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The combined effects of a static electric field and the field of a linearly polarized, spatially
nonuniform light beam on the Stark splitting and polarizability of the ground state of atomic gases
are studied. The anisotropy which arises in the process is quite different from that in the Kerr
effect in comparatively weak static fields, 10°-10° V/cm. For example, the static electrification is
accompanied by a magnetization of the gas. The optical anisotropy of the gas is analyzed for the
case of an anomalous rotation of the polarization plane of a bounded light beam.

1.INTRODUCTION

Krasheninnikov et al.' have observed an anomalous op-
tical anisotropy of a gas of atoms in a ground state which is
degenerate with respect to projections of the angular mo-
mentum j, in ultraweak magnetic fields. The physical reason
for the anomaly in the anisotropy was that the average quad-
rupole moment induced in the gas by the linearly polarized
optical field was reoriented as a result of precession of the
atomic polarization vector in the weak magnetic field. The
quadratic Stark effect in a static electric field gives rise to a
precession quite different from that of Ref. 1. It mixes multi-
pole moments of different parities of the atom (e.g., the
quadrupole and magnetic moments). For this reason we
would expect that the Stark effect of atoms in the ground
state would also lead to some unusual features in the static
and optical polarizabilities of gas.

The optical manifestations of this effect can be put in
two categories. The first includes effects which stem from
splitting of emission (or absorption) lines and which lead to
birefringence, such as the Kerr effect. In the saturated vapor
of atomic gases, however, the line splitting is a small effect
because of the strong Doppler broadening, and can be seen
only in fields of 10°-10° V/cm (Ref. 2). The second category
of optical manifestations of the quadratic Stark effect is di-
rectly related to splitting of atomic levels and to the forma-
tion of additional anisotropy during the joint polarization of
the atoms by the static and optical external fields. This is
obviously a nonlinear effect in terms of both the static and
optical fields. In the absence of the optical field, the static
field E, does not alter the distribution of freely oriented
atoms with respect to sublevels. In the absence of the static
field, on the other hand, linearly polarized light E induces a
quadrupole moment (an alignment) p, o, which is oriented
along the direction of the linear polarization vector e:
P20 < {e®e}, . When the fields E and E, act together, the
atom acquires a magnetic moment

1= (ee,) {e®e,}y,
[see expression (14) below], a quadrupole moment
P20 (ee;) {e®e, J2q

and other multipole moments allowed by the selection rules.
Manakov and Fainshtein* were the first to take up the
phenomenological discussion of the appearance of a magnet-
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ic moment in absorbing media in static and optical fields. In
general, the principal axes of the multipole moments will not
coincide with the directions determined on the basis of the
fields E and E, separately. As a result, the anisotropy of the
gas as a whole can no longer be reduced to a Kerr effect. The
proportionality coefficients of the multipole moments p,,
will be determined by the level splitting. The magnitude of
this splitting should be compared not with the Doppler
width (as in the case of the line splitting) but with the homo-
geneous width of the levels which are in resonance with the
optical field. If one of the levels happens to be the ground
state, it will be the Stark splitting of this level which plays the
leading role in the formation of the anisotropy. The magni-
tude of the Stark splitting, €} [see expression (4)], should
(asin Ref. 1) now be compared with either the decay rate 2

. of the multipole moments of order x in the ground state or

the reciprocal of the time scale of the interaction of the atoms
with the light beam, 7 ~'. For a bounded light beam, 7 = r,/7
is the time taken by an atom to pass through the beam. The
relations ;/?}< 1and y;> 1 usually hold, where 7 is the rate of
radiative relaxation of the excited state. Consequently, the
splitting of the ground state becomes important under the
condition Q7>1, which can be satisfied in comparatively
weak fields, E,~ 10°~10°> V/cm. It is this manifestation of
the Stark effect which is the subject of the present paper.

2, FORMULATION OF THE PROBLEM; EQUATION FOR THE
DENSITY MATRIX OF THE GROUND STATE, WITH
ALLOWANCE FOR THE STATIC FIELD AND OPTICAL
PUMPING PROCESSES

Let us consider the interaction of a linearly polarized
and bounded light beam of width », with a single-component
gas of resonant atoms in their ground state, which has a total
angular momentum j, in a static electric field. The optical
density of the gas is small: x,/ < 1, where x, is the linear
absorption coefficient, and / is the length of the cell which
holds the gas. In this case we can ignore collisions, assuming
that the width y of the second resonant level (with an angu-
lar momentum j,) and the width of the transition line are
purely radiative. With regard to the static electric field im-
posed on the cell we assume () €7; in other words, we take
into account the Stark splitting of only the sublevels of the
ground state, ignoring the splitting of the line and of the
upper state.

