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A study is made of how the absence of spatial reflection symmetry in the plane of motion affects
the superconducting state of two-dimensional electrons. In the absence of an inversion center the
spectrum of Cooper pairs can have two energy gaps and the order parameter contains not only a
singlet part, but also an admixture of a triplet state, whereas the zero-temperature spin
susceptibility is finite. It is shown that a magnetic field induces a condensate phase in an amount
proportional to [H X ¢]r, where c is one of the inequivalent normals to the two-dimensional layer

andr is the position vector.

1.INTRODUCTION

Some materials exhibiting superconductivity have a
stratified electron structure. If in addition such a material
consists of several components, then many other atoms and
ions may be located between the atomic planes of motion of
superconducting electrons. Ions surrounding such a con-
ducting layer are not generally distributed symmetrically
relative to the plane of the layer. We shall assume that the
tunnel coupling betwen the conducting layers is negligible
and discuss just one layer. The loss of symmetry of the imme-
diate environment results in inequivalence of two normals to
the layer, i.e., it breaks the ‘“‘up-down” symmetry giving rise
to a spin—orbit term in the electron Hamiltonian

¥ w=a[pelo, (h

where ¢ is a unit vector along one of the equivalent normals
and o are the Pauli matrices. This term has been discussed
earlier in the specific case of electron layers in semiconduc-
tor heterojunctions.'? One of them lifts the spin degeneracy:
two spins of an electron with a given momentum p acquire
different energies because of 57 . We shall consider some
characteristic features of the superconducting state due to
this circumstance. First of all, the presence of 77, implies
the absence of spatial parity, which spoils the classification
of the superconducting order parameter in terms of the total
spin of a Cooper pair, and which should result in singlet—
triplet mixing. One can expect also a finite spin susceptibility
of the superfluid condensate. Moreover, in the absence of an
inversion center the symmetry of a system subjected to an
external magnetic field H does not forbid the appearance of
an additional invariant Q[¢ X H], where Q is the momen-
tum of the center of gravity of a pair, in the spectrum of
Cooper pairs.

2.BASIC EQUATIONS

For simplicity, we shall assume that the spectrum of the
particles in the absence of 7, and of the interparticle inter-
action is isotropic: £,(p) = p>/2m. When 57 is included,
the energy surface of the normal state has two branches

e (p) =eo(p) =ap (2)

and the Fermi surface represents two circles of radii
P+ =PoF am,p, = (2mu).""* The spin quantization axis
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for the £ , branch is directed along the p X ¢ so that a pair
of particles with opposite momenta has also oppositely di-
rected spins. However, in the case of states in the ¢ _,
branch the spin quantization directions are opposite. There-
fore, all the states of the £, , branch have positive helicity,
opposite to the helicity of the £ _, branch states.

In the interparticle interaction

1
2V

t + BIYS (()-
Apra/z,al-pias2,s VT (Q; P, Q) U-gias2, 0801 0/2,15
,9,Q

%int =

(3)

which is considered using a weak-coupling theory, we retain
only the isotropic part

GDIY‘

(P, 9)=Vu(p,9) gas (—8) 1o (4)

and the first angular harmonic
Vo™ (0, @) =V5(p, 9) (0'8)as (pQ) (—0") vy (5)
where § = io,. Below the critical temperature in the range

T < T, the Gor’kov equations for the Green’s functions have
the standard form

G=G,+G.MG,
. (ls——Ho(p) ) 0 A(p) )
° 0 ie + H‘ (—p) A*(p) 0o )’
- (6)
é:< VG(lS p) 1’(18 p) )'
F*(—ie,p) —G'(—ie, —p)
where
pZ
H,(p)=——+*alpelo,
2m
(7)

Aus(p)=—T 2 j

and the sign of ¢ denotes transposition; the definitions of all
the Green’s functions are the same as in Ref. 3. It follows
from Eqgs. (6) and (7) that the Green’s function of the non-
interacting particles is

(2 )2 VGBHD(pv k)FPT(iEv _k)vl

Go(ie, p) =TI (p) G, (ie, p) +11) (p) G-, (ie, p)
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G(:) (e, p)= [ie_g(i) (1, B+ (P) =€ (4 (D) —p,

. - (8)
Héw) (p) = (8ap=[pe]oas) /2.

