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Thedifferential cross sections fore* e~ —e* e~y processes are determined in the ultrarelativistic
limit for helicity-polarized initial leptons and photon. It is shown that each cross section can be
written as the product of two factors, one of which is universal and is identical with the factor
obtained previously in the absence of polarization. The analysis is based on the direct evaluation

of the matrix elements in the diagonal spin basis.

There have been a number of investigations of brems-
strahlung processes accompanying the scattering of elec-
trons and positrons by electron.'~® Processes involving the
emission of hard protons are of interest because they consti-
tute the background for studies of hadronic processes. More-
over, they provide us with a possible test of quantum electro-
dynamics (QED) in high perturbation-theory orders. In
this paper, we report a determination of the differential cross
sections for the processes e * e~ —e* e~y for helicity-polar-
ized initial leptons and proton. The initial and final electrons
and positrons are assumed massless. It will be shown below
that each cross section for these processes can be written as
the product of two factors, one of which is universal and is
identical with the factor obtained previously in the absence
of polarization.

1. The determination of the cross sections is based on
the direct evaluation of QED matrix elements® in the diag-
onal spin basis (DSB).'*'? The essence of the method is as
follows (we shall use the notation employed in Ref. 7). In
DSB, the spin vectors s, = (s, is,,) and s; = (s;, is;,) of a
particle participating in the 1 + 23 + 4 reaction with 4-
velocity v, = p,/m (prior to interaction) and v; = p;/m
(after) interaction are defined by

(1+v,v)) v;
[(vwy)*=1]""

o (Huev)o,
T T Ty =11 M

s, =

The dot between the vectors in (1) and elsewhere denotes a
dyad: (a*b); =a;b; (i, j=1,2,3,4). Let us introduce the
orthonormal basis of vectors n, (Ref. 11) n ny =6,, (4,
B=1,2,3,4):

njz[nu'nalxnﬁ- n:=[P1'Ps]xP2/P, (2)

ER R

ny={(ps—p.) /[ (ps—p.)*] ",

n,=in,,
ne=(ps+p.)/[—=(pitps)]*.

where [a-b] =a'b—ba=a, a= —a, ag
= IE jymn Xmn /25 E€1mn 18 the Levi-Civita symbol, and p is de-
termined from the normalization condition. The following
relations'""'? are valid for the quadruple of vectors n, in (2):

[n,\'nu]xncziﬁfxucnnn. (3)

In the above spin basis, the spin component operators o, and
03, and also the raising and lowering operators o °and o ®
for the initial and final particles are identical and take the
following form for Dirac particles®*'?:
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o= 0y =03= ’yss‘l’ljl — ‘\’58\3’1’)‘3 = ‘\75;137}0 = l‘;hzfll, (4)
0%0=0,*'=0,*=iy* (n,£ibn,) /2, 6==1, (5)
ou®(p)=0u’(p), o=*u™"(p)=u**, (6)

where 7 = n,¥*, y*, ¥ are the Dirac matrices and u°(p)
are bispinors satisfying the equation

(ip+m)u’(p)=0. @)

We note that the coincidence of the spin operators for
the initial and final particles is a consequence of the realiza-
tion in DSB of the small Lorentz group that is common to
particles 1 and 3 (Refs. 7 and 10). The bispinors of the initial
and final states u® (p,) and u® (p;) can be related to one
another with the aid of the transition operators 75, and
T,,=T; " (Refs. 6-8):

2’ (ps)=u’(p;) T, (8)

where u#? (p) = (u® (p))*v*, #° (p)u® (p) = m. The explicit
form of the operators in DSB was obtained in Ref. 12. The
Dirac equation can be used to reduce them to the same form:

u®(ps)=T:u’(p,),

Tyy=T,y=—in,. 9)
The projection operator for the particle state is
v=u'(p) & (p) =(m—ip) (1+idy’s) /4. (10)
In DSB, the operator 75 and 75 have the form
T =[m—i(E Ro—E-1s) Fiby (—E_netE, ny—imngna) ] /4,(11)
o= m—i( £+ E_1ta) FidY (E_no+E,ne—imngng)] /4, (12)

where £, = [( —pp;+m?)/2]'">. We must now con-
struct the operators’~’

P:,'a=u6(p1) 2 (ps) =u’(p,) ~1_Lﬁ(pi)T13=T16T13=T13T3°1
P.x:é‘b:ub (ps) -u="(ps)
=0*u=*(p,) @ (ps) =0°Py, " =0"1,"T .

