXATION OF A SPECTRAL PROFILE AND OF A
TRIPLE CORRELATION FUNCTION

In this concluding section we shall give two examples of
slow relaxation of spectral functions, which describe in par-
ticular also the spectral profile. One such task was discussed
in an earlier paper.* We shall assume that we are dealing with
a structural order—disorder glass. As shown in Ref. 4, the
optical spectrum of this glass includes frequencies of the or-
der of characteristic molecular fields ;2. This spectrum
begins to relax on application of an external magnetic field.
The results of the preceding section show quite clearly how
to describe this relaxation. The retarded correlation func-
tion is the same as in Ref. 4:

D*(z,h, 0) = jdh,Fﬁ““')_(z, h)

(R(hy,+y, 0)2, 2ng
X e — = 0(w),
2ech{((yFh)+A%)/2T)>, T

ch{ (h*+A%) /2T {hﬂ
o o Rk
R(h, ) S (A7) T o(h, @)
o (R*+A?) " (h“+A2)“}
YT T (P HAY) 2T '

\ 55
q=q(z=0)=jF§mq) (z, hy) M2 (hy) dh,, (55)

d
29 R, (h, 0) =1,
2n

where F[°%(z,h,) is defined by Eq. (54) and the averaging
over y represents averaging over equilibrium molecular
fields obtained in the static approximation of Ref. 4. At low
values of A a good approximation is provided by

dy
D Y [ A—
¢ v j (8nl, dT)*

¥
(...)e)\p( 8.4 ), (56)
where dT=}. In Eq. (55) the function R,(A,w) is that part
of R(h,w) which is governed by low frequencies w = A and is
normalized to unity. In particular, in R, (h,w) we have a part
corresponding to complete freezing at microscopic frequen-
cies. This part cancels out the corresponding term
~2mqd(w) in Eq. (55). The correlation function is related
to D® by the fluctuation—dissipation theorem. Equation
(55) is derived using the Hamiltonian (2) of a structural
order—disorder glass.

We shall conclude by considering one other very inter-
esting example relating to quantum properties of a Heisen-
berg spin glass. It is well known that in the purely static case
the odd correlation functions of spins vanish for a paramag-
net. However, in the dynamic case such correlation func-
tions are finite because the equation of motion for spin in-
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cludes a triple dynamic vertex. However, the existence of
odd dynamic correlation functions gives rise to a number of
very interesting phenomena, for example, those exhibited by
the scattering of polarized neutrons in a paramagnet subject-
ed to a magnetic field (see, for example, Refs. 20 and 21).
One can expect a Heisenberg spin glass also to have a non-
zero three-particle correlation function. We shall consider
this question separately and give here only the explicit form
of the retarded three-particle Green function. For simpli-
city, we shall consider only the static case. Relaxation phe-
nomena will be discussed separately. As in the derivation of
Eq. (55), we shall employ the static approximation. Using
the Hamiltonian of Eq. (3), we find after fairly lengthy cal-
culations

i .
Ko (0, 0 05) =— 5 S dhF,(h)<{z(y+h)>,~

X (R_..(y+h, 0, 0z 0s)
— R—+z (y+h, Wz, Wy, (.03) +R—+z (y+hv ©3, O, (1)2)
—R—+z (y+h; Wy, O3, (1)2) +R—+z (Y"‘h, ®3, O3, (l)x)

~R_,.(yth, @, o, 00,) 7, (57)
R_,.(h, o, 0, ;) =278 (0, 0.+ o;)

X {.1; 27 () R (02) K (h, 0)—Z (R) K (. 0,) K (b, 0nF03) }

Here,

K(h, 0)=(o+hr+i8)",

Z(h)=sh [(S+-;—)£T]/sh2%

and R, (w) has the same meaning as in Eq. (55), and is
governed by the thermostat frequencies ¥ <h. Averaging
over y is defined by Eq. (56) and in our case for large values
of S we have

dT="/,S(S+1). (58)

However, even if S = 1/2, the deviations from Eq. (58) are
small. According to Ref. 5, we have

AT=1/4Y3. (59)
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The expression (57) is the key equation. A great variety of
effects can be calculated using Eq. (57). For example, the
problem of slow relaxation is also related to Eq. (57), as are
the preceding expressions in the present section based on Eq.
(53) of Ref. 4, which is analogous to Eq. (57), in the case of
a structural order—disorder glass under static conditions.
Generalization to the nonequilibrium case is a relatively
simple matter.
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