The operators I1¢*’ represent projections onto states
with a definite helicity.

In the mass operator M we retain only the off-diagonal
terms in the particle-hole channels. The first-order contri-
butions to the diagonal elements are (Fig. 1)

(n ‘ p—k p-k
T +xs0[ Vaﬁ!m( )
(p) Z j‘ (2 )2 e 2 1 2
—k k—
— Jabley (%’Tg)] Gpﬂo(ie,k). (9)
Using the identities
gas810="0a10p—8ao0p1,
(10)

0a50w=2‘5a96ﬂ1"6aﬂ67m _gctgt=01
we can show that MV (p) has a matrix structure of the form
M.5" (p)=A (p) 8ast B(p) [Pe]0as. (11)

Comparing Eq. (11) with H, (p) from Eq. (7), we can see
that inclusion of M‘"’ leads to renormalization of the spec-
trum and of the chemical potential, but does not affect classi-
fication of the particles in accordance with their helicity.

The spin—orbit interaction constant a occurs in two di-
mensionless parameters. One of these parameters § = am/
Do = apo/2u, representing the ratio of the spin—orbit energy
to the Fermi value, is treated as being so small that all the
powers of § in excess of the first can be ignored. The second
dimensionless parameter » = ap,/T, is regarded as small
only to simplify the calculations, so that all the necessary
powers of x are included.

3.STRUCTURE OF THE ORDER PARAMETER

The treatment in Ref. 4 is concerned with the case when
the interaction contains only the isotropic part of Eq. (4),

Vi(p, q)=Au(p)u(q)0y0,, (12)

where the presence of the functions u(p) = 1 + B(p — py)/
Do allows for the possibility that the interaction force be-
tween quasiparticles depends on the magnitudes of their mo-
menta, whereas ¢, is a truncation factor which is unity for
Uo(p — po) <wp and vanishes in all other cases. Then, the
order parameter A,z (p) has only the singlet component
A, (p)g.p.- We show below that allowance for the anisotropy
of Eq. (5) gives rise to an additional triplet term, so that the
order parameter becomes

x (-1)
PY7 Y Y4
[ /’ X 7

FIG. 1.
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Aas (p) =D4(p) gas A (p) [PE] Gurgrs, (13)
where A, /A, =~am/p,.
It follows from the system (6) and the relations
[pe] o1 =) (p) =11’ (p),
(14)
gl (—p)g'=Ti*)(p),
that
F(ie, p)= [[1(p) F 4 (ie, p)+I1 (p)F -, (i, p)] &,
Flaoy=Aw (p)/[ (ie)*—E(, () ],
G(iev p)=ﬁ(+)(p)G(+)(i8v P)'*'ﬂ(_)(P)G(—)(iEy P)y (15)

G s (ie, p) =lie+Ew, (p) 1/[ (ie)*—E %, (D) ],

E(zt) (p) =§(2:t) (p)+ | A, (») I ’ Ay=AxA,

These expressions describe fully the spinor structure of the
solutions of the Gor’kov equations. We can find the func-
tions A, (p) and A, (p) by substituting Egs. (13) and (15)
into the self-consistency equation, which yields two scalar
equations

! k dk
Ap)=—T Y ja Va(p, k) [F o, Gie, B)+F ) (i, B) ],

’ (16)
Ap)=T ‘ZI—V (2, k) [F sy (ie, k) —F _, (ie, k) 1.

For simplicity we shall assume that the anisotropic part of
the interaction is factored

Vo (p, k)=hsu(p)u (k)b

and that the functions u(p) are the same as in Eq. (12).
Then, assuming that

As e (p, T)=u(p)A,, (T)

(17)

(18)

and confining our attention only to temperatures close to T,
we obtain the system of linear equations

( A, )=( 201, AL igy—1 () )(A.) (19)
A, AL sy—1(-)) /2 WA A’
where, to within an error amounting to 8, we have
dp u 9
L= TZJ" 2_un% = U (2R
2n (ie)*—§[,
(20)

Iy=(m/2n)In (2wpY/nT), Iny=0.577.

