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A theoretical investigation is reported of abrupt changes in orientational states of nematic liquid
crystals when external parameters such as the intensities and propagation directions of optical
waves interacting with a nematic liquid crystal vary smoothly. An analysis of these processes on
the basis of the theory of catastrophes has made it possible to predict new types of instability and
hysteresis when an orientational state of a nematic liquid crystal is governed by two parameters,
such as the intensity of an optical wave and the angle at which it is incident on this liquid crystal.
Estimates show that the predicted effects should be easily detected experimentally.

INTRODUCTION

Threshold and hysteresis effects in reorientation of
liquid crystals in external fields are of considerable theoreti-
cal and practical interest.' Recent years have seen major at-
tention given to orientational interactions of optical waves
with liquid crystals. These interactions have many special
features distinguishing them from orientational effects in
quasistatic (electric, magnetic) fields and are of consider-
able interest from the point of view of the physics of liquid
crystals and establishing various nonlinear processes and in-
teractions between optical waves in liquid crystals.?

It is pointed out below that the published investigations
of threshold and hysteresis phenomena in light-induced
orientational processes in liquid crystals represent in fact
very special cases of the theory of catastrophes. We shall
show that using the approach of this theory, which relates
possible types of instabilities in a system to the number of the
controlling parameters,’ makes it possible to predict and in-
terpret new instability phenomena.

Light-induced effects in liquid crystals are character-
ized by a large number of parameters such as the intensity,
state of polarization, and angle of incidence of optical waves,
the number of such waves and their nature (ordinary and
extraordinary waves), material parameters of a liquid crys-
tal, its orientational state, etc. This circumstance, together
with the fact that the orientation of the director is usually
governed by two parameters (angles) leads us to expect the
occurrence of various types of catastrophes.

We shall consider the clearest situation represented by
the case of two controlling parameters, such as the intensity
of an optical wave and its angle of incidence, while the other
parameters are kept constant. A similar situation, i.e., the
case of two controlling parameters is discussed in Refs. 4, 5
in the case of static electric and magnetic fields.

1.CONTROL OF THE ORIENTATION OF ANEMATIC LIQUID
CRYSTAL BY ONE OPTICAL WAVE

In the present section we shall discuss the situation
which can obviously be achieved most easily in experiments:
we shall assume that the parameters controlling the orienta-
tion of the director are the intensity and angle of incidence of
an optical wave on a nematic liquid crystal (NLC).
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1. Principal equations

We shall consider a cell containing a homeotropically
oriented NLC, on which a linearly polarized (xz plane) opti-
cal wave is incident at a small angle. The z axis of a Cartesian
coordinate system is directed along the normal to the plates
of the cell and this axis coincides with the unperturbed orien-
tation n° of the director. It is known® that when the intensity
of such a wave is P~ P, where Pp. is the threshold intensity
for the optical Fréedericksz transition, and the wave is inci-
dent normally on a cell with a homeotropically oriented
NLC orif the angle of incidence is small so that @ € 1, a small
perturbation of the director field is excited:

n={sin ¢(z), 0, cos@(z)}, @(2)~@msin(nz/L)

(L is the thickness of the cell), which is described by the
following equation:

Bon*—/,(p—1) pmt2ap/ne, =0, (N

where
B="/,(1—9¢./4e,— k),

K, and K, are the Frank constants such that for the usual
thermotropic NLCs we have K,/K;<1, ie.,, k>0, and
£, = € — €, isthe anisotropy of the permittivity of the NLC
at optical frequencies.

Equation (1) was obtained in Ref. 6 by simultaneous
solution of a variational equation valid for small perturba-
tions of the director and of the wave equation, retaining
terms up to third order in @,, and up to first order in the
angle of incidence a.

For given values of the parameters of an NLC, i.e., for a
fixed B, the dependence of ¢,, on the parameters p and a is
described by a smooth surface in the ¢,, pa space, known as
Whitney’s fold® (Fig. 1a). The projection of the surface on
the plane of the controlling parameters has a singularity.

The existence of the singularity is associated with the
fact that the pa plane separates into two regions: in each of
them every point (p, @) has only one inverse image, whereas
in the other region each point has three inverse images. The
other region is defined by the condition

%(%)+( noz)g 0 2)

k=1-K.\/K,, p=P/Pp,
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FIG. 1. Surface of equilibrium of perturbations of the direc-
tor (a) and the bifurcation curve in the plane of the control-
ling parameters (b). The arrows show the direction of vari-

which follows from Eq. (1).

