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The nonequilibrium phenomena responsible for the development of threshold instability in long 
Josephson junctions are investigated by means of a multilayer tunnel structure fabricated from tin 
films separated by a dielectric barrier. It is demonstrated that the nature of the onset of the 
instability differs from the development of threshold instability in point tunnel junctions. The 
results are interpreted based on an analysis of a kinetic equation derived in the study that accounts 
for the features of fluxon motion. 

INTRODUCTION 

Nonequilibrium phenomena in superconductor tunnel 
junctions have stimulated a great deal of interest on the part 
of researchers.' These phenomena can be described by kinet- 
ic equations with a tunnel quasiparticle source which as- 
sumes a constant bias voltage across the junction. Experi- 
mental have shown that the instability current I, 
and the spatial distribution of the inhomogeneous state (IS) 
resulting from the narrow tunnel injection source are highly 
sensitive to weak magnetic fields. This pointed to the impor- 
tance of the Josephson properties of tunnel structures for 
investigating nonequilibrium phenomena in low-resistance 
junctions. In Ref. 4 the formation mechanisms of the non- 
equilibrium inhomogeneous state in long Josephson junc- 
tions in which Josephson vortex (fluxon) flow occurs were 
investigated. It was demonstrated that the region in which 
the energy gap A is reduced in the presence of an inhomogen- 
eous state depends on the direction of motion of the Joseph- 
son vortices. This led to the conclusion that the instabilities 
in tunnel junctions result from local quasiparticle injection 
due to the a.c. voltage produced by vortex motion. A more 
detailed investigation of these issues from both the experi- 
mental and theoretical viewpoint is of interest. 

FORMULATION OF EXPERIMENT 

The Sn-I-Sn-I-Sn ( I  represents the insulator) tunnel 
structures shown schematically in Fig. 1 were used in the 
experimental investigation of energy gap suppression. It was 
possible to analyze this effect both in the region where the 
vortices were generated and at their escape site where the 
amplitude of the a.c. voltage is at a rnaxim~m.~ The 
0.6 X 0.075 mm2 quasiparticle injector formed by tin films S, 
and S, had a tunnel resistivity of 3.10-5 R mm2. The two 
detectors (detector d ,  was a S,-I-S, tunnel junction, while 
detector d, was an S,-I-S, tunnel junction) had a resistivity 
of 2. R mm2 while their dimensions (0.1 X 0.05 mm2) 
were comparable to the distance the magnetic field penetrat- 
ed into the low-resistance generator, A, = 50 pm. The 
VA ( Vg ) relations were recorded on a different recorder in 
conjunction with the I-V characteristic of the generator. 
Here VA is the bias voltage across the detector on the steep- 
est section of its I-V characteristic at a fixed tunnel current, 
V, is the bias voltage across the generator. The VA voltage 
was amplified and then injected to the Y input of the record- 

tor with zero generator injection) at T = 1.9 K. It was possi- 
ble to measure both the vortex density and the a.c. amplitude 
by applying an external magnetic field in the junction plane 
perpendicular to its long side 1. Figure 2 also shows the ef- 
fect of the magnetic field on S VA ( V, ) (curves 1 and 2).  The 
figure clearly indicates a threshold gap suppression effect 
that initially occurs at a generator bias voltage of Vg = 2A,/ 
3e and V, = A,/e (A, is the equilibrium value of the gap). 
The SVA ( V, ) relation indicates the virtual absence of the 
thermal energy gap suppression effect at voltages V, < 2A/ 
3e ( A  is the observed gap value). The onset of abrupt gap 
suppression at a bias voltage V, z 2A/3e from a monotonic 
rise in the power applied to the junction can be related to the 
activation of the suppression mechanism which produces 
nonequilibrium quasiparticles of energies E > 2A. 