The condition of solvability of this system determines 7', and
the ratio"

A Ap/ 2
+28) ————. (21)
B, = 8(1+2p) 1+hp/2hs

The temperature of the transition is given equally accurately
by the following expression from the BCS theory:

Tscs=(2wpY/n) exp (—n/mA,).
It is shown in Ref. 4 that this applies also to the function
A, (T). Thus, the matrix Az is governed entirely by one
complex function A, (p, T), although it may contain differ-
ent (singlet and triplet) spinor structures.
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The main consequence of the above expressions is the
appearance of a difference between the energy gaps on two
Fermi circles. In the absence of the anisotropic interaction
V, this follows from the fact that u (p) varies: it follows from
Eq. (18) that

Au(Pimy) =D (ps) 26BA(T). (22)

It is clear from Eq. (15) that allowance for the anisotropy
increases the difference further by 24A,. Therefore, to first
order in the spin—-orbit interaction the excitation energies of
quasiparticles with different helicities are different, i.e., the
helical symmetry is destroyed dynamically.

The splitting of the excitation spectrum in superfluid
Fermi systems was predicted earlier (see, for example, Ref. 5
and the literature cited there, and also a much earlier study®
dealing with the exchange analysis of a dynamic group of
superfluid He*). In that case and in our case the reason for
the appearance of this effect in the final analysis is related to
the spin-orbit interaction. The only difference is that in Ref.
5 the system exhibited a triplet state as well as vector pairing
when the energy of a quasiparticle could depend on the pro-
jection of its spin along the condensate symmetry axis. In the
situation under discussion the splitting is of different geo-
metrical nature: it is due to the loss of spatial parity and it
exists also for singlet pairing, when the scalar condensate
does not have any preferred spatial direction.

4.PARAMAGNETIC SUSCEPTIBILITY

We now consider paramagnetic properties of the
ground state. We begin with the spin susceptiblity y of the
system.

The susceptibility can be found in a homogeneous mag-
netic field H by writing down the spin magnetic moment to
five + order in the ﬁeld-

M——T 25

i.e., we can find a linear correctionAto the Green’s function 8‘
Therefore, in the mass operator M in Eq. (6) we must also
include the Zeeman energy and, if it differs from zero, a
linear correction to the order parameter:

Ay (p, H) ) (24)
—pus6H 7

Tr 9G (ie, p, H), (23)
n )Z#u r oG (ie, p, H)

~ usoH
M“)(H)= ( ’A+ (p,H)
(1) \F

Itis then found that y is a sum of the four diagrams in Fig. 2.

The equation for the correction A |, (p, H) is obtained
by integration of the self-consistent condition with respect to
the Zeeman energy, which gives the results shown in Fig. 3.
The contribution of the first two diagrams in Fig. 3 is

/L:GGH ‘/‘aetﬂ 41)("‘“) A;;“’!H)
<6> <6 >
a c
FIG. 2.
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4,)(pH) = @ + @tﬂ

+ § 4,(pH)+ D(P.“)

FIG. 3.

=5)

X Z [fl(“) (k) MBOHﬁ(V) (k) gler,

n,v=_(%£)

— _Yoeblw
(2 )2 ®. =

[G (g, k)F(v)(ieq k)—F, (ie. k) Gm(——ie, k)]. (25)

Itisclear from Eqs. (4) and (5) that this expression includes
terms

{ 81w
’ic’( :

} [T1% (k) 6HTI® (k) 4, (26)
g0') 1

which can be calculated from the relation
AL =Tr I (k) 0,11V (K)o,
) —P P +ie,.P, -
3 ( PP 8y—P.Pytie,s ) P (k) = [Rel.
Gij—PiPi—ie,'jﬂP" Pin
(27)

Hence, it is clear that the contribution made to Eq. (25) by
the isotropic part of the interaction is governed by the traces
(Tr) in the first line of Eq. (26) and it vanishes as a result of
angular averaging.