An investigation of the nature of the equilibrium can be
carried out by constructing the free energy function ®(¢,,);
minimization of this function yields Eq. (1) for ¢,, (see Ref.
6):

O="/Be.'—'/.(p—1) @u’+ (20p/ne L") Qum. (3)

Having determined the sign of the second derivative of ®
with respect to ¢,, for different solutions of Eq. (1), we can
readily show that the upper and lower surfaces in Fig. la
correspond to stable states, whereas the middle surface cor-
responds to unstable equilibrium states.

The dependence ®(g,, ) plotted in Fig. 2 shows that for
p < 1 (Fig. 2a) there is only one stable equilibrium state and,
consequently, in this approximation there should be no
abrupt changes in the state. For B <0, in principle abrupt
changes may take place but in discussing them we need to
allow for terms of higher orders in @,, than ¢ ;,. However,
forp > 1 (Fig. 2b) and B <0, there is only one unstable equi-
librium state, as can be deduced directly from the condition
that the inequality (2) is disobeyed. Once again the possibil-
ity of catastrophes, i.e., the appearance of stable states, is
described by terms which are of higher orders than ¢ },.

It therefore follows that the inequality of Eq. (2)
should be considered subject to the conditions B>0 and
p > 1 and it can be transformed to

p=>p,(a) =146 (Ba?/n?e )" (4)

A bifurcation curve separating regions with different

numbers of inverse images in the pa plane is shown in Fig.
1b.

2. Instabilities due to changes in the angle of incidence of a
wave

For a fixed value of the optical wave intensity p < 1 we
find that variation of the angle a from, for example, its nega-
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ation of the angle a. Abrupt changes in ¢, occur at the points
a,and — @, as we move from left to right and vice versa.

tive values to the range a > 0 causes smooth reorientation of
the director from ¢,, > 0to ¢,, <0. However, for p > 1, then
the change in @,, considered as a function of @ becomes
abrupt (fold catastrophe), as shown in Fig. 3. It is assumed
that the angle a varies adiabatically slowly compared with
the characteristic relaxation time of the director orientation.
Abrupt changes occur at the boundaries of folds of the equi-
librium surface projected onto the controlling surface as a
cusp; they amount to

|A@nm| =0/ (p—1)/B]™. (5)

The physical nature of this new type of instability can be
explained as follows. If we have p > 1 and the value of « is
negative and it is located outside a cusp, the director be-
comes reoriented in a direction which reduces the angle
between nand E (E is the vector representing the intensity of
the electric field of an optical wave), i.e., ¢,, >0 (Fig. 4a).
Where a is reduced to zero, the value of ¢,, remains positive,
so that by definition we have P> P, (Fig. 4b). Clearly, when
the sign of a is reversed, the absolute minimum of the free
energy corresponds to a state with a negative ¢,,,. However, a
state with @,, >0 remains stable up to a certain value of
(Figs.4c and 4d). When a is varied in the opposite direction,
an abrupt change in ¢,, occurs at a different point and hys-
teresis occurs.

3. Instabilities associated with successive changes in the
intensity and angle of incidence of a wave

We shall now consider a situation in which, with a con-
stant (for example, @ <0), the value of p is varied. If the
initial point (p, @) is inside a cusp, then there is an abrupt
change at p = py(a).

This type of instability may be observed, for example, in
the following process. If the initial value is @ > 0 and a given
value of p > 1 is retained, we can reduce @ to a negative value
a;, which however is less than the bifurcation angle . Sub-

FIG. 2. Dependence of the free energy @ on ¢,, in the case when
a<0:a) p<1;b) p>1. Curves 1 and 2 correspond to B> 0 and
B <0. The dashed parts of the curves represent the range of the
dependence ®(¢,, ), corresponding to allowance for terms of
higher order than ¢ },.
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FIG. 3. Dependence ¢,, (a) for a fixed p:1) p<1;2) p> 1.

sequent reduction in the intensity of the wave for a fixed
value of a; abruptly alters ¢,, when p; = p,(a;) is altered.

2.CONTROL OF THE ORIENTATIONAL STATE OF ANEMATIC
LIQUID CRYSTAL BY TWO OPTICAL BEAMS

Some effects of reorientation of the director of an NLC
interacting simultaneously with two optical beams were pre-
dicted and investigated in Ref. 7. The compensation effect,
i.e., the disappearance of threshold-free perturbations of the
director was observed subsequently experimentally.® Effects
of this kind represent in fact the process of control of the
orientational state of an NLC by two beams. This increases
greatly the number of controlling parameters. In the present
section we shall reexamine the effects which appear when
the orientation of a liquid crystal is controlled by just two
parameters and the other parameters are fixed.