The explicit form of the operators P ;; > in DSB was
obtained in Ref. 12:

P80 = [, — imhy + E_ngn, - 03 (E_ + imny + Engho)]/4,
(13)
P =is (E_—imn,+E,8Y) Nold,  nme=n,tidn,. (14)

These expressions for P ;i >° can be used to reduce the evalu-
ation of the matrix elements M *°° =7 *°(p;)Qu’(p,) to
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the evaluation of the trace®'?

M=50=i#*(p) Qu® (p) = (u* (p.) 7 () Q) = (P5"'Q)
where the subscript ¢ represents the trace and Q is the inter-
action operator. The operators P 5} >° determine the struc-
ture of the spin dependence of the matrix elements for transi-
tions with M ~®® and without M>* spin flip.

We now reproduce the following relations that will be
useful in the evaluation of the matrix elements in DSB:

au®(py)=—il (astas0v°)u’(ps) +ansy’u=*(ps) ], (15)

1% (ps) d=—i[7°(p1) (ag—as0y*) —ans'a=*(ps)¥*1,

where a is an arbitrary 4-vector, a, = an,, a; =an,, n¥
=n, — idn,.

The circular polarization vector e; of a photon of mo-
mentum k, emitted by the particle in the p, — p, transition, is
naturally expressed in terms of the 4-vectors p,, ps,
k(ey =e313):

€rys =

[no-na]k-i-lli?»[no-nx]xk, [no-n3]= [Pipa] , (16)
2%p 28,&-

p=—{([p:-p:] )"} /28 E-. (17
The operators €, ,; and &%, can be written in the form

En=N1s(PaPk (1—A1*) —kPap (1HAY°) —2pupAy°E),
é;‘m =Ny (pspll?: (1 4+ Ay®) — /EP:,PI (1 —M%) + 2P1P57"Y5’€)*
(18)
Nyy~'=2"{—=8p,ps-pik - psk—m*[ (2p,k)*+ (2psk)?] } .

2. In the massless case, the operators (11)—(14) assume
the form

0 =—ip, (1—6Y°) /4, T:d=—ips(1+6°) /4, (19)
P =E(1487°) (147,00) /4, Por*= ibE (14+8Y°) h/d,  (20)

where £ = ( — p,p;/2)"/%. Itis readily verified that the oper-
ators 79 and 75 in (19) satisfy the relations

‘Y“T1°=6T1°, Y5136=_6136Y

(21)

[
T2°=-67°, TLiY°=81s,

which signify that, in the massless case, the initial and final
states have positive and negative helicities, respectively.'?
We can now use (21) to express (15) in the form

au*(py) =—il(ao—as)u’(ps) —8anu="(p,)], 22)
7°(ps)d=—i[ (a,+a;) 7 (py) +0ans'u=°(ps) ].

Terms containing °k in (18) can be discarded because of
gauge invariance. The operators &, ,; and é* , are therefore

given by the following expressions used by the CALKUL
group'*:

éma=Nia [PSPJEU—MS) *kAPan (1+7»"{5)] ’

éra=N15[Psp:k (1 + 2y%) — Epypy (1 — Ay9)], (23)
Nys='=4(—p,ps 'plk'Psk)‘/j-

It is readily verified that
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é;:suﬁ (ps) = (1+81) 2P1kN13P3u6 (py),
) (24)
@°(ps) Ers=— (1+51) 2pskNsu° (s) Py

If photon emission occurs during the p, —pp, transi-
tions, the replacements (p,, p;) — (p,4, pg) in (23) result in
operators &, ,, whose effect on the bispinors differs from the
effect of &, 5 only by a phase factor:

6r15=E,.45€", (25)

e""“‘=—i7\.2‘b€Manz(AB)q (26)
where n, 45, are the unit vectors

Pasy=— (4PAk'ka)Ih/(—szPH)%-
(27)

naan,=[pa*Ps1"klp a5),

In the calculations reproduceii below, we shall fre-
quently encounter expressions for P %° =y, P %%y, of
the form

P =t(1-6y"), DPy'=—ist(1-0v")ns/2.  (28)

3. We now turn to the evaluation of the matrix elements
for the process

e~ (p,)te (p.) ~e(ps)+e (p)+y(k), (29)

assuming that the initial and final electrons are massless
(p3 =0,4 =1,2,3,4). Next, we use the 4-momenta of the
electrons and the photon to construct two orthogonal bases
of vectors n, and n/, (2)

ny=[no-ns]*n., n'=[ny-ny1*n,’.

nz=[no'n3]><k/9(m), ny =[ny 'ns']xk/P(za)-
G0
ny' =(pi—p2)/ (—2p-p.)™,

no’=(P4+P2)/(_2p2p4) h,

n3=(ps—pa)/(—2pxpa)"’,
no=(pstp.)/(—2p.ps)™,

In addition to the operators 7%, 75, P 5°°(19) and (20),
we now construct the operators 735, 75, P °"® by introduc-
ing the replacements p,—p,, ps—ps, n,—-ny, 66,
EmE" = (—p,ps/2)"? into (19) and (20). The contribu-
tion of direct diagrams for the process defined by (29) (they
correspond to the 1 — 3,2 -4 transitions) then reduces to the
product of traces

