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It is shown that in magnetically ordered crystals belonging to the crystallographic classes C,, , 
C,, , D, , D,, , andS, (n = 3,4,6), in a certain range of fields, a thermodynamically stable system 
of magnetic vortices, analogous to the mixed state of superconductors, can be realized. 

It is known that in a superconductor two essentially 
different types of inhomogenous states can be realized in the 
region of a magnetic-field-induced first-order phase transi- 
tion to the normal state. In type-I superconductors an inter- 
mediate state is realized,' while in type-I1 superconductors a 
so-called mixed state-a system of Abrikosov vortices2-is 
realized in a certain range of fields. 

In magnets in the region of a first-order phase transition 
induced by an external field, a thermodynamically stable do- 
main structure consisting of domains of competing phases is 
formed and is analogous, both in the physical reasons lead- 
ing to its formation and in its basic properties, to the inter- 
mediate state of a superconductor. 1.3-5 In particular, the do- 
main structure of a ferromagnet is such a structure. 

We shall show that in magnetically ordered crystals be- 
longing to the crystallographic classes C,, , C,, , D,,  s,, and 
D,, (n = 3, 4, 6) a thermodynamically stable system of 
magnetic vortices, analogous to the mixed state of supercon- 
ductors, can be realized in a certain range of fields. 

A standard symmetry analysis shows that for ferromag- 
nets belonging to the above symmetry classes the energy of 
the system in a magnetic field parallel to the symmetry axis 
(the z axis) has the form (to within terms quadratic in the 
components of the magnetization vector M )  

We note also that the classes D, and C,, admit the invariants 
M, aMy /az - My dM, /dz, which can lead to the formation 
of a spiral structure with propagation vector along the z axis. 
However, their role is not discussed in the present paper [we 
assume that the constants corresponding to them are small 
in comparision with (2)  1. 

The possibility of the existence of invariants linear in 
the first spatial derivatives in the expansion of the nonequi- 
librium thermodynamic potential of a system was first point- 
ed out in Ref. 6 (see also Refs. 7-9). 

We shall consider first of all a planar isolated domain 
wall, separating states with M, llzand M2 = - M, ( H  = 0). 
For definiteness, let the system belong to the crystallograph- 
ic class C,,. Then it is not difficult to show that for any 
orientation in thexy plane of the normal n to the domain wall 
the energy density of the domain wall will be given by the 
expression 

for a Bloch wall ( M  rotates in the plane perpendicular to n), 
and 

(1)  0=2M02 (a!') "*a'nMo2, p'=p+4n (5 

where a is the constant of the inhomogeneous exchange in- 
teraction, 0 is the anisotropy constant (for f l>  0 the z axis is 
the axis of easy magnetization), H, is the magnetostatic 
field, satisfying the equations curl H, = 0 and div 
H, = - 4n-div M, and w' is the energy of the inhomogen- 
eous relativistic-exchange interaction. Depending on the 
symmetry of the system, w' has the form 

where 

for a NCel wall ( M  rotates in the nz plane). The signs + in 
(5)  pertain to the right and left directions of rotation, re- 
spectively. 

It can be seen from (5 ) that for 

the formation of domain walls becomes energetically fa- 
vored, i.e., the uniform ferromagnetic state becomes unsta- 
ble. The important point is that the cause of the instability is 
the inhomogeneous-interaction energy (2 ) ,  (3) ,  and not the 
magnetostatic energy. By analogy with type-I1 supercon- 
ductors, it is natural to assume that a mixed state in the form 
of a system of magnetic vortices should arise in a ferromag- 
net when the criterion (6)  is fulfilled. 

The inequality (6)  has a simple physical meaning. The 
formation of an inhomogeneous state, on the one hand, leads 
to an increase of the energy associated with the inhomogen- 
eous exchange interaction and the anisotropy, and, on the 
other hand, lowers the energy of the inhomogeneous relativ- 
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istic-exchange interaction. The inequality (6) is analogous 
to the well known relation between the coherence length 6 
and penetration depth A: 6 < 21A (Ref. 2), which determines 
the condition for formation of a mixed state of a supercon- 
ductor. We have not succeeded in obtaining an exact solu- 
tion for the mixed state of a magnet, and therefore we shall 
confine ourselves to the following proof of the possibility of 
its existence. Let the ferromagnet be situated in an external 
magnetic field Hllz that is strong enough for the state of the 
ferromagnet to become uniform. The energy density of the 
uniform state is equal to 

We assume that the ferromagnet has the shape of an ellipsoid 
of revolution with its principal axis along z (N ,  is the corre- 
sponding demagnetization factor). With decrease of the 
field a nonuniform state should arise. We shall consider at 
what value of the field the formation of isolated vortices of 
cylindrical shape becomes energetically favored. We shall 
study a nonuniform magnetization distribution M ( r )  local- 
ized at the coordinate origin. For the vector M we introduce 
spherical coordinates: 

M=Mo(sin 8 cos $, sin 0 sin $, cos 8), (8 

while for the spatial variables we introduce cylindrical co- 
ordinates (p, p, z).  The variational problem for the energy 
( 1 ) admits the solution $ = p, 8 = 8(p) .  " After integrating 
over p, we obtain for the energy ( 1 ) the following expres- 
sion: 

1 
+ar [dB + - sin 0 cos 81 

dp P 

where h = ( H  - 4rNZ M,)/M,, and the internal magnetic- 
dipole energy of a vortex is calculated in the Winter approxi- 
mation. 

