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Low-temperature nuclear relaxation involving a reservoir of local fields of a paramagnetic 
impurity is analyzed. The anomalously fast relaxation of the nuclei at ultralow temperatures 
which has been observed by several investigators is explained on the basis of a temperature- 
independent term in the expression for the rate of the nuclear relaxation due to the interaction 
with this reservoir. This term becomes predominant at  ultralow temperatures. 

INTRODUCTION 

The spin-lattice relaxation of nuclei associated with the 
presence of a paramagnetic impurity has been the subject of 
theoretical and experimental research for a long time 
now.Iw3 In  recent years this research has been extended to 
low and ultralow  temperature^,^.' where several descrepan- 
cies have been found between theory and experiment. In par- 
ticular, at ultralow lattice temperatures ( TL 5 0.1 K )  the 
nuclear relaxation time T, increases with decreasing tem- 
perature far more slowly than predicted by the theory. 

In an effort to explain the anomalously rapid nuclear 
relaxation at ultralow temperatures, Waugh and Slichter6 
pointed out that the hyperfine interaction contains, in addi- 
tion to terms proportional to the z component of the electron 
spin, S f ,  terms which are proportional to S ;'. The latter are 
usually ignored since they contribute a small factor to the 
probabilities for transitions involving nuclei. At low tem- 
peratures, however, the terms V z z I z S ;  lead to a strong 
dependence of TI on the lattice temperature, 

T, a (I-Po')-', where po=th(o./2T,) 

(w, is the electron Zeeman frequency, f i  = 1, and k ,  = 1 ), 
while the terms V  * I  ,' S  : , do not contribute such a fac- 
tor, as was shown in Ref. 6. Calculating the nuclear relaxa- 
tion time to second order in the electron spin-lattice and 
hyperfine interactions, we find' 

Here 
l-pol ( V+'I (TI1 )  - L T e - i  - 

4 f y ,  Or 

( 2 )  
nL (o,) I Vi+ I '+ (V+-)' 

(T,'!) -1  = - * 
4 0 s 2  

T, is the correlation time of the z component of the electron 
spin (which is the same in this nuclear relaxation mecha- 
nism as the electron spin-lattice relaxation time T,, ), w, is 
the nuclear frequency, 

NI is the number of nuclear spins, f is the dilution of para- 
magnetic centers, the prime on the summation sign means 
summation over all sites accessible to the paramagnetic 
centers, and L ( w )  is the Fourier transform of the lattice 

correlation function, which is given by the following expres- 
sion in the case of a one-phonon relaxation process: 

Here d is the spin-lattice relaxation time, and ii is the aver- 
age phonon velocity. The second term in ( 1 )  describes the 
nuclear relaxation mechanism which was proposed by 
Waugh and Slichter.' According to that mechanism, an elec- 
tron spin undergoes virtual transitions from a lower level to 
an upper level and back because of (for example) a process 
caused by the S ,+ I 2  interaction and the spin-lattice inter- 
action S ;- L +, while the nuclear spin undergoes a real flip, 
exchanging energy directly with phonons. Since the electron 
transitions are virtual, they do not make the nuclear relaxa- 
tion rate temperature-dependent. To  compare (3 )  with the 
estimate given by Waugh and Slichter," we express ( T;') - '  
in terms of T,' = ITL( W, ), finding 

Expression ( 5 )  differs from the estimate in Ref. 6 in the 
presence of a factor p,,/(w,/2TL ), which arises because of 
the exact incorporation of the electron polarization and 
which may be far smaller than unity at ultralow tempera- 
tures. It follows from ( 5 ) that ( T;' ) - ' falls off with decreas- 
ing temperature far more slowly than ( T i )  -'. With de- 
creasing lattice temperature, ( T ;' ) - ' dominate ( T i  ) - ' at a 
temperature T E determined by the condition 

The value found for T from ( 6 )  is smaller than that given 
- - 

in Ref. 6. 
Waugh and Slichter6 proposed a mechanism which ex- 

plained the results of Ref. 4, where the impurity concentra- 
tion in the sample was extremely low. However, when Eq. 
(6 )  is used to evaluate the temperature TZ at which the 
T, ( TL ) dependence changes slope (this slope change was 
observed in Ref. 5; curve 111.11 ), it leads to results which are 
too low [TZ = 0.016 and 0.106 K at values H, = 3.84 and 
25 kG, respectively, of the static magnetic field, while we 
have ( T T ),,,, ~ 0 . 0 8  and ~ 0 . 2 7  K ] .  In order to explain the 
results of Ref. 5, we should thus seek another nuclear relaxa- 
tion mechanism, which depends weakly on TL . The samples 