MEY =7 (p) Quu® (pa) - (ps) Quu® (p1)

=Py Q)

+6,8

Ql){(P.’H

and the (1-4, 2-3) contribution reduces to the trace of
products
MEG =7= (p,) Qau* (p1) -T*(ps) Quue® (p:)
=(P4xzcl'°,03 alﬂlﬁoa)n

where @, are the corresponding Dirac operators. Details of
this calculation are given in the Appendix. The nonzero ma-
trix elements M $%%® and M ; ®®" ~ % for the process defined
by (29) have the following form:

8'6",66

A =z& (1—68") [ (1+8A) a,+ (1+8'A) a.], (31

8

M7 =88 kR [ (14-6M) b,
+(1=8A) b+ (1+6'2) b+ (1—8'A) b.],  (32)
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a;i=ay+a,, by=byt (1+66’ ) byz,

ko—k N '
a“=[2p‘(pt~k)_L)E_S)Psp&'*'knrpana']—A—“-'e“"",

23

i=1,2: k=1,2,3, 4,

kotk N. .
a12=[ 2p, (pstk)+ '("O—Q‘P:PZ_knt 'Pzﬂo] A_“ e~
14
CERT 5 VP L
__—....’_-_— ——— . 8 oy ll’
E 12 i 1 A23

(ko'—Fks") ) ) .
;El—i—pﬂpﬁ—i-knl ‘Pshg’ .] Aiz: e—'Wza’

Ny,

az,=[ 2p, (p.tk)+

Q= [ 2ps(pa—k) —

14 ; .
e—'%l’ b22=pinb,’.p2n‘s . e—“l»z:’

28 14

bu=Pano"'Pan5 :

NM

N
, 28 . , iy
b”=pan6, Py - —— 7, bk2=P1na’ -Dalg ¢ e~

AU. A23

N
byy=[2ps(p—Fk) nenb’l"*’zknx‘pand’l]A‘s ,

24

, N
bzz=[2P1(Pa+k) neny'—2kn,-piny ]—‘i,
Ax

Ny

AIS

by= [2134 (po—k) nsng'+2kn,” -pins]

-
e W‘u’

, N .
bu=1[2p, (p.t+k)neny'—2kn, -pzno]zﬁ e~ i

13

where A, = (P4 —pp)> N ' =4(—papp Pak-psk) 12,

The sum of the squares of the moduli of the matrix elements

(31) and (32), which determines the differential probability

of the process, was evaluated by program SCHOONSCHIP.'?
In terms of the invariant variables

s=—(p;+p:)? t=—(pi—ps)*, u=—(p—p.)?
s'=—(pstp.)?, t'=—(p—p.)% u'=—(p.—ps)*
the differential cross section for M@ller bremsstrahlung scat-

tering in the case of helicity-polarized initial electrons and
photon can be written in the following form:

don = —— AW, dT, (33)
n*s
A=A/ttt un’, (34)
Ayp="/{ss" (s*+s"*)+tt' (£*+1*) +uu' (w*+u")
+66' [ss” (s2+s'2)—tt (£24+t*)—un' (u*+u'?)]
+60[—ss' (s*—s"2)—tt' (*—1t"*) —un'(u*—u'?)]
+6'A[—ss' (s*—s2) et (=) +un’ (wP—u"?) 1}, (35)

’ t t, ’
Wam— (St s 2 G
.z Ty Ty Lok, T Xy Lok

d'p, d'p. &’k

2p30 2pi 20 ’

2

dI'=8*(py+p.—ps—p.—k)

where x, = p,k, and a is the fine-structure constant.
The expressions for 4,,, and W), can be written in the
form

App=",{(1+068") [ (1+61)ss's"*+ (1—61) ss's* ]
+(1—=68") [ (148'A) (¢ 2 +uu'u?) + (1—82) (11> +uu'u®) ]},
(37

Py BB P) (38)

W=
" pk o pk pk pik

The differential probability for Bhabha bremsstrahlung
scattering
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3_(1’1)+3+(P2)”e_(Ps)+3+(P4)+"{(k)

can be readily obtained from the corresponding probability
for (29) by means of the crossing transformation'?

8-~

(39)

P2 — Dy
The invariant variables then transform as follows:

sé—)u’ s’<—>u,7 _‘rzd—b——xé.