The function 8(p)  minimizing the functional (9)  with 
the boundary conditions 8(0)  = r a n d  8 (  co ) = 0 describes 
the magnetization distribution in an isolated magnetic vor- 
tex. We have not succeeded in finding the exact solution for 
8(p) .  Therefore, to calculate the energy of a magnetic vortex 
we use the trial function 

Integration of (9)  with 8(p)  ( l o )  leads to the following 
expression for the energy of a magnetic vortex: 

The last term in ( 11 )-the energy associated with the homo- 
geneous part of the exchange energy of the ferromagnet-is 
proportional to the potential barrier A@ separating the equi- 
librium states. In the expression ( 11 ) the characteristic size 
p,, of the vortex plays the role of the variational parameter. 

An important point is that the equilibrium values of p, do 
not depend on the magnitude of the energy of the inhomo- 
geneous exchange interaction. Substituting into ( 1 1 ) the 
equilibrium values p,*: 

we find that the region of thermodynamic stability of the 
magnetic vortex is specified by the condition @<O and is 
reached in fields 

It follows from the latter relation that for 
a' > 0.8 (a0 * ) "', in a certain range of fields ( 13), a nonuni- 
form state in the form of a system of magnetic vortices ( a  
mixed state) will be energetically more favored than the uni- 
form state. We note that in the calculation of the energy of an 
isolated vortex we have used the trial function ( 10) instead 
of the true distribution B(p). Therefore, the criterion given 
above for the formation of a mixed state of a magnet is an 
overestimate in comparison with (6) .  We shall estimate the 
sizes of the magnetic vortices. It follows from ( 12) that in 
the boundary field H, the equilibrium size of a vortex is 
equal to 

where a, is the lattice constant. 
We note that when the condition (a')2/a%4.rr is ful- 

filled the region of existence of the mixed state of magnets 
will be considerably greater than the region of existence of 
the intermediate state. 

The formation of spiral magnetic order is usually attrib- 
uted to the presence of invariants of the type (3).6-9 There- 
fore, we shall compare the energies of the mixed state consid- 
ered by us and a spiral structure. 

When the field is lowered below the saturation region a 
spiral magnetic structure can arise. By analogy with Ref. 9 it 
is natural to assume that near the nucleation field the spiral 
structure will be a system of noninteracting planar 360-de- 
gree domain walls-a soliton lattice. 

Substituting M, = M, cos 8 and M, = M, sin 8 into 
( 1 ), we find that the energy density of a 360-degree domain 
wall (per unit area perpendicular to the normal n to the 
wall) is equal to 

where 

w, is defined as in (7),  and x is the coordinate along n. 
By making use of the fact that the last term in ( 15) does 

not give a contribution to the variational equation So = 0 
determining the distribution B(x), we transform the first 
term in ( 15 ) in the standard way. "' We have 
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with 1 1 '13 - o= (20)" 5 [ ~ ( i - c o s  0) + - sin' 0 1  do-a'l dB. 
M,2 0 2 0 

After the integration we obtain 

whereh = h /p *. It followsfrom this that thespiral structure 
becomes energetically favored when 

This formula was obtained in the limit (a') */a $P *. 
From comparison of (20) and ( 13) it can be seen that 

when the condition 

is fulfilled the mixed state nucleates at higher fields (i.e., 
earlier) than the spiral state, and this means that there exists 
a range of external magnetic fields in which the mixed state is 
energetically the more favored. 

The criterion (2 1 ) was obtained in a rather crude model 
calculation of the vortex energy. It is clear that the true crite- 
rion for the existence of a mixed state is less stringent than 
(21). It is entirely probable that when the criterion ( 6 )  itself 
is fulfilled the mixed state will possess the lowest energy. 
(We note that the criterion 6 < 2'"A for the existence of a 
mixed state of superconductors is also derived from consi- 
deration of the energy of a planar interphase boundary.) 

We have considered vortices in ferromagnets belonging 
to the crystallographic class C,, . In this case the magnetiza- 
tion distribution (8 )  with $ = q, corresponded to the extre- 
mum of the potential. It can be shown that in the other 
classes the following distributions are realized: 

We note also that the presence of terms analogous to 
( 3 )  in the energy of many-sublattice magnets (ferrites, anti- 
ferromagnets, etc.) can lead, under certain conditions, to the 
formation of a mixed state in them. The conditions for the 
formation of a mixed state become less stringent in the re- 
gion of spin-reorientation transitions, both spontaneous 
(fl-0) and induced (e.g., in antiferromagnets near the 
spin-flop transition). 

In conclusion the authors express their gratitude to V. 
G. Bar'yakhtar and I. E. Dzyaloshinskii for discussing the 
paper. 

'' Here and below we assume for definiteness that a' > 0. 
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