We will consider the effect of the magnetic field on these 
phenomena. Figure 2 (curve 2) clearly indicates that an in- 
crease in external magnetic field H serves to reduce the gap 
suppression effect Vg < 2A,/e and causes a rise in the voltage 
V, at which the instability occurs. The S VA ( V, ) relation 
obtained for H = 45 Oe once again allows us to evaluate the 
possible thermal gap suppression effect. Since the I-V char- 
acteristic of the generator is already close to the quasiparti- 
cle characteristic in this magnetic field, the energy gap sup- 
pression resulting from heating cannot exceed the values of 
SVA obtained in this magnetic field. When current flows in 
the direction shown in Fig. 1, and with the same magnetic 
field direction indicated in this figure, the changes in the 
energy gap described above are fixed by detector d ,  at the 
same time that the detector d, shows virtually no changes in 
the energy gap. Instability of the homogeneous, nonequilib- 
rium superconducting state in the vicinity of the detector d ,  
is observed when a bias voltage of V, <2A,,/e is achieved 

er. 
FIG. 1 .  Schematic representation of the Sn-I-Sn-I-Sn tunnel structure. 

Figure shows the "A ( 'g ) The tin electrodes of the junction with different purposes are labeled S, 
(SVA = VA,, - V A ,  VA<, is the bias voltage across the detec- ( i  = 1,2,3,4). 
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FIG. 2. The change in voltage 6V,  corresponding to the energy gap at the 
detector plotted as a function of injector voltage V,: 1-H= 0, 2- 
H = 45 kOe. 

across the generator. The instability produces a sharp drop 
in the voltage across the generator and a substantial drop in 
SV,. Analysis reveals that fluxons move in the direction of 
the detector d , ,  i.e., in our case the instability appears where 
the fluxons reflect from the junction edge. 

THEORETICAL MODEL 

A theoretical analysis of these phenomena is possible if 
we take into account that the voltage across the junction is 
not constant when the vortices move and takes the form 

where x is the distance; V,, and V,, is the d.c. bias voltage 
and the amplitude of the a.c. voltage produced by fluxon 
motion, respectively; for convenience these are measured in 
energy units; the time t is given in inverse energy units. 

In the general case it is difficult to derive the tunnel 
source in a kinetic equation that describes the action of a 
uniform, nonstationary voltage on the junction, to say noth- 
ing of solving such an equation. 

Here we consider a simplified model that we believe 
reflects the primary characteristics of the effect of fluxon 
motion on the nonequilibrium properties of the tunnel junc- 
tion. The higher vortex velocity [above V,, ( x ) ]  corre- 
sponds to a highly transparent long Josephson junction, 
while V,, ( x )  reaches its maximum near the junction edge 
(where the vortex velocity  peak^).^ In the "dirty" limit [by 
virtue of the inequality A, {Ii, I,, c( T)), where 1; is the 
free path length between elastic collisions, I, is the diffusion 
length, and 6 ( T) is the coherence length] a long Josephson 
junction-even one formed by relatively "clean" supercon- 
ducting films--can be represented in terms of its nonequilib- 
rium properties and with an accuracy sufficient for our pur- 
poses as a set of small (dimensions L SR ,  ) Josephson 
junctions in parallel with the following uniform voltage in- 
jected to each junction: 

with different V::). We have therefore ignored the coupling 
of the separate junction regions here resulting from, for ex- 
ample, diffusion of nonequilibrium excitations. We consider 
the nonequilibrium effects in a small region of a Josephson 
junction of size L-A,. Consistent with this discussion the 
voltage 

generated in this region due to vortex motion is considered to 
be independent of position. The derivation of the tunnel 
source in the kinetic equation is based on the application of 

the Green-Keldysh function technique (see, for example, 
Refs. 6,  7 )  to the tunnel Hamiltonian formalism. In this ap- 
proach to first order inAhe tunnel transparency the matrix 
tunnel self-energy part B takes the form 

.. 
E(l)R,A,K -R,A,K (t, t') = - g,,) (t, t') , 

~ T T  

where XI(,, is the normal (anomalous) self-energy part, 
g(  f )  is the normal (anomalous) electron Green-Keldysh 
function integrated over the kinetic energy, T, is the tunnel- 
ing time, and the indices R,  A or K label the corresponding 
Green's function and the self-energy part as retarded, ad- 
vanced or correlated, while the superscripts in parentheses 
in ( 1 ) or (2 )  indicate whether the corresponding function 
belongs to the left or right film relative to the tunnel barrier. 
The tunnel source takes the form 

where 

accounts for tunneling of the quasiparticle excitations, while 
the Josephson and interferential currents can be obtained 
from 

In (4 )  and (5 )  the product of A and B is understood to be 
AB = Jdt,A(t , t , )B(t , , t  '). 

