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An investigation is reported of the nonlinear susceptibility of ferromagnetic CdCr ,S4 in the 
vicinity of the Curie point T,. The experiments were carried out at frequencies up to 105Hz in a 
wide range of amplitudes of an oscillatory magnetic field. The temperature dependence of the 
critical field, below which the field could be regarded as weak and above as strong, was 
determined. An analysis of the harmonic spectra indicated that above Tc a large fraction of the 
field energy was transferred to higher harmonics; a slow fall of the amplitudes of the harmonics on 
increase in their number (frequency) was observed. The temperature dependence of the 
amplitudes of higher harmonics was obtained in a strong field. 

Earlier, we investigated the critical behavior of the lin- 
ear and nonlinear components of the magnetic susceptibility 
of weakly anisotropic ferromagnets of the CdCr2S4 type ear- 
lier using rf methodslv2; we concluded that there were two 
temperature regions-scaling and anomalous-above the 
Curie point. The scaling or normal region, corresponding to 
relatively low values of the static susceptibility ( 4 q ,  < 25) 
for 7 >  l~ [ T  = ( T -  Tc)/Tc], is characterized by a 
satisfactory agreement of the experimentally determined be- 
havior of the linear and nonlinear susceptibilities with the 
theory of static and dynamic scaling. However, the results 
obtained in the anomalous region ( 4 q ,  > 25) adjoining di- 
rectly the Curie point T,, disagree very strongly with the 
scaling theory predictions. 

We consider in some detail phenomena typical of the 
anomalous temperature region. It follows from the results of 
Ref. 1 that in this region the real part of the susceptibility 
(x') (measured at frequencies below 10' Hz) rises logarith- 
mically when the frequency is lowered, whereas the imagi- 
nary part (x" ) depends weakly on the frequency a .  Conse- 
quently, in the If range (lo2-10' Hz) the experimental 
values of X' and X" are related by the 2 / r  rule' (to within 
30% ): 

(R, is a characteristic frequency which depends only on 
temperature), which follows from the Kramers-Kronig re- 
lationships. This behavior of the frequency dependences 
X' (a) andx" (a) demonstrates the presence of a wide range 
of relaxation times, as is true, for example, of spin glasses. 
Slow relaxation is related also to the appearance, above 
Tc, of a residual (remnant) magnetization observed in ex- 
periments on the second harmonic of an emf induced in a 
measuring coil.2 These experiments revealed that, after a 
sample is cooled in a static magnetic field, the second har- 
monic measured above Tc remains finite when this field is 
switched off (it follows from symmetry considerations that 
the second harmonic of the magnetization should vanish in 
the paramagnetic phase in the absence of a static magnetic 
field). However, we have been unable to identify the nature 
of the relaxation of the residual magnetization, since even at 
relatively low amplitudes of the oscillatory magnetic field 
the behavior of the residual second-harmonic signal is com- 

plicated by the appearance of random oscillations (for de- 
tails see Ref. 4) .  

A wide spectrum of the relaxation times, with an upper 
limit much higher than the real times found by observation, 
and the consequent residual magnetization are typical char- 
acteristics of the spin glass state. It follows from the above 
account that similar effects are observed near Tc also in fer- 
romagnets of the CdCr2S4 type. This suggests that the 
anomalous temperature region represents the spin glass 
state. The physical reason for the appearance of the spin 
glass characteristics in the critical region is clearly associat- 
ed with the unavoidable presence of defects or impurities in 
real crystals, which can give rise to random frustrations as a 
result of the competing ferromagnetic and antiferromagnet- 
ic interactions typical of these ferromagnets. (Single crystals 
of CdCr2Se4 and CdCr2S4 investigated by us earlierIs2 were 
grown at the Institute of General and Inorganic Chemistry 
of the USSR Academy of Sciences and at the Institute of 
Applied Physics of the Academy of Sciences of the Molda- 
vian SSR, and their compositions were close to stoichiome- 
tric. However, no analysis of microimpurities was made.) 

The theory predicts5 an increase in the amplitudes of 
the higher harmonics of the magnetization of a ferromagnet 
as the temperature approaches T,. This behavior has been 
observed experimentally in the scaling region. The question 
naturally arises as to the behavior of higher harmonics in the 
anomalous (spin-glass-like) temperature region. This ques- 
tion is especially important because, to the best of our knowl- 
edge the higher harmonics (with the exception of the third) 
have not yet been investigated for ordinary spin glasses. 

We shall report the results of an investigation of the 
behavior of higher harmonics in the anomalous region. Our 
experiments were carried out on a single crystal of CdCr2S4 
( Tc =. 84 K)  in the absence of a static magnetic field, so that 
the investigated spectrum contained only the odd harmon- 
ics. The even harmonics due to the influence of the residual 
(after screening) geomagnetic field ( ~ 2 0  mOe) were ob- 
served only in the immediate vicinity of T,. However, their 
amplitude was low compared with the amplitudes of the ad- 
joining odd harmonics and in our analysis we ignored the 
even harmonics. 