The contribution of the anisotropic part of the interac-
tion is determined primarily by angular integration of the
lower row of Eq. (26). If u = v, the expression for 4 [/ is

even in k and, consequently, it drops out. If u #v, we have
dic~ (AN, i o 1
—-kl{ : }H’=—f—[(cH)6”—c’H’]{ } (28)
2n A‘H‘*) 2 —1

The remaining scalar part of Eq. (25) is then

(G (ie)F (-, (ie) —F 4, (ie) G-, (—ie) ] =[G (-, (ie) F (4, (&)
. (A A) 28— (AHA) 2By
oG i = T TTter—E )

(+)

~ A.ap—"AgEo (29)
[ (ie)*—E"}*

accurate to within corrections quadratic in é.

A consistent allowance for the second two diagrams in
Fig. 3 reduces to simple renormalization of the expression
obtained in this way, so that the result is

~ A’P
Ay (p,H)= #/22, (OLP ) iusl (cH) (po)
— (pH) (o) 12K (T), (30)
where
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y/m, T<A,

K- (AJT) (TL(3) /4a®), AT

The presence of / in the above expression ensures invariance
of the time inversion operator.

We shall now calculate the susceptibility. In the expres-
sion for the contribution of the diagrams a and b in Fig. 2

—us’T ZJ

+0'F (ie,p) (—1) 6'HF* (ie, p) } (31)

n )ZSp{o G (ie,p)oHG (ie, p)

we shall separate the matrix structure of the Green’s func-
tions using Eq. (15); we shall follow this by application of
the relation (26) and carry out angular integration, which
gives

dp [ .
—uT Y f%’f{][zAa" +;—B(6"’—c"ci)] RN E)
where

A=G,(ie, P)G(—)(i& p)+F(+,F(_,,
B=(G(+)_G(—))z+ (I;‘('H_-I;‘("‘))2
=—24+(GHF )+ (G, +FL).

The quantity 4 can be reduced to
A G —E0) + (A —Aw)?
2 [(te? — Ef) [(ie)* — EL)]
(“3)2 + Ety + Ef
[(ie)* — Et] [(ie)* — EL)
ie (€ + &) )
(e)* — E%) [(ie)* — EL)

The third term in Eq. (33) can be dropped, because it is
canceled out in summation over the frequency, whereas the
second term leads to

(33)

s Ety
((i8)2 — Efy - [(ie)® — B2 )

s , E{
+ = T —
((i6)2 — EY, (e — EL))? )
(e [E — ELP )
(e — BLF [(ie) — B (4
Since
2E*
=[4T ch*(E/2T) ]~
TZ'{ (us)2 E [(ie)‘—EZIZ} e )](3’5)

we can see that the contributions of the first and second
terms in Eq. (34) disappear separately in the limit 7-0.
Therefore, they can be omitted in calculating the susceptibil-
ity of the ground state.

For the same reason the contributions of the second and
third terms to the function B tend to zero. Thus, in the limit
T-0, Eq. (31) is asymptotically equal to

_r Z j' ” d” w2 (§9+cic) A, (36)

1247 Sov. Phys. JETP 68 (6), June 1989

where up to terms of order x? inclusive we have
A~ — _1 (§(+)_§(‘))z+(A(+)—A(_))2
2 [ (ie)*—E?]*
_ (ie) : (E:+)‘—E('_))z
[ (ie)*—E?]*

(37)

and E? = £3(p) + AZ Therefore, the sum of the diagrams a
and b in Fig. 2 assumes the following form in the limit 7—0:

o d
ol e ()] J BB (g8 (A=)

(Ei—EE)* } (38)
BT
The expressions in the braces, considered in the same ap-
proximation, is

2
0

(Een—E- ))2 +(A(+) A- ))2

oA
222 (Bin—tcm) (Beny=Aco). (39)

It follows from Egs. (15) and (20) that the main contribu-
tion to the integral with respect to the parameter A /u origi-
nates from the first term in Eq. (39).

We thus obtain

Xu=(mus*/3mn) (ocp.,/A.)z((Sﬁ-i—c.-c,-). (40)

We can show that the contributions of the diagrams ¢ and d
in Fig. 2 are small in terms of the weak coupling parameter
mﬂp £ 1. Since Eq. (40) is derived by the linear response
method, it is valid if the Zeeman energy u zH is less than all
the other characteristic energies, including the spin—orbit
energy ap,.