After using the expression (2 )  in (4 ) ,  (5 )  and account- 
ing for the gauge invariance of the wave functions" from 
which 

where 

X( ( t )  orX(,, ( t )  is the phase of the electron wave function 
in the film of junction ( 1 )  or (2) ,  we obtain the following 
expression for, e.g., pP : 

+ g;) (t-tl)g:, (ti-t') ]exp[i(x(t,) -X(t) I) .  (6)  

An analogous expression is easily obtained for as well. If 
we recall the explicit form o f x ( t )  and the relation 

exp[ia cos ~ t ] =  I .  (a iR)  exp[inRt] 
n 
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[ J ,  ( x )  is an nth order Bessel function], then by expressing 
the correlation function through the distibution function 
and substituting the explicit expressions in place of the func- 
tions gR'A' we can easily obtain the tunnel source in a form 
analogous to that of Refs. 6, 7. 

Recalling, however, in this context the interpretation of 
our experimental results we limit the analysis to the simplest 
nonequilibrium effects of the threshold instability type' and, 
specifically, we ignore the effect of fluxon motion on the 
population imbalance effect between the electron and hole 
branches of the spectrum.' In this case we have the following 
expression from ( 6 )  for the tunnel quasiparticle source: 

where the tunnel contact is assumed to be symmetrical, 
while 

( 2 ,  2- ( A Z / & )  
Pr = (z2-A2)1/2 [ 1-n ( e )  -n ( 2 )  I0 (2 -A)  , 

r is the exponent in the "coherence factors" equal to 0 or 1, 
n ( E )  is the quasiparticle distribution function, and B ( x )  is 
the Heaviside function. 

Expression ( 7 )  for V,, = 0 becomes a well-known 
expression,' as we can easily see. For V,, # O  source (7 )  de- 
scribes electron tunneling processes involving the photons 
(the terms with the multiplier k )  and photon-induced Coop- 
per pair-breaking. The index n represents the set of photons 
of frequency w = 2 V,, participating in this tunneling pro- 
cess. In our experimental conditions V,, /2 V,, ~ 0 . 1 - 1  and 
hence the terms with n = 0, f 1 make the primary contribu- 
tion to the tunnel source. An approximate solution of this 
equation can be obtained by a method analogous to that of 
Ref. 9. Here we find that with vortex motion the narrow 
source condition obtains for an entire family of bias voltages 
satisfying the conditions 

wherek=21 + 1(1=0,1,2 ,... ) o r k = 2 r n ( m  = 1,2 ,... ) ,un-  
like the case of V,, = 0 (Ref. I ) ,  when only a single condi- 
tion e V,, - 2A < A exists. This causes A to be an ambiguous 
function of each V;;' and can be written as (cf. Ref. 1 ) 

where A'k' ( T )  is the energy gap resulting from the onset of 
the k th instability; Ahk'(T) is the energy gap prior to the 
onset of the k th instability; T( T) is the electron-phonon col- 
lision frequency; B = 0.77; b = 7{(3)/8r2; {(3) is the Rie- 
mann zeta function; and T, is the critical temperature; 

( k )  ( k )  a ( k ) = n A o  yv / F ( T )  Bk,  y:R' = J ~ , , ( v , , / ~ v ~ , ) ,  

a ( h ) = 2 n ~ : k ' r ; k ) / i , 2 5 r  ( T )  , 
( k )  

rv = ~ y k - 1 ) , 2  (vac/2vdc) + ~ : k + i ) , 2  (va7. , /2~dc)  
k=21+i (l=O, i ,  2 , .  . . ). 
As we see the width of the ambiguity range A is propor- 

tional to y v '  and is inversely proportional to k. 
Figure 3 shows the qualitative dependence of the energy 

gap on the bias voltage across the tunnel junction V,, . Clear- 
ly the onset ofthe k th instability causes an irregular suppres- 
sion of the energy gap whose relative value is equal to 

G A ' ~ ) / A : ~ '  =nTCy:k' /26iA'  b r  ( T )  

and which diminishes with increasing k. We should note that 
there is a "universal" (compare to Ref. 1) dependence of 
A'" on V,, in the instability range consistent with (8 ) .  