We describe the atom by means of a density matrix in
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the Wigner representation. We ignore the ordinary satura-
tion effects, assuming that the saturation parameter

_ |Ed/R|?
(1/2)*+ (Aw)*

satisfies G« 1. Here d is the reduced transition dipole mo-
ment, and Aw = ® — w, — kvis the deviation of the frequen-
cy  of the light from that of the atomic transition, w,, where
we are taking the Doppler shift kv into account. As was
shown in Ref. 1, if the lower working level is the ground
state, optical pumping processes play an important role, and
the condition G <1 is not sufficient for using perturbation
theory in G. Following Ref. 1, we will accordingly assume
that the primary mechanism for the relaxation of the
ground-state atoms is their escape from the light beam. We
also assume that the number of spontaneous transitions dur-
ing the time taken by an atom to pass through the beam is
large: 2> 1, but Gt < 1. In order to legitimately ignore dis-
orienting collisions in the ground state, we choose the optical
pumping rates G to be much larger than the typical relaxa-
tion rates of the multipole moments, 2. Summarizing all
these restrictions on G,

G (D

0
M eo<tat (2)
1 1i

we define a region of pump rates or restrictions on the inten-
sity of the light beam, 7. Typical values for alkali metals are
Y2 ~10°-10"%s~ ', ~10"s~! and 7~ 10~4~10~5s. Conse-
quently, with tunable lasers it is easy to satisfy condition (2)
over a wide range of pump light intensities, 10~!' W/
cm? <1< 107* W/cm?,

In a coordinate system with an arbitrarily directed
quantization axis, the equation of motion of the density ma-
trix of the ground state, p,,, takes the following form in
these approximations:

a
(E + vV )pmm' +i (Qmm,pm,m'_‘Pmem,m') ="{me’, (3)

where a repeated index implies summation. We can find the
magnitude of the Stark splitting by directing the quantiza-
tion axis along e, = E,/E,; we then find

Qom—Qmrm: =Q (Mm*—m'?),

N0 3[15(2j+1)]"
=re Zfz— (O S G D) @) (20 3) T
ji 1 j,
"{2 i 1}- (4)

The summation in (4) is over all of the levels / which are
dipole-coupled with the ground level. It is more convenient
to express the polarizabilities @, in terms of the rates of the
corresponding radiative transitions, y,,, and the wave-
lengths 4,,:
A (P ) A

Qo = 9 ( o P (5)

We recall that the static polarizability of an atom is

o= 2 j Qoe
1

The “collision integral” F,,,.. «< Gp describes redistribution
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of atoms among sublevels of the ground state in the optical
pumping cycle. The expression for F,,,,. for the general case
of an elliptically polarized pump wave is given in the Appen-
dix.

3.ANISOTROPY OF THE GROUND STATE IN SPATIALLY
NONUNIFORM FIELDS

We will formulate a perturbation theory in the param-
eter G which is suitable for calculating the density matrix of
the ground state in spatially nonuniform fields. We direct
the quantization axis along the static field e,. Integrating
over the path of an atom, we transform (3) into an integral
equation:

Pmm’ (l', t) =6mm'/ (2j0+1) +'Y jdtime' (I‘—Vt,, t_tg)
o

X exp[—iQt(m*—(m’)*) 1.

(6)

In the steady state, p,,, (r,2) is independent of ¢, and
F,.. (r,vt, t —t,) is correspondingly independent of ¢ — ¢,.
Quantities which do depend on r are the saturation param-
eter G(r) and the density matrix p(r), which appear in
F,,..

In G(r) wesingle out a dimensionless factor g(r) which
describes the spatially nonuniform transverse field distribu-
tionin thebeam: G(r) = g(r)G. For definiteness, we assume

that this is a Gaussian distribution:

g(r)=exp (—r/rs’).

