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The mutual influence of resonant spin flavor precession and resonant neutrino oscillations in 
matter is considered for Majorana neutrinos. The case of overlapping resofiances is discussed in 
detail and an approximate analytic solution is obtained for it. Numerical calculations of the 
oscillation and precession probabilities are carried out for solar neutrinos. It is shown that, as a 
rule, these two processes suppress one another but, acting together, they convert v,, into other 
types of neutrino more effectively than they do separately. 

1. INTRODUCTION 

Resonant neutrino spin-flavor precession (NSFP) in 
matter has recently been considered in Refs. 1-3 and, inde- 
pendently, in Ref. 4. NSFP can occur if the neutrinos have 
flavor off-diagonal magnetic moments. In a transverse mag- 
netic field, left-handed neutrinos of a given type transform 
into right-handed neutrinos (or antineutrinos) of another 
type. In the absence of matter, NSFP is suppressed as com- 
pared with ordinary (flavor-conserving) precession because 
neutrinos of different flavor have nondegenerate energies: 
A E z  Am2/2E (for E% m ,,m2) .5 However, in matter, the ki- 
netic energy difference can be canceled by the difference 
between the potential energies of interaction between differ- 
ent types of neutrino and the medium, so that resonant am- 
plification of precession can occur'-" in the case of a suffi- 
ciently slow (adiabatic) change in the density of matter and 
field strength. This effect is analogous to the Mikheev-Smir- 
nov-Wolfenstein (MSW) effect in neutrino  oscillation^,^.^ 
but differs from it in exhibiting a different dependence of the 
adiabatic parameter on neutrino energy. 

Possible consequences of resonant NSFP were exam- 
ined in Refs. 1-3 for solar neutrinos, and the allowed ranges 
of parameter values were obtained for which this phenome- 
non can explain the observed deficit of solar neutrinos8 and 
the anticorrelation between the neutrino count rate and so- 
lar a c t i ~ i t ~ . ~ . ' ~  Possible methods of experimental detection 
of resonant NSFP were also discussed. However, no acount 
was taken of possible neutrino mixing effects. A combined 
analysis of oscillations and NSFP in matter was performed 
in Ref. 4 for Dirac neutrinos. Numerical calculations were 
made for several values of the parameters of the problem, but 
the mutual influence of oscillations and precession was not 
fully investigated. In particular, the case of overlapping re- 
sonances was not examined, and the calculations were per- 
formed on the assumption that the diagonal magnetic mo- 
ments were zero, which is not a natural assumption for Dirac 
neutrinos. 

In the present paper, we report a combined analysis of 
oscillations and NSFP in matter for Majorana neutrinos. An 
analytic solution of the problem is obtained for a uniform 
magnetic field B, and a medium of constant density 
p = const. This solution is then used to investigate the adia- 
batic regime in the case of slowly varying B, ( r )  and p ( r ) .  
The estimated interaction between neutrino oscillations and 
precession is confirmed by direct numerical calculations. 

2. NEUTRINO MAGNETIC MOMENTS 

If the neutrinos mix, the flavor states vi (i  = e, p , ~ ,  ...) 
participating in weak interaction are linear combinations of 
the states v, ( a  = 1,2,3, ...) with a particular mass. In gen- 
eral, there are no reasons to suppose that the unitary trans- 
formation vi 3 v, that diagonalizes the neutrino mass ma- 
trix will also diagonalize the electromagnetic moment p,, . 
Hence, in the basis of states with a particular mass, this ma- 
trix will not in general be diagonal. Its diagonal elements 
determine the magnetic and electric dipole moments of the 
neutrinos, whereas the off-diagonal elements are the transi- 
tion moments that are responsible for the v, - v, y radiative 
decays (form, > m, ). The magnetic moments&,, are speci- 
fied by the Hermitian part of the matrix ji,, and the electric 
moments E,, by the anti-Hermitian part. The neutrino spin 
precession (NSP) can be due to moments of either type. As 
noted in Refs. 5 and 11, only the combination ( p2 + E ~ )  ' I 2  

appears in all the formulas for ultrarelativistic neuthos. 
For the sake of convenience, we shall use the phrase "mag- 
netic moment" when we refer to this particular combination. 