1235 Sov. Phys. JETP 68 (6), June 1989 0038-5646/89/061235-03$04.00 @ 1989 American Institute of Physics 1235 



used in Ref. 5 had a fairly high concentration of paramagnet- 
ic centers ( 16 x 10'' spins/cm3), and their ESR line was in- 
homogeneously broadened. Under such conditions, cross re- 
laxation processes lead to the formation of a reservoir of 
local fields,7sx which can participate in nuclear r e l a ~ a t i o n . ~  
A relationship between nuclei and the reservoir of local 
fields under the conditions of Ref. 5 is also indicated by the 
fact that the dynamic polarization of nuclei which was ob- 
served in Ref. 5 was successfully interpreted there as the 
result of nucleus-reservoir contact. 

Our purpose in the present study is to systematically 
analyze the relaxation of nuclei involving a reservoir of local 
fields at low temperatures. 

STATEMENT OF THE PROBLEM 

The Hamiltonian of the problem is 

where 

Here AF, and A", are the Zeeman energies of the electron 
and nuclear spins; AF,, is the Hamiltonian of the reservoir 
of local  field^,^ which consists of "difference" terms (A, 
= w, - w ,  ) and a secular part corresponding to a dipole- 

dipole interaction, AF: (we are assuming that the inhomo- 
geneous width A* of the ESR line is much greater than the 
average quantum of the dipole-dipole interaction); i, j are 
the indices of the sites occupied by paramagnetic centers; n ,  
n '  are the indices of spin packets with frequencies w ,  and w,; ; 
and a "spin packet" is to be understood as a set of spins with 
approximately equal frequencies within which an equilibri- 
um is established far more rapidly than over the entire ho- 
mogeneously broadened line. 

In the hyperfine interaction Z,, and in the cross relax- 
ation interaction AF,, we retain the terms of interest for the 
analysis below: 

explicit expressions for the coefficients A,  B, C, and Vcan be 
found in Ref. 10, among other places. 

INTERACTION OF NUCLEI WITH THE RESERVOIR OF LOCAL 
FIELDS 

We assume that in the course of the nuclear relaxation 
the electron system is in equilibrium with the lattice. In cal- 
culating the relaxation rate we assume that the paramagnet- 
ic centers are distributed randomly in the crystal and that 
the spectral functions describing their cross relaxation are 

much narrower than the Gaussian inhomogeneous ESR line 
g(w - w ,), whose width satisfies A* > w , .  We assume w,  
&rC- ', where r,  is the correlation time of the function 

(6Sjnz( t )6Sinz>/(  (6Sin')2>, 

which we will be discussing below. Under these conditions, 
which are the most common conditions experimentally, we 
find the following expression for the rate of the relaxation 
due to the interaction of nuclei with the reservoir of local 
fields in second-order perturbation theory: 

nt;. B2 IVCz12 ( - " ~ ) + $ g ( o n ) f z ( ~ ) 2  
+ - ( I - p o 2 ) Y y -  exp - 

16 A 01' 4 A S 2  0.  

where 

the function f, (w) describes the frequency distribution in 
the spin packet, and the last three terms correspond to sec- 
ond-order of perturbations in P. 

Let us examine the physical meaning of each term in 
( 10). The first describes a process in which a set of flip-flop 
transitions within a packet creates at  the nuclei an alternat- 
ing field which has a nonzero component at the nuclear fre- 
quency. The second term describes the relaxation coupling 
of nuclei with the reservoir through simultaneous flips of the 
electron and nuclear spins caused by the interaction S ,: I ,: 
and S ,: I  2 .  The third term stems from the electron-nucleus 
cross relaxation, a discrete process in which the elementary 
event is the simultaneous flip of two electron spins with fre- 
quencies w,, and w ,  where /on - w, I = w, ,  and of the nu- 
clear spin. The fourth and fifth terms have a physical mean- 
ing similar to that described in Ref. 6, with the distinction 
that the lattice is not involved here. The fourth term results 
from two pairs of interactions which flip spins: S ,: S,; and 
S ,;I:, where the transitions caused by S ,: and S ,; are 
virtual, and those caused by S,, and I  ,f are real. The fifth 
term describes a process in which an electron spin which has 
undergone a virtual transition, while a nuclear spin has un- 
dergone a real transition (the process due to the term 
S k I , f  ), undergoes the inverse transition by means of the 
process described by the term S ,; S;,, . 