We shall consider a cell with a homeotropically orient-
ed NLC on which optical waves are incident at small angles
from opposite directions (Fig. 5). The effects associated
with interference of these waves will be ignored, because the
characteristic scale on which the interference pattern varies
is of the order of the wavelength and much smaller than the
distance over which perturbations of the director vary, i.e.,
much smaller than the thickness of the NLC cell.

Using the results of Refs. 6 and 7, we can obtain an
equation for ¢,, which, to the required accuracy, is of the
form

|
| |
| |
| |
C d

FIG. 4. Behavior of the director when the angle a is varied and p> 1.
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FIG. 5. Cell with a homeotropically oriented nematic liquid crystal sub-
jected simultaneously to two light beams incident in the xz plane at
angles a, and a,. The polarizations of the two beams lie in the same
plane.

B, —'/2(p1tpa—1) @mt2 (a1 —0iap2) /e, =0, (6)

where p, , = P, , /Pr. The above equation is derived ignor-
ing the terms proportional to higher powers of the angles of
incidence a, and a,.

1. Abrupt changes for constant angles of incidence of waves
on anematic liquid crystal

We shall consider the specific situation when the angles
of incidence @, and a, are equal: @, = a, = a, when the con-
trol is provided by varying the beam intensities P, and P,.
The bifurcation curve is then described by the following
expression which is derived from Eq. (6):

pitp.=1+6 (Ba’/n*e )" (pi—p.) ™. (7)

It describes a semicubic parabola, which is symmetric rela-
tive to the bisector of the first quadrant of the Cartesian
coordinate system p, p, (Fig. 6).

Therefore, if the intensity of one of the waves exceeds
0.5P; and it is fixed, variation of the intensity of the other
wave can result in abrupt changes of the orientation of the
director. These abrupt changes can also occur when the in-
tensities of both waves are altered simultaneously, i.e., for an
oblique section of the cusp in Fig. 6.

2. Abrupt changes in the case of equal intensities

For P, = P, = P, it is found that the second controlling
parameter is the difference between the angles of incidence

P

FIG. 6. Bifurcation curve for equal angles of incidence of the waves
when the control is due to variation of their intensities.
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of the waves Aa = a, — a,. The bifurcation curve is then
described by

20=1+3(2B/n%e,)"Aa™. (8)

3. Abrupt changes due to variation of the angles of incidence
of waves

We shall assume that P, and P, are fixed. Then Eq. (6)
yields the following expression for the bifurcation region:

Jotspr—aaps| < (rve, /6%B") (py+ps—1)*. 9)

Inthe a,a, plane there is a band with a slope governed by the
ratio P,/P,; the width of this band is determined by the fac-
tor representing the excess above the threshold intensity.

Equation (9) is in fact an inequality needed to define
the bifurcation region in the most general case of different
values of a,, a,, P,, and P, when two out of four parameters
are fixed.

Clearly, the abrupt change in the orientation of the di-
rector due to a change in the intensity of one of the waves
when the intensity of the second wave is constant and the
angles of incidence are equal and fixed, was observed in the
investigation reported in Ref. 8.

CONCLUSIONS

; The catastrophes predicted in the present study for the
orientational interaction of an optical wave with a liquid
crystal can easily be detected experimentally. This is indicat-
ed by the following numerical estimates. A typical value of
Py is P ~0.1 kW/cm?. In the case of parameters of an NLC
layer (for example, MBBA) of thickness L ~10~2 cm and
for P/P.~1.1, we find that abrupt changes in the orienta-
tion due to a change in the angle of incidence of the wave
occur between states with ¢ {’ ~ — 0.6 and ¢ >’ =0.35 (or
M ~0.6and ¢ P’ =~ — 0.35), when |a| = |a,|=1.5".

A nonlinear phase advance at low values of ,, and a is

given by the expression®

© e,

P=—

c e

L(%’—S;“@m) (10)
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and it then undergoes a jump equal to 6y = ¢, — ¢, =36
rad. Such a change can easily be detected, for example, by
determination of the change in the number of rings observed
in aberration self-focusing of light, amounting to AN = 6y/
27 =6. It should be pointed out that in the processes under
discussion the important factor is not simply the absolute
value of the intensity of an optical wave incident on an NLC,
but the ratio of this intensity to P, which is governed by the
parameters of the NLC cell. Bearing in mind that for a fixed
value of the intensity of incident light we have p~¢,L /K,
we can see why instabilities will occur also when we vary the
thickness of the NLC layer or the frequency of light in the
dispersion region.

The present paper thus discusses the simplest and most
accessible experimental situation when we initially have ho-
mogeneously oriented NLC and control is provided by just
two parameters. It is shown above that some interesting new
types of instability can then be observed.

The authors are grateful to B. Ya. Zel’dovich for valu-
able discussions which have largely stimulated this investi-
gation.
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