The jump 6A'k' /Ahk' will therefore result from the de- 
velopment of instability attributable to a variety of tunneling 
processes at bias voltages: a )  V;:' = 2A/e ( k  = 1, 1 = 0, 
n = 0 ) ,  tunneling excluding the photons); b )  VL:' = A/e 
( k  = 2, rn = 1, n = 1, tunneling with Cooper pair break- 
ing); C )  V g )  = 2A/3e (k  = 3,1= 1, n = 1 tunneling involv- 
ing a photon), etc. The relative contribution of these pro- 
cesses with different k to the value of 6A'k' /Ahk' is largely 
determined by the factor yik' which depends on V,, /2 Vdc . 
Thus, for example, for processes b )  and c )  ( k  = 2 and 3, 
respectively) yv '  and y v '  are of the same order. This sug- 
gests that changes of6  V, ( V, ) in the vicinity ofbias voltages 
V, = 2AO/3e and V, = A,/e are approximately identical. It 
can also be demonstrated that monotonic suppression of the 
energy gap will occur in the areas between the regions where 
V,, changes sign, while inhomogeneous, stable nonequilibri- 
um superconducting states with two energy gap values arise 
in the ambiguity regions. 

As discussed above the theoretical analyses given here 
are valid for a small junction region of dimensions L 5 A,. 
The issue of fluxon effect on the formation of the inhomo- 
geneous state in a long Josephson junction can in principle be 
analyzed using an expression for the tunnel source in the 
form of Eq. ( 6 )  if we recall that the inequality qa< 1 
( q  A ' ) in the final analysis allows us to consider the 

FIG. 3. The A (  V ,  ) relation accounting for fluxon motion for two differ- 
ent tunnel injection parameters &,  and &, (&,  <&, &, has a complex 
dependence on the junction parameters and the fluxon properties). 
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parameters Vdc ( x )  and V,, ( x )  weakly dependent on the 
coordinate x.  The kinetic equation in this case contains aux- 
iliary terms that account for the spatial dependence of the 
distribution function, while the self-consistency equation 
will account for the dependence of the energy gap parameter 
on x  (Ref. 10). However solving the problem of inhomogen- 
eous state formation in a fluxon medium lies beyond the 
scope of the present article. 

As suggested by our analysis, the fluxons are likely to 
have the greatest effect on the onset of the "threshold insta- 
bility" near the edge of a long Josephson junction, where 
Vat ( x )  is maximized and consequently, where the probabili- 
ty of quasiparticle tunneling processes involving the fluxon- 
radiated photons is highest. 

CONCLUSION 

The present study has carried out a comparative analy- 
sis of experimentally observed phenomena and the proposed 
theoretical model and has established, both experimentally 
and theoretically, the energy gap suppression effect when 
Vdc < 2A,/e holds; this effect is independent of the quasi- 
equilibrium thermal heating mechanism and is due rather to 
the injection of nonequilibrium quasiparticles together with 
photons. The experimentally observed sudden drop in the 
energy gap at generator bias voltages of V, = 2A0/3e and 
A,/e can be attributed to the instability of the homogeneous 
superconducting state predicted by the theoretical model at 
these voltages. This theoretical model also explains the in- 
stability voltage V, which is ordinarily below 2A,/e and 
which has not found an explanation in the present threshold 
instability theory. lo  

The analysis of nonequilibrium phenomena carried out 

in the present study accounting for the Josephson properties 
of low-resistance tunnel structures has identified a number 
of new effects such as nonequilibrium energy gap suppres- 
sion at bias voltages of Vd, < 2A0/e, the possibility for the 
existence of an entire series of superconducting state instabi- 
lities in tunnel injection, together with variation in the effect 
of the tunnel injector. 

The authors wish to express their gratitude to V. G. 
Bar'yakhtar and V. F. Elesin for their support and discus- 
sion of the present results. 
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