To evaluate the contributions to the relaxation rate of 
the various terms in expression ( l o ) ,  we need to estimate 7,. 

As was shown in Ref. 11, when the broadening is significant- 
ly inhomogeneous (6,, <A*, where S,,is the width of the 
spin packet), the t dependence in (9)  is determined by Ham- 
iltonian X;. Evaluating T ,  with ,$??; by the method of mo- 
ments under the condition f< 1, we find 
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The same quantity was calculated by the method of mo- 
ments in Ref. 3, where the complete secular interaction with 
respect to Z,,S;, , was used in place of XL. This result is 

Substituting ( 11 ) into ( l o ) ,  we note that in our analysis 
the interaction Pdd gives rise to two additive contributions 
to the expression for the nuclear relaxation rate. Of the two, 
one is a consequence of flip-flop transitions of spins within 
the packet [the first term in expression ( 10) 1, while the oth- 
er is due to electron-nucleus cross relaxation (the third 
term). Since the relation Ssp < B  holds in dilute paramag- 
nets, the third term is always greater than the first. In Ref. 3, 
T , '  was formally like the first term in ( l o ) ,  but with 7': ' 
given by ( 12). If we adopt A* $ B  in ( 12), the resulting 
expression for T ;  ' agrees to within a numerical factor of 
order unit with the electron-nucleus cross relaxation term in 
( lo) ,  which was found without the assumption A* $B.  In 
practice, that condition does not hold for dilute paramag- 
nets. Consequently, the imperfect use of the method of mo- 
ments makes the result of Ref. 3 correct only under the as- 
sumption A* $ B, which does not hold in practice, while the 
valid assumption A* $ S,, was used in the calculation of the 
third term in ( 10). 

We turn now to the terms proportional to / V '+ 1' and 
I V + - / 2. Of them, the second and fourth contain small fac- 
tors f, ( w ,  ) and g(w,  ), so the largest of the temperature- 
independent terms in expression (10) is the last, which 
should dominate at ultralow temperatures. In Ref. 5, the 
high-temperature part of the TI ( T, ) curve was described by 
as functional dependence of approximately T, 
oc ( 1 - p i  ) - '. A function of this sort comes from the third 
term in ( 10). Comparing it with the temperature-indepen- 
dent last term, we find that the transition from one mecha- 
nism to another should occur under the condition 

From this condition we find the crossing temperatures T T 
= 0.04 and 0.23 K, for H,, = 3.84 and 25 kG, respectively. 

These values agree with the experimental values, to within 
the experimental error. 

A plot of T, ( H , )  at constant values of T, was also con- 
structed in Ref. 5. It has a transition to a weaker field depen- 
dence in strong fields. Using ( 13) to calculate the particular 
field at which this transition occurs, we find agreement with 
experiment. 

CONCLUSION 

By estimating the contributions of the various terms in 
expression ( 10) and making a comparison with experimen- 
tal data, we can draw the following conclusions: 1 ) The ther- 
mal interaction of nuclei with the reservoir of local fields at 
high concentrations of paramagnetic centers is determined 
by two terms in expression ( l o ) ,  specifically, the electron- 
nucleus cross relaxation term, which has a temperature de- 
pendence ( 1 - p; ), and the last term, which is independent 
of the temperature. This last term should be dominant at 
ultralow temperatures. 2 )  The results calculated for the tem- 
perature at which the transition occurs from one mechanism 
to another agree with the experimental results of Ref. 5. 

We wish to thank V. A. Atsarkin for a discussion of the 
results and for calling our attention to the role played by 
electron-nucleus cross relaxation in the relaxation of the nu- 
clear subsystem. 

"Here and below, we are using the high-temperature approximation in 
the nuclear polarization. That approximation is valid for the relaxation 
of nuclei after their saturationJ and also after a dynamic polarization, if 
not too effective. 
- -  
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