After the above replacements, the differential cross sec-
tion for Bhabha bremsstrahlung scattering is given by the
following expression when the helicity polarization states of
the initial electron and positron and the photon are taken
into account:

3

doy = —— AWy, (40)
s
AB=AMB/SS,tt,1 (41)
’ t t/ 1 ’
WB= s + S _ _ + u + u ’ (42)

Ty Ty LTy Xy Ts L2Z, Z4X, ZoZs

where 4,,; is given by (35). By analogy with (38), we then
have

wy—( Lo 2o B B )

43
pik  pk  pk  pk 49

When soft photons are emitted (s =s',t=t",u=1u'),
the quantities 4,, and 4 are given by

2+ 2 Z+tz 2 2 2__ 2 sZ_tZ 2 2

A= S T LB e (S R 2
t u? tu t? u* tu

(44)

u’+s? urtt 2ut ( u’—s? u+-t* 2u’)

= Bt TS ¥ 0 + + .
4o t* + s* + st 85 t* s* st

(45)

The last two expressions differ from the differential cross
sections for the usual Méller and Bhabha scattering of longi-
tudinally polarized initial particles (see Ref. 13) only by a
factor. Summing over the photon polarizations, we obtain

Ayp= ( 1+56’)SS’ (Sz+S’2)
+( 1—66') [t (£2422) Fun’ (u*+u'?)].

Consequently, the ratio of cross sections corresponding to
parallel and antiparallel spins in the process e “e™ —e ey
is

do,y tU () Fun’ (WBtu'?)

do,, N ss’ (s*+s"?)

APPENDIX

As an illustration, let us determine the contribution
M ¥ of the two diagrams

1 2 y 1

to the matrix element M §°%
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> . Ptk 5—k .

2°(ps) 7uu® (p2) _

Ass (AD

X u®(py)

Applying the operator &% = &%, = &% ,e " to the bispin-
sors #°(p,) and %’ (p,) in accordance with (24), and using
the commutation relations for the matrices ¥* and the Dirac
equation, we obtain

3

MY g D,

i=1

3

=0 Zaiﬁo' (PA)Q:Ji) u’(p,)-u’ (ps) 'Yuubl (p2), (A2)

i=1

where

) (

2) ~
Qu =YM7 Qu =‘Yup6k1

3) " A
Qu =kpl"fuw
o= (1+61) 2p. (p.—k) + (1+6'A) 2p, (pu T k),
a,=1+8\, a;=—(1+8A).

A= —N“e_ ”;"/Azg,

The first term in (A2) can be evaluated immediately:

88" —68

A1=(l)562’0,~{up:1° Yu)1= (Paz .PM )¢=E§’(1—‘66,).

Toevaluate 4,, 45, we apply the operators kand u® (p)
and %% (p,), and use the rules defined by (22). The results
are:

Az=_i[ (ko_ks)Au—ﬁknxAzzlq
A3=—'l[ (ko’+k3’ )A31+61kn1’A32] ’
21=8° (p) YuPu®(ps) - T°(ps) Yurt® (P2),

Ap=0° (p)yupur=*(p:) -7 (ps) Yuu® (p2),
(A3)

A= (p2) poYuts® (py) - & (ps) Yutt® (P2),
Ap=u""(p.) prYuu®(p1) -u®(ps) Yuu® (P2).
If we now substitute
u®(ps) T (ps) > T
u® (p2) 3% () > 1o, w(pa) T (ps) > Py,
u® (p,) @ (ps) Py,
u® (p) @ (p) ~Pi’
1Ps: Yu= Py, ,

u® (p) -u= (p) P,

6’8’ —8'6"
”{upr.z Yu=>Pi
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in (A3), we obtain

Ay= (P pir) =—i& (188" psps,
Ap=(PY" pP3") =—i% (1—88") puny’,
A= (0¥ piPsy) =—1& (1—88") p.po,
a= (P’ puPsl) =it (1-88") piny".
Finally, substituting these expressions in (A1), we obtain

Mo *=a,tt’ (1—66")

ko—Fk
-(—og—a)psprf'km 'PJ%‘)
(ko' +Es") , ,
Tptpz—kni Py ) .

x { (181 (2p. (=) —
+(1+0) (20, () +

Thus, the evaluation of the contribution of the two ex-
change diagrams M 52 to the matrix elements M §°-* has
been reduced to the evaluation of the trace of the product of
only two Dirac matrices. We note that the contribution of

direct diagrams to the matrix element M 5% vanishes be-
cause the operators P52 and P57 in the massless case contain

an even number of Dirac matrices. Both direct and exchange

diagrams contribute to the matrix element M [ ®%" =% and

(22) then enables us to reduce the determination of
M %% % t0 the evaluation of the trace of only for Dirac
matrices.
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