For Dirac neutrinos, both the diagonal and the off-diag- 
onal magnetic moments can lead to transitions between left- 
handed (active) v, neutrinos and inactive right-handed v, 
neutrinos. If the neutrinos are Majorana particles, their di- 
agonal magnetic moments arepii = 0 because of CPT invar- 
iance; the off-diagonal momentspU ( i # j )  give rise to transi- 
tions in a transverse field between left-handed vi, neutrinos 
and right-handed vf, antineutrinos, which are also active.'' 

The neutrino spin precession (both ordinary and fla- 
vor) can play an important part in the dynamics of neutrinos 
from the Sun and from supernovas, and also in the early 
stages of the evolution of the Universe. For solar neutrinos, 
NSP effects can be significant only if the neutrino magnetic 
moments are large enough, i.e., p 2 lo-' '  p B ,  where p, 
= e/2me is the Bohr magne t~n ' -~ ,~ , ' ' - ' ~  (these restrictions 

become somewhat less stringent in the case of NSFP). This 
condition is in agreement with existing experimental limits 
onpV (see the discussion in Ref. 3 ) .  We note that much more 
stringent restrictions have recently been obtained as a result 
of analysis of neutrino events due to the supernova SN 
1987A,I4-l6 but these require additional ana lys i~"~ '~  and, in 
any case, they do not refer to the off-diagonal magnetic mo- 
ments of Majorana neutrinos, which will be of particular 
interest to us in the present paper. Theoretical diagonal and 
off-diagonal magnetic moments of the order of 10-"pB- 
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10-'OpB can be obtained, for example, from models with a We note that the matrix HB then retains its form. 
charged S U ( 2 ) .  -singlet ~ c a l a r . ! ~ - ~ ~  In the case of Majorana The effective Hamiltonian for the interaction between 
neutrinos, this requires the existence of more than one Higgs the neutrinos and matter has a simple form in the flavor 
particle doublet. 19.21 basis: 

3. EVOLUTION EQUATION FOR A NEUTRINO SYSTEM H,=diag(N1, -N , ,  Nz, - N 2 ) ,  (4) 

For Dirac neutrinos, the evolution problem involves a 
large number of parameters, even with only two types of 
neutrino. These parameters are Am2, the mixing angle 6J0, 
and the magnetic momentspl1,p2,, andp,,. We shall there- 
fore confine our attention to the simplest case of Majorana 
neutrinos. We shall consider that there are only two new 
neutrino flavors. To be specific, we shall examine transitions 
between the different components v, and v, and take the 
flavor basis (v, , vpL , vLR ). 

In the absence of matter, and in the basis of the eigen- 
states of the mass matrix (v,, , vfR, vZL, v;R ), the effective 
Hamiltonian describing the evolution of the neutrinos is 
H = Hk + HE, where Hk determines the kinetic energies of 
the neutrinos and HE describes their interactions with the 

where 

Ni=2'"Gp (N,-Nn/2) ,  N2---GpNn/2'". ( 5  

in which G, is the Fermi constant and N, and N, are the 
electron and neutrino number densities. The first term in the 
expression for N,, which is proportional to Ne, is due to 
charged currents and the second (proportional to N,, ) is due 
to neutral currents. The contributions of protons and elec- 
trons to N,, due to interactions induced by neutral currents 
in the electrically neutral medium, are found to cancel, and 
the quantity N2 contains only the contribution due to neutral 
currents. 