An analogy with Ref. 7 should be pointed out here: it is
shown in Ref. 7 that in the case of ordinary superconductors
with an undisturbed spin degeneracy an allowance for the
spin—orbit scattering by impurities also makes the spin sus-
ceptibility finite.

5. VELOCITY-SPIN CORRELATION FUNCTION

Another paramagnetic property of the system in ques-
tion is the contribution of the Zeeman interaction to the su-
perfluid current. The velocity operator ¥(p) in this case is
not a polar vector: it also has a spin (axial) component

v(p) =p/m+a[ecd]. (41)
To first order the magnetic field the average electron veloc-
ity

TZJ. G )2 Tr V(p) G (ie, p; H) (42)

is given by the sum of the four diagrams in Fig. 4, which are
analogous to the diagrams in Fig. 2. The contribution of the

diagrams a and b is
Vi (atb)=T Zj (2n )zSP v'(p) Z 1 (p) pzoHII™ (p)
H,v==x=%

X[G:\.\ (70 P) G(_v) (1.8, P) +F(ll) (i£1 p)F(V) (iB, p) ] (43)
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FIG. 4.

If we simplify Eq. (43) by retaining only the first term in the
velocity operator, it then follows from

Tr I (p) GHII™ (p) =5 sign p([pe] H) (44)

that the expression in the square brackets in Eq. (43) occurs
in the response only if 4 = v. It follows from Eq. (35) that at
low temperatures this contribution tends to zero and, conse-
quently, only the contribution of the spin part v(p) remains
in Eq. (43) and this contribution can be expressed in an
obvious manner in terms of the spin susceptibility

mug [ &P 2
o <T) [cH], T<A.,. (45)

V:(atb)=—a

We can show that the contributions of the diagrams ¢ and d
at all temperatures is less than the contribution of the dia-
grams @ and b in terms of the parameter mA, < 1.

We can conveniently calculate the contribution of the
diagrams a and b near T, by using the following circum-
stance. It follows from Eq. (45) that the response does not
vanishwhenthegaps A, ), and A _, coincide, so thatin the
lowest-order approximation in & we can assume that
u(p)=1,4, =0.Then, Egs. (15) yield the following identi-
ty

9G(ie, p)/ap=G (ie, p)V(p) G (ie, p)
+F (ie, p)Vv'(—p) F+(—ie, p). (46)

It follows from it that, apart from the total derivative with
respect to the mementum, the two terms in Eq. (43) are
equal and, consequently,

d’p

V. (a+b)=2pT ZJ(TWT’ v (p)

3

x " (p)sHI® (p) F (,F (). (47)

nyv=

It

Hence, it follows directly that the velocity-spin correlation
vanishes in the normal phase. Using the inequalities (27)
and (44), we can simplify this expression to

ap[ »p
V.(a+b)=2[cH]psT 25!—;;2[27@(1)—&'_))
+ —;-(F(2+>+F(z—)) +°‘F(+>F(-—>] ) (43)

which is convenient for an analysis of the limit A, €7,. In
the integrals of the first two terms we have to go over to new
integration variables £ _ ,, which shows that the parameter
a enters in them through 8§, whereas in the third integral it
enters through . The terms linear in x cancel out, so that we
obtain

1248 Sov. Phys. JETP 68 (6), June 1989

V:(a+b)=—amps[cH] (%Y( %)3 %2—3(;)— (49)

The paramagnetic contribution to the current does not
mean that there is a constant current in the ground state.
Since there is also the usual contribution proportional to the
gradient of the condensate phase, it follows that in an infinite
singly connected system the total current remains zero, but
the condensate acquires a constant phase gradient.