The first term in (6) describes an isotropic distribution with
respect to the sublevels of the ground state before the inter-
action with the field E is turned on (adiabatically). Substi-
tuting this distribution into the second term in (6), we find a
first-order perturbation approximation to which we restrict
the present analysis:

O =N Emm Pk, b= Jdt g (r—vt) exp[—iQt (m*—m'?) 1.
0

@)
()

In this approximation, the expression for F, .. simplifies
considerably. Assuming

Prme=0mm/ (20 +1),
in (A1), we find, for a linearly polarized field,

Frm=GA 2(—1)1'0-»1( b 2 I
q9

m q m
8n\" 1 g
a=(2)" [P v
3 (2j,+1) 2 1 jo

N
" , .
2jij0? Y2 i (

where Y,, (6,p) are the spherical harmonics, and 6 and ¢
are the spherical angles of the linear polarization vector e. As
we mentioned in the Introduction, it follows from this
expression that a linearly polarized field induces only a
quadrupole moment in the ground state. The expansion of

)¥.0 6,9),
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po). inirreducible tensor operators (the xg representation),

however, contains multipole moments of other orders
(% #2) and of the other parity (x is of odd parity), which
result from the interaction with the static field:

P’ "'Zl(zn-l-l)"‘(—i)fo—m( i" ® Jol) o

maqm
") f j° % j° jo 2 jo
) =vG +1)* ( )( )
Pxg =YGA (2x+1) ,,,zml —mg m!\em g
X Y2q(6y (P) fmm'- (9)

The entire dependence on the static field ), the trans-
verse coordinates r, and the transverse velocities v,
[(kv,) =0] is contained in the quantities z,,, (,r,v,)
which determine the time scales of the interaction of the
multipole moments of the atoms with the light beam. In the
case |m’| = |m|, the quantity 7,,,, , averaged over the trans-
verse velocities, (t,,, )“ = 7(r) does not depend on the stat-
ic field. Its meaning is the average duration of the interaction
of the atom with the field (the transit time):

om0 (2o 1),

Here I,(x) is a modified Bessel function. In our case the
transit relaxation has appeared in the solution in a natural
way; it is usually introduced at the outset in the equations for
the density matrix (3), by ignoring the spatial variation of
the beam.>® In the case |m| 5 |m’'|, the interaction times z,,,,,,
in the static field begin to depend on the magnetic quantum
numbers. This circumstance ultimately determines the addi-
tional anisotropy which is introduced by the Stark splitting
of the ground state. Since the r dependence of the times,
Ly (B) = (L (1,¥,)), s of no interest for the problem
dlscussed below, we w111 analyze the asymptotic behavior
. (0) for atoms at the center of the llght beam.
In “small” static fields, with ¢ = Q7 <1, we have

(10)

M= _n_(1 —|&mmt|) = i€mm (1=C—1In]Emn’ 1.
t 2
(11)
Here C is Euler’s constant, and ¢,,,, = &(m? — (m')?). In
“large” fields, with £> 1, we have

n
= i —
pmi,fm’|
2

t mm

Consequently, in the case £> 1 the interaction time and
the density matrix p!,,, do not depend on the absolute value
of tlle static field E,. We wish to stress that expression (7)
for ¢,,,, has been written in a special coordinate system,
aligned with the direction of e, so the dependence on the
relative orientation of the fields e and e, in the density matrix
pf,,‘,’,, persists even at £¢> 1. Here, as in Ref. 1, we are seeing a
manifestation of the anomalous nature of the saturation ef-
fects in the ground state in terms of the static field.

Let us estimate the characteristic values of the static
field for which we have £ ~ 1. Replacing the sum over /by the
static polarlzablllty in (4), we find, in order of magnitude,
r:~atE /#.Settinga ~ 1072210~ ?* cm?®, 5 ~ 10 cm/s, and

o~ 1cm, we find £~ 1 at E,~ 10°-10° V/cm. Such fields are
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weak in comparison with the fields (10°~10° V/cm) which
are usually required for observing the Stark splitting of a
line, which we discussed in the Introduction, in a saturated
vapor of gases. Consequently, in comparatively weak static
fields there are substantial changes in the multipole mo-
ments of the atom in its ground state, p,, [see (Al)]. We
can demonstrate the point with the example of the onset of a
static magnetization M of a gas inside a linearly polarized
light beam in a static electric field. By definition, we have

M1q=nl‘«ogo[jo(fo+1) (2jo+1)/3] "2<piq>v’ (13)

where u, is the Bohr magnetron, and g, is the Landé factor of
the ground state. For simplicity we consider the specific
transition j, = 1 —j; = 0. In this case, all of the equations
simplify considerably, and as a result we find
2j0(2j,+1) (jot+1)
3

fle)=

| e e teetse,

[Ei(e)e=® — Ei(—eg)e°]. (14)

o]