In the flavor basis, the effective Hamiltonian H ,  for the 
neutrino system in the magnetic field in the presence of mat- 
ter is 

transverse magnetic field B, For ultrarelativistic neutrinos, Hfi=U(Hn+HB) U-'+H,,,. 
we have 

( 6 )  
It is convenient to transform from H ,  to 

H ~ = E .  {+ ( 2 E )  -' diag(m12,  mi2, mZ2, mz2) ,  (1)  
Hjl '=Hf[- ' /~Sp Hf[.?. 

where i is the unit matrix. The nonzero elements of the ma- 
trix H, are This enables us to simplify the algebra without affecting the 

oscillation and precession amplitudes, because the above re- 

( H B )  i&=(HB) ki=- ( H B )  23=- (HB) J 2 = ~ 1 2 B I .  (2)  placement reduces to a change in the total phase of all the 
neutrino states. Let us substitute 

We can transform from the basis of the eigenstates of the y=pr2B,, 6E (m2a-mi2)/4E, sz=sin 2eo, cz=cos 2eo. (7 )  
mass matrix to the flavor basis, using the unitary matrix 

1 0  The evolution equation for the neutrino system then assumes 
U= ( )@ ( *); C=COS 00, .=sin 00. ( 3, the following form2) 

-S C 

0 6% P ( t )  ( v e ~ l  

- N ,  ( t )  - 6c2 - [L ( t )  6.32 

- P ( t )  N2 ( t )  + 6% 0 

( v ~ R J  \vLJ I ~ ( t )  6s, o - h72 ( t )  t 6ceJ (VLR J 

where the coordinate dependence of B, , N ,  and N, is written 
as a time dependence because for the neutrinos r z t .  

Points corresponding to the resonant amplification of 
oscillations and NSFP can be found from the conditions for 
the closest approach of the eigenvalues of the effective Ham- 
iltonian HA. In the absence of mixing interactions 
(s, = 0 = p ) ,  these points correspond to the crossing of the 
neutrino energy levels. The conditions for resonance can be 
found approximately by equating the diagonal elements of 
the matrix HA in pairs.,' The result is (the transitions for 
which the resonance condition is written out are shown in 
parentheses) : 

conditions for neutrino o s~ i l l a t i ons ,~~~  and ( 10) and ( 11) 
are identical with the resonance conditions for NSFP.I4 

We note that, in each pair of relations (9),(12) and 
( lo) ,  ( 1 1 ), only one relation can be satisfied, depending on 
the sign of the difference between the squares of the neutrino 
masses and the quantity N, - N,,, 

Although the matrix elements (HA ) ,, = (H'),, and 
(H'),, = (H'),, are zero, the veL ++ v:R and vPL ++ vLR 
transitions are possible in second or higher order in the mix- 
ing interactions. For example, the following transition 
chains are possible in second order: 

oscillations precession 
v , - V e ~ t  (13) 

oscillations , precession 
V ~ L  V ~ R  -------+ yen a 

2'hGp(Ne-N,) ,,, =-26c2, (yenC * v ~ L ) ,  ( 1 1 ) The amplitudes for ( 13) and ( 14) have opposite signs and 
partially cancel one another, so that the probabilities of tran- 

2'Gp(N,) ,,,=-26c2, (v,RC *v,RC). ( 12) sitions without change of flavor are small for Majorana neu- 
Equations (9)  and ( 12) are identical with known resonance trinos. The exceptions are the situations in which one of the 
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amplitudes for (13) or (14) is resonantly amplified and the 
other is not. Transitions between the states vi, and v;, can 
be significant (see below). 

4. QUALITATIVE DISCUSSION OF THE PROBLEM 

To be specific, let us suppose that N, > N,, and m, > m ,  
( 6  > 0).  The resonance conditions for oscillations and NSFP 
are then given by (9)  and ( lo),  respectively. It follows from 
these relations that resonant precession corresponds to high- 
er densities than resonant oscillation. The separation 
between these two resonances depends on the neutron den- 
sity: the higher N,, the greater the separation between the 
resonance points. If these points are separated far enough, so 
that the resonance regions do not overlap, the oscillations 
and the NSFP have little effect on one another. The problem 
then essentially reduces to two separate problems, namely, 
those of resonant oscillations and resonant NSFP, which 
were considered previously (see Ref. 6 and 7 and 1-4). 
Analysis of the evolution of the neutrino system presents no 
difficulty in this case. A qualitative version of it is presented 
below. 