We demonstrate how this occurs in the simplest situa-
tion when A; < T, and A, = 0. The presence of a phase gra-
dient implies pairing with a nonzero momentum Q, i.e., for-
mation of a Cooper pair from electrons with quantum
numbers (p + Q/2, ie) and (p + Q/2, —ig). Suitable
modification of the Gor’kov scheme and linearization of the
self-consistency equation for the order parameter
A.p (H,Q) = A(H,Q)g,s yields the condition for the ap-
pearance of a nonzero solution A(H, Q) in the form

1=—A\,T z!:j (dzzi)z Tr{Go(p-i——g,is;H)

x 3(—1)60‘( —P'*‘—(;—,—ia;H)é‘}, (50)
where
.- Q : Q
Go ’(:i:P+—E,le;H) =za—H°(:|:p+_2_)_uBoH,

The right-hand side of Eq. (50) need be calculated only to
first order in H and to second order in Q. The perturbations
will be assumed to be the Zeeman energy W, and part of the
kinetic energy W:

A~ oH 0
Wz= (MB

0 —woH )v we =("(P)Q/2 0 )

0 —vi(-p) Q27
(51)

The graphical representation of these perturbations can be
found in Fig. 5. Using Eqgs. (8) and (10), we can represent
the expansion of the right-hand side of Eq. (50) in the form
of a sum (Fig. 6)

Ry+Ron+Re. (52)

Comparing Eq. (52) with Fig. 4 and with the inequality of
Eq. (43), we find that

RQH=QVZ(a+b) /I Aslzv
53

Re=QVe(a+b) /2] A%, (53)
where V,, (a + b) is found from the diagrams in Fig. 4 by
replacing the perturbation W, with W, and calculating all
the diagrams near 7, to within |A |2, Since A, > 0, it follows
that the sign of Q? on the right-hand side of Eq. (50) is
negative. Consequently, an instability of the normal state

A // ~ ~ /“\
W, = WQ = i
\ 0 A A

FIG. 5.

e e
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X

S
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occurs primarily for those values of Q for which Ry, + R -
has a minimum. Setting the derivative with respect to Q to
zero, we obtain the following equation for the determination
of the function Q(H) near T,:

V.(at+b)+V,(at+b)=0, (54)

which is expressed in diagram language in Fig. 7.

We can easily understand that the contribution to the
average velocity made by the phase gradient is induced spe-
cifically by the interaction W, i.e., it simply represents
V, (a + b). Therefore, Eq. (54) means precisely that the
total current vanishes. To lowest order in a we find from Eq.
(54) near T,

Q=" e () () TER—. 69

Since v,Q /p, H~58x* <1, we can ignore the influence of W,
on the spin susceptibility.

A similar investigation of the general case of arbitrary
temperatures allowing for the triplet part of the condensate
is outside the scope of the present paper.

It should be mentioned that in the case of the spin sus-
ceptibility and the condensate phase the presence of the trip-

i

Q- OO

u(p) v(p)

1

K e
Q===

/“’\@_“

}zg

(p)
FIG. 7.
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let part of the order parameter and the splitting of the energy
gap are unimportant.

6.CONCLUSIONS

The above results can be applied to a two-dimensional
defect, to a thin film when the central symmetry breaks
down because of the van der Waals interaction with the sub-
strate, or to a layer crystal with a noncentrosymmetric crys-
tal symmetry group. If the unit cell contains an even number
of conducting planes, as is true of the recently discovered
high-temperature superconductors, this condition is not
necessary because antipyroelectricity can be observed even
in the presence of an inversion center. For example, the Cu-
O planes in the superconducting compound Ba,YCu,;0, _;
are surrounded on one side by yttrium atoms and on the
other by barium atoms. Although this feature of the com-
pound in question has been the reason for the proposal of the
model described above, certain difficulties may be encoun-
tered when the results obtained are applied specifically to
Ba,YCu;0, _s. The hypothesis of a weak tunnel coupling
between two Cu-O layers is supported also by the experi-
mental observation that replacement of the yttrium atoms
separating such adjacent layers by magnetic gadolinium
atoms has no significant influence on the critical tempera-
ture.® Evidence against this hypothesis may be the relatively
small distance between the oxygen atoms in the two nearest
layers and the directional nature of their valence orbitals.

It therefore follows that only a comparison of the ex-
perimental results with various consequences of the pro-
posed model can determine the degree of its validity in the
case of specific materials. An investigation of the possibility
of the influence of pyroelectricity and ferroelectricity on su-
perconductivity is moreover of intrinsic theoretical interest.

DItis always assumed that A, < |4,/2], so that the condensate is mainly of
singlet nature. We can show that in the case of a weak interaction char-
acterized by mA, , € 1 the relationship (21) remains valid at all tempera-
tures.
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