Here Ei(x) is the integral exponential function. The asymp-
totic expressions for f(€) reproduce those for the imaginary
part of (11), (12); i.e., we find f(¢) ~ —&ln e at £<1 and
f(e) ~1/c at e ~ 1. The maximum of f(¢) is reached at e ~ 1.
A magnetization of the medium of the form (13),

M~ (ee,) [ee,]s

in a linearly polarized optical field and in a static field could
be found simply from general symmetry considerations,*
aside from the explicit form of f(&). Such a magnetization
obviously leads to a rotation of the polarization plane, as in
the inverse Faraday effect.” The very nonlinear dependence
on ¢ is characteristic not only of the magnetic moment but
also of all of the multipole moments of the atom, p, , (¢). The
linear dependence on ¢ begins in weaker fields, ~v/1<1/t
where 7= 1/x, is the range of the front in the medium
(I <1). In contrast with Ref. 1, where the magnetic field led
to the formation of only even multipole moments, the static
electric field in this case induces multipole moments of both
even and odd orders x in the presence of linearly polarized or
unpolarized light. This is yet another anomalous manifesta-
tion of the Stark effect in the ground state of a gas.

4. ANOMALOUS ROTATION OF THE POLARIZATION PLANE
INASTATICELECTRIC FIELD

In addition to the static effects which were mentioned
above, and which are manifested in a magnetization and an
electrification of the gas, the Stark effect in the ground state
is also manifested in anomalies of the optical anisotropy. We
will discuss this anisotropy here in the example of the rota-
tion of the polarization plane of a bounded light beam.

We fix the relative orientation of the vectors E = eE
and E, = e,E, in the coordinate system attached to the light
beam: Axis 3 (z) runs along the e direction, axis 2 (y) runs
along the k direction, the spherical angles 8 and ¢ determine
the vector e,, and axis 1 (x) is orthogonal to the vectors e
and k.

The problem of the rotation of the polarization plane of
light after it passes through a cell reduces to a calculation of
the projection of the polarization vector of the medium, P,
onto the x axis at the cell boundary y = /. We will not write
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out the expression for P; we proceed immediately to the gen-
eral expression for the dielectric susceptibility tensor x; asa
function of the multipole moments of the density matrix of
the ground state:

i -—le\ Joti {K]o ]°}<(px {ex®ex})
K=3in 5 (-1) W11 T -

(15)

The notation used for the irreducible tensor product,
{...®...};forthescalar product, (...... ); for the irredu-
cible tensors p,, and e}, and for the 3jNV symbols corre-
sponds to the notation of Ref. 3. In addition, (...), is an
average over the velocities of atoms having a Maxwellian
distribution, and » is the density.

By virtue of the anisotropy created in the gas by the
fields E and E,, the light leaving the cell is elliptically polar-
ized; the ellipse is rotated through an angle ¢ with respect to
axis 3, and the ellipticity angle is a (tan a is equal to the ratio
of semiaxes, and the sign of a specifies the rotation direc-
tion). In this approximation the angles are small and are
determined in terms of the component y,; = y 3 + iy 3-:

=—2nkly:)’, a=2nkly . (16)

We analyze the optical characteristics of the gas in the
limit £> 1, in which we can ignore the magnetic moment
induced in the medium. In other words, we can ignore gyro-
tropy effects in y,; by virtue of the inverse Faraday effect,
and we need retain only the first term in (12); in expression
(15) for y; we retain only the anisotropy which stems from
the quadrupole moment of the atom, p,, . For simplicity we
assume that the light is exactly resonant with the transition
frequency, ® = w,. We then have y,; =0, and only y,3- is
nonzero. We are thereby singling out the rotation of the po-
larization plane which is caused exclusively by the dichro-
ism, (15). We see from (15) tha the tensor y,; = y,, con-
tains cyclic components ¢ = + 1 of the quadrupole
{e'se’},, = —g/2. We thus have ({e'®e’},, p%,)
= — Rep,; = —p,,;. In the absence of a static field we
would have p,, = 0, and there would be no rotation, since
the quadrupole moment created by a linearly polarized light
beam would be oriented exactly along the vector E (the z
axis): ‘0’ 30’- A static field E,#0 rotates Q © and the
latter acqu1res a nonvamshmg projection Q @ «<p,,. Using
(7), (9), and (12), we find an explicit expression for p,:

P =" 5,/ 1GtA cOS(pZ,PL '(cos 6)%
coo=crrn (22 2)[(E2 2 ) +sa+cn
R w

Here P (cos @) are the associated Legendre polynomials.
By virtue of the selection rules, only terms with L = 2 and 4
appear in (17). These terms mean that only tensors of even
rank constructed from the vectors e, contribute to the quad-
rupole moment of the atom. This result does not depend on
the approximation which we have made, £> 1. Remarkably,
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for £> 1 the value of p,, does not depend on the strength of
the field E,, because of the pronounced saturation, while it
depends on the direction of this field in a rather complicated
way. The coefficients C, ( j,) depend on j, only for integer
values of j,; the dependence describes the contribution of the
coherence between the sublevels of the ground state, p,,, _ -
For half-integer values of j, the atomic quadrupole moment
which is produced by the optical field is oriented exactly
along the direction of the static field in the limit £> 1. The
mechanism for this reorientation of p,, involves the pro-
nounced anisotropy with respect to the magnetic quantum
numbers of the time scales of the interaction between the
atoms and the field of the light beam. The reasons for the
rotation of the polarization plane are now obvious: At e = 0,
the field polarizing the medium is a natural wave, while in
the case £#0 the natural waves are linearly polarized, and
the polarization directions do not coincide with E. The po-
larization plane rotates because of the difference between the
absorption coefficients for the natural waves. Here is the
expression for the rotation angle corresponding to the transi-
tion j,=1-j, =0:

Ed|* _
\p=—1—uol|ﬁ—yl Yyt sin 20 cos @. (18)

We see that within the range of applicability of our perturba-
tion theory the polarization plane can rotate through an an-
gle on the order of a few degrees for E, in the xz plane and for
angles 260 = w(n + 1/2).

5.CONCLUSION

The interaction of atoms with a spatially nonuniform
optical field and a static electric field can cause strong effects
in the ground state of the atoms which are nonlinear in the
static field. These effects stem from Stark splitting of the
ground state and anisotropy of the lifetimes of the multipole
moments of atoms in bounded light beams. The optical ani-
sotropy which arises in the process is quite different from the
Kerr effect. It leads to an anomalously large rotation of the
polarization plane of the light in the gas at static fields
E,~10°-10% V/cm. The results derived here could be gener-
alized without difficulty to the case of a ground state which is
split into several hyperfine components, through the use of
the results of Ref. 7. Remarkably, similar effects occur if the
anisotropic distribution of particles with respect to the pro-
jection of the angular momentum is caused by factors other
than optical pumping, e.g., polarization effects in an inho-
mogeneous molecular gas (see Ref. 8 and the bibliography
there).

APPENDIX: EQUATION FOR OPTICAL PUMPING IN THE
ABSENCE OF SATURATION EFFECTS (G<1)

In the general case of elliptically polarized light, the
equation describing the redistribution of atoms with respect
to the sublevels of the ground state in the optical pumping
cycle is, for an arbitrarily oriented coordinate system,

0
—+ V) mm' = me’,
(2439 Jom =1

me' = 2 chmux ( o ¥ ]01) ('__1)-,}'_"‘{{e.i ® el}"l ® p"l}"‘l’
0z —m q m
(A1)
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where

b = (2 ) % 3y (— )

m,m’

Jo %a fo)
—m g, m

Pmm’

is the density matrix of the ground state in the irreducible
representation, and e’ are complex unit vectors of the ellipti-
cal polarization. Singling out in the coefficients C,, , the
contributions from the spontaneous decay of the excited
state, 4, .. and from transitions out of the ground state

upon the absorption of the pump light, B,, , we can write

Crosa=3[ (2%, +1) (2%2+1) (2%+1) 1% (—1) 2 (Asxs—Broxos) »

(A2)
Ui d) g s s
1
A== @+ {1 0 R { 20
%y Ky % 1 Jo
(A3)
; 1
Ban ==ty {7 L T ey,
Jo Jo Jo JoJ1]o
(A4)
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In (A4) we have used the notation A = 1/2 — iAw/y. It is
not difficult to see that we have 2, F,,,, =0, i.e., that the
optical pumping redistributes atoms with respect to sublev-
els, while the total population of the ground state is con-
served.
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