The case of overlapping resonances is more complicat- 
ed. Here we may expect a strong interaction between NSFP 
and the oscillations. This is clear if only from the fact that 
each of these two effects in the absence of the other leads to a 
practically complete transformation in the adiabatic regime, 
e.g., V, into a neutrino of another type (v;, or v,, ). How- 
ever, the probability sum for the conversion of the v,, into 
all the other possible neutrino states (including the initial 
state) is equal to unity, so that, in the case of overlapping 
resonances, oscillations, and NSFP should suppress one an- 
other. Fortunately, an approximate analytic solution that 
can be used to analyze the adiabatic regime can be obtained 
in the most complex case of coincident resonance points. 

Let us now consider the case of nonoverlapping reson- 
ances. The condition for the absence of overlap can be for- 
mulated as the requirement that the separation between the 
resonance points should be greater than the sum of the reso- 
nance half-widths: 

'I,[ ( A r )  MSW+ ( A r )  NSFP ] <r2-r l .  (15) 

where r, and r, are the coordinates of the resonance points, 
defined by (10) and (9), respectively, and the widths of the 
resonant layers for MSWhs7 and resonant NSFP'-3 are given 
by 

where B,, = B, ( r , )  is the magnetic field at the NSFP reso- 
nance point and L, is the characteristic distance over which 
there is a significant change in the density of matterp(r) in 
the resonance region: 

It is assumed that this quantity varies slowly between r = r, 
and r = r,. 

In the expression for ( Ar),,,, in ( 16) we have neglect- 
ed the nonuniformity of the magnetic field because it can be 
shown'-3 that this nonuniformity provides a smaller contri- 

bution to (Ar),,,, than the nonuniformity of matter. 
Let us now substitute 7=Nn/Ne ( O ( 7  < 1) and as- 

sume that 7 varies very little within the interval r,(r<r,. 
Expanding p ( r )  into a series in this region, and using ( 15 ), 
we obtain the following approximate condition for the ab- 
sence of resonant overlap: 

When this inequality is satisfied, oscillations and NSFP have 
practically no effect on one a n ~ t h e r . ~ '  

Let us now suppose that the v,, are created for densities 
much greater than either of the resonant densities given by 
(9)  and ( 10) (this situation can occur, for example, in the 
Sun). When the neutrinos enter a region of lower density, 
they initially resonate with NSFP. When the adiabatic con- 
d i t i ~ n l - ~  

is satisfied, i.e., the resonant precession length is small in 
comparison with ( Ar),,,, , the v,, neutrinos are practically 
completely converted into v;, as they leave the resonance 
region. For the antineutrinos, the oscillation resonance can 
occur only when S < 0, so that, in our case, v;, are not sub- 
ject to any further change. If, on the other hand, the adiaba- 
tic condition (19) is strongly violated, the neutrinos v,, 
cross the NSFP resonance with practically no change. Hav- 
ing then entered the region of resonant oscillations, they may 
convert into v,,, in which case conversion will be almost 
complete if the adiabatic condition6.' 

1 
- ( I o s c  1 rm = 

4E < 2 1 tg 20.11,. 
x AmZ I sin 28,1 

is satisfied. Thus only one of the resonances is effective in 
this case. On the other hand, if condition ( 19) is weakly 
violated, only some v,, will convert into v;, in resonance 
with NSFP. The remaining fraction will undergo the v,, 
+v,, conversion due to resonant oscillations, and the de- 
gree of conversion will depend on the extent to which the 
adiabatic condition (20) is satisfied. 

It is possible, however, for both resonances to be fully 
effective under adiabatic conditions. Suppose that, initially, 
there is a beam of v;, but not of v,, neutrinos. At the NSFP 
resonance, the former will adiabatically convert into v,, 
which, in turn, will convert into v,, at the oscillation reso- 
nance. Thus, in the final analysis, we have the v:, d~, ,  

conversion without change of flavor. This is precisely the 
situation mentioned in Sec. 3 [one of the two amplitudes 
( 13) or ( 14) is resonantly amplified and the other is not, so 
that their mutual cancellation is prevented]. 

The above qualitative discussion is illustrated in Fig. 1 
in which we show schematically the energy levels E, of the 
effective Hamiltonian HA (adiabatic terms) for8 > 0, N ,  
> Nn . At high densities, the mixing effects can be neglected, 
and the energy levels E, are practically identical with the 
unperturbed levels, shown by the dashed lines. As they enter 
the region of low-density (from right to left in Fig. 1 ) in the 
adiabatic regime, the v,, neutrinos convert into v;, which 
(after crossing two resonances) convert into v,, , and these 
in turn convert into v,, ; the v:, neutrinos do not experience 
resonant conversion in this case. If the adiabatic condition is 
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FIG. 1 .  Energy levels of the effective Hamiltonian HE, as functions of N ,  
for m 2 >  m ,  (S> O),  lN21 = 0.167 N , .  Dashed lines-no mixing 
( p = 0  = s 2 )  with the corresponding neutrino states shown on the 
right. Resonance points for NSFP and neutrino oscillations are indicat- 
ed by I and 2, respectively. 

strongly violated at the point corresponding to resonant 
NSFP, the v,, neutrinos cross this resonance without con- 
version, and the v,  energy level will subsequently move 
along the dashed line which corresponds to the unperturbed 
ve, level until it reaches the MSW resonance. If the adiabatic 
condition is satisfied at this resonance, the v,  neutrinos 
convert into v,,, 

5. ANALYTIC SOLUTION FOR A UNIFORM FIELD AND A 
CONSTANT DENSITY MEDIUM 

The transition probabilities between different neutrino 
states can be obtained by a numerical solution of ( 8 )  for 
given functions B ,,,,, N ,,,, , and Nn ,,,, The results of such 
calculations will be presented in Sec. 6 .  Here, we confine 
ourselves to an approximate analytic solution of (8) for a 
uniform magnetic field and constant, density medium. This 
solution will be useful for the investigation of the adiabatic 
regime in which the field and the density vary slowly, and the 
system succeeds in following changes in external param- 
eters. 

For constant p, N ,  and N,, the solution of ( 8 )  reduces 
to the diagonalization of the matrix H ;, . If the eigenvalues 
E, of the effective Hamiltonian HA and the unitary matrix 
Via used to diagonalize the Hamiltonian are known, the 
transition probabilities between different neutrino states can 
be found from 

Since fourth-degree equations can be solved in terms of 
radicals, the matrix HA can be diagonalized analytically for 
any parameter values, and the transition probabilities (2  1 ) 
can be obtained in closed form. However, the corresponding 
expressions are exceedingly unwieldly and not very informa- 
tive. We shall therefore consider the special case, IN, I < N, ,  
(i.e., Nn <Ne,,  for which all the formulas become much 
simpler. For example, this condition is satisfied in the Sun 
outside the central region, but is violated in the core. 

In the approximation in which N, = ,, the oscillation 
and NSFP resonance points are found to coincide, i.e., this 
case complements that of nonoverlapping resonances con- 
sidered in Sec. 4. The unitary matrix V that diagonalizes H ;, 
can then be written in the form 

where the eigenvalues E, and the quantities R ,  ( a  = I, ..., 
IV) are given by 

The corresponding level scheme can be obtained from Fig. 1 
in the limit as Nn -0. The oscillation and NSFP resonance 
points then collapse into one, and the dashed lines that corre- 
spond to the unperturbed levels of v;, and v,, , and also the 
EIv curve lying between them, degenerate into the horizon- 
tal line E z S .  

Suppose that a beam of v,, neutrinos is present at the 
origin of coordinates. The oscillation and precession proba- 
bilities are then readily found from (22)-(24), using (21 ) : (27) 
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It follows from these formulas that the oscillations and we have 
NSFP suppress one another. The probabilities of both pro- 
cesses are less than unity at the resonance point V, I= (p2+62s22 ) '12 /2 (6~2-N1 /2 )  < I ,  

(Nl = 26c,), and their ratio is 

Both probabilities oscillate in accordance with the same law 
and with the characteristic length 

which is a consequence of the approximations that we have 
employed (in particular, N, = ,, For the same reason, the 
v,, o vf, transition probability is identically zero: the can- 
cellation of transition probabilities of the form given by ( 13) 
and ( 14) is exact in this case, and is satisfied to all orders inp  
and s,. 

In the case of an inhomogeneous field and a variable- 
density medium, Eqs. (25)-(27) arenot strictly valid. How- 
ever, in the adiabatic regime, when the external parameters 
vary sufficiently slowly, we can introduce eigenvalues v, of 
the "instantaneous" Hamiltonian H ;, (adiabatic states) at 
each point which are related, as before, to the flavor states vi 
by the relation vi = Via v,, 

As an example, consider the evolution of v, neutrinos 
on the Sun. If the condition N,/2 - 6c2% ( p2 + 6's: ) ' I 2 ,  is 
satisfied at the center of the Sun, where the density of matter 
is at a maximum, then it follows from (22)-(24) that the 
state v,, = V,, va is practically identical with the eigenstate, 
v , ~ i n c e V , , ~ l ,  V,,, = V,,,=,, andIV,,,,I<l.Intheadia- 
batic regime, the state v, propagates practically without 
change, since the probabilities of transition to the states v,, , 
v,,, , and v,, are exponentially small. Since the elements of 
the matrix Va vary along the neutrino trajectory because of 
the variation of N, and B,, the composition of the neutrino 
state v, = ( V  vi = ViI vi with respect to the flavor 
states v, will also vary. At low densities, we have 

However, in this region E, and E,, begin to approach one 
another very rapidly (which is a consequence of the approxi- 
mation N,, = O), and the adiabatic approximation becomes 
invalid). In practice, this does not present any particular 
difficulty because all the transition probabilities are small 
outside the resonance region. For this reason, the ratio of the 
v,, and v;, fluxes after resonant conversion can be obtained 
from the formula 

where, for p =p12 BI (r) ,  if we take the value on the lower 
boundary of the resonance region and neglect the evolution 
of neutrinos outside this region. As noted in Ref. 3, the large- 
scale solar magnetic field probably varies more slowly than 
the density of matter. For approximate estimates, we can 
therefore neglect the variation in B, in the resonance region, 
and replace B, in (3  1 ) with its value B,, at resonance. 

It follows from the foregoing discussion that the above 
analysis will not be valid when the resonance region extends 
to very low densities for which the levels E, and E,, ap- 
proach closely one another. Our estimates should be accep- 
table if the separation between the resonance point and the 
region of very low densities is not less than one or two widths 
Ar of the resonance region. 

We must now find the condition for resonant adiabatic 
conversion of neutrinos in the case of completely overlap- 
ping resonances. It is readily shown from (25) and (26) that 
the full width of a resonance at half maximum is 

2 (p2+62s22) '" 
Ar = LO. (32) 

oc2 

(29) The adiabatic condition can be written in the form 

1 < 2 ( P ~ + ~ ~ s ~ ~ )  'h 
I fp  $6  or c2 z 0 (which corresponds to strong mixing of v,, - Ires = LO. (33 

3-t ( p 2 + 6 2 ~ 2 7  'Ih 6c2 with vFLR or cL in the absence of matter), we have 
r -  

/ V, , 1 2 = :  1/2. In this case, approximately one-half of the v,, 
neutrinos survives in the final state, whereas the other half is 
converted into v;, and v,, . If, on the other hand, c, =: 1 and 
p 46,  i.e., in the absence of matter the mixing of v,, with v,, 
and v;, is small, we have V, , z O .  This means that after they 
have crossed the resonance, practically all the v,, neutrinos 
will adiabatically convert into v,, and viR.  From now on, 
we shall confine our attention to this case. 

At resonance, 

The resonance region corresponds to densities 

IN1/a-sc,l G (p2+sZ~22)  Ii2. 

As the neutrinos enter the region of lower densities, the frac- 
tion of v,, neutrinos in the neutrino beam falls rapidly: for 

6c,-NI/2> (p2-k62szZ)'i2 

When p = 0 or s, = 0, the expression for Ar and the adiaba- 
tic condition (33) become identical with the corresponding 
expressions for the widths of the resonance regions ( 16) and 
the adiabatic conditions (20) and (19) for the MSW effect 
and resonant NSFP. It follows from (33), (29), and (20) 
that the adiabatic condition is better satisfied for overlap- 
ping than for highly separated resonances, or if there are 
only oscillations or only NSFP. This occurs because ( 1 ) the 
widths of the resonance region becomes greater and (2)  the 
resonance length I,,, becomes smaller. 

When the adiabatic condition (33 ) is strongly violated, 
the oscillation and NSFP probabilities are very small, i.e., 
the neutrinos cross the resonance with practically no 
change. On the other hand, when the adiabatic condition is 
weakly violated, neutrino conversion effects can be quite 
considerable. In a moderately nonadiabatic state, the reso- 
nant layer is satisfactory and shows that the os- 
cillations and NSFP are completely suppressed outside the 
resonant layer of width Ar, whereas inside the layer both 
processes proceed with maximum possible amplitudes (it is 
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assumed that the density of matter in the resonant layer is 
constant and equal to the resonance value). In our case of 
completely overlapping resonances, we can readily show, us- 
ing this model, that 

P(vBL+veL) =cos2 [ 2  ( p Z + 6 2 ~ z Z )  Lp/6c2] ; P(veL+veRe) = O ;  

P (veL-v,,) = [ 6 2 ~ 2 2 / ( p 2 + 6 2 ~ Z Z )  ] sinZ [ 2  (pZ+S2s,2)Lp/6cZ] 

P(veL+vmc) = [p2/  (p2+62s22) ] sin2 [2  (y2+6's,Z) Lp/Gc2]. 

(34) 

We are assuming, as before, that the field B, ( r )  changes 
little in the resonance region. 

6. CALCULATIONS OF OSCILLATION AND NSFP 
PROBABILITIES 

The set of equations given by (8)  was integrated nu- 
merically for the case of solar neutrinos. It was assumed that 
the Y, neutrinos were created at the center of the Sun, and 
the probabilities PI, P2, P3, and P4 of detecting veL , Y:,, Y,, , 
and Y:, on the surface of the Sun were calculated. The elec- 
tron and neutron concentrations in the solar interior were 
taken from Ref. 24 and the solar magnetic field was modeled 
as follows (see the discussion given in Ref. 3 ) :  

where x = r/Ra and Ro is the solar radius. Moreover, it 
was assumed in these calculations thatp,, = 10- "p, ; since 
the magnetic moment always appears in the form of the 
product p,, B, , the results could readily be recalculated for 
some other value ofp ,, by changing the scale of the magnetic 
field. 

The conversion probabilities were calculated for two 
values of sin 20, and fixed values of B, and B,. The depen- 
dence of NSFP on the magnitude and shape of the function 
B, (I) was investigated in Ref. 3. 

Figures 2 and 3 show the values of PI ,  P, and P4 as 
functions of E /Am2. In all cases, P, was less than 2.5% and 
is not shown in the figure. The fact that P, was so small was 

FIG. 2. The probabilities P I ,  P,, and P4 of finding v,,, v,, and vc on the t R  
solar surface when v,, are created at the solar center. Solid 11ne-P,, 
dashed line-P4, dot-dash curve-P3, dotted curve-P; = KP,, where 
Kisgivenby (31) :B, ,=  1 0 4 G , B 1 =  107G,sin28,=0,1.  

FIG. 3. Same as Fig. 2 but with sin 28, = 0.3 

due to the very effective cancellation of amplitudes for pro- 
cesses ( 13) and ( 14). The identity P, + P2 + P3 + P4 = 1 
was satisfied to better than 10W3 in all these calculations. 
Figures 2 and 3  also show the values of P ; = KP,, where K is 
given by (31). 

7. RESULTS AND DISCUSSION 

Figures 2 and 3 show that the relative oscillation proba- 
bility increases with increasing s,. Simple estimates based on 
the analytic solution obtained in Sec. 5 are in good agree- 
ment with numerical calculations for intermediate values of 
E /Am2: the quantity P ;  differs from P, by a factors' that 
does not exceed 3-5 in the range 

5. 1O6<E/A1n2 (MeV/ev2) G5. lo8  
which corresponds to a resonance point in the range 
0.45 5 x,, 5 0.85. At the same time, if the resonance is located 
within the solar core, or near the solar surface, then (3  1 ) will 
give a considerable overestimate of the oscillation probabili- 
ty. The reason for this is not difficult to understand. The 
condition N,  g N ,  ceases to be valid for small r, and 
(N,, /Ne, varies from about 0.5 at the solar center to 0.15 on 
the surface. The approximation of overlapping resonances 
then ceases to be valid. When the adiabatic condition is satis- 
fied for the NSFP, a considerable fraction of the veL neu- 
trinos is converted into vi, and, consequently, cannot con- 
vert into v,, because the resonant density for oscillations is 
lower than for NSFP. The adiabatic condition ceases to be 
valid near the solar surface, and the estimates obtained in 
Sec. 5 become unacceptable. The overlap of resonances leads 
to the mutual suppression of oscillations and NSFP. At the 
same time, the total probability of conversion of v, into Y,, 

and Y;,, as a result of these two processes is greater than for 
only one of them. This therefore ensures that ( 1 ) there are 
two rather than one neutrino conversion channels and (2)  
the adiabatic condition is more readily satisfied for overlap- 
ping resonances. In other words, although the oscillations 
and NSFP suppress one another, together they produce a 
more efficient conversion of v,, into other states. 

We have examined in detail the evolution of a set of 
neutrinos with two flavors for N, > N,, , m2 > m ,. Other pos- 
sible cases can be discussed by analogy. In conclusion, we 
summarize the possible resonant transitions (the resonances 
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are shown in the order of decreasing resonant density; we 
also show transitions due to double conversion). 

The author is indebted to Z. G. Berezhiani and A. Yu. 
Smirnov for helpful discussions. 

"The v,, - y',, (<, ) conversion makes solar neutrinos unobservable in 
the CI-Ar experiment because their energies are below the threshold for 
the production of the corresponding charged lepton. However, they can 
be detected by using processes due to neutral currents, ve-  ve, v d -  npv, 
vA-VA *). 

''An equation equivalent to (8)  was obtained in Ref. 4 but its solutions 
were not examined. 

"When only oscillations or only NSFP is considered in a system of two 
types of neutrinos, i.e., the basis contains only two states, this procedure 
gives the exact resonance conditions. 

4'It is assumed that both these processes are suppressed outside the reso- 
nance region, i.e., 12p12Bo/(Am2/2E) 1, /tg 28,/ < 1. 

"The narrow region near x, = 0.7 at which the magnetic field has a dis- 
continuity [see (35) ] is the exception. The assumption that the change 
in the field can be neglected in the resonance region is then invalid. 
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