In an investigation of the nonlinear susceptibility we 
should remember that the demagnetization effects associat- 
ed with the shape of a sample can suppress strongly the high- 
er harmonics. This was considered on the basis of the scaling 
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theory in Ref. 5, where the following expression was ob- 
tained: 

gph, "+' rrn+, 
m2"+, (t) = M ( T )  (-1 cos(2n+i) wt, (2a) 

9, 1+4qoN 

Here, M ( r )  = MO#, where fl- 1/3 and M, is a quantity of 
order of the spontaneous magnetic moment at T =  0; 
fl, = kT, ? I 3  is an energy of the same order as the charac- 
teristic exchange energy in the dynamic scaling theory; 
r,, + , is the nondimensional amplitude independent of r; g is 
the g factor; p is the Bohr magneton. 

A characteristic feature of the above expression is that 
the whole dependence on the shape of the sample, i.e., on the 
demagnetization factor N, is included in Eq. (2b) which de- 
scribes the replacement of an external field h, with an inter- 
nal field h,; it also occurs in the additional factor 
( 1 + 4 ~ x 8 )  - '. The other factors in Eq. (2a) are indepen- 
dent of N. The relationship between m,, + , and N applies 
irrespective of the actual theory describing the magnetic sys- 
tem. This follows directly from the method used to derive 
Eq. (2a), given in Ref. 5. It is clear from Eq. (2a) that if we 
have N # O  and 41rx > 1 ,  the reduction in the higher harmon- 
ics when n increases is enhanced as a result of demagnetiza- 
tion. Therefore, in order to avoid the influence of these ef- 
fects on the behavior of the higher harmonics, we selected a 
ring-shaped sample (characterized by N = 0 and, conse- 
quently, by h,  = h,,). A toroidal coil was wound uniformly 
on this sample: this coil was used both to create an oscilla- 
tory magnetic field h = h,, sin2~J;,t inside the sample and 
also as a measuring sensor. The emf generated in this coil 
was applied to a spectrum analyzer with a sensitivity of ~ 0 . 1  

Selection of the frequency range was determined pri- 
marily by the available inf~rmation' .~ on the behavior of the 
linear dynamic susceptibility at frequencies lo2-lo5 HZ. The 
fundamental frequency was selected to ensure that the maxi- 
mum number of harmonics (for a given sensitivity of the 
apparatus) was available for amplitude analysis in the se- 
lected range. Since the upper limit to the range was 100 kHz, 
we were able to analyze no more that thirty odd components 
of the spectrum (when the fundamental frequency was 
fo = 1.6 kHz). In some cases the behavior of the higher har- 
monics was investigated also at other frequencies. Overload- 
ing of the input amplifier was avoided by placing a rejection 
filter at its input in order to attenuate the fundamental-fre- 
quency signal by a factor of about lo3. 

The maximum amplitude of the oscillatory field avail- 
able in these experiments was less than 3 Oe. The following 
comments should be made about the field intensity. In stud- 
ies of critical phenomena it is usual to distinguish weak and 
strong fields. It follows from the scaling theory (see, for ex- 
ample, Ref. 5)  that in the case of isotropic ferromagnets, 
which include our sample because of the weak cubic anisot- 
ropy, a field is weak if it obeys the condition gph <kT,$I3. 
Naturally, the scaling ideas cannot be applied to the anoma- 
lous temperature range characterized by slow relaxation. 
However, control experiments carried out in fields which 
were weak in accordance with the scaling criterion indicated 
that the position of the maximum of the temperature depen- 
dence of the higher harmonics was independent of the value 
of h, and wo (at least at frequencies below lo5 Hz). On the 
other hand, when the field amplitude exceeded even slightly 
the critical values set by the scaling theory and given by 
gph,, = k ~ ~ ; ) ' ~ ,  it was found that the maximum of the de- 
pendence A,, + , ( T) shifted toward lower temperatures. 

The scaling condition of field weakness is fairly strin- 
gent; for example, for T = 1 X loW2, then h,, -200 Oe, 
whereas for T = 1 x lop4 the critical field does not exceed 
0.1 Oe. Therefore, it follows from the scaling theory that in 
investigations carried out in a wide temperature range an 
oscillatory field with the maximum (in our experiments) 
amplitude h, = 3 Oe could be regarded as weak far from Tc 
and strong in the direct vicinity of this temperature. We re- 
call (see Ref. 1 ) that in our experiments the Curie point was 
deduced from the temperature of the maximum of the signal 
of any higher harmonic (usually third or fifth) when the 
sample was subjected to a weak If magnetic field. 

It is clear from the results reported in Ref. 1 that in the 
scaling region (when we have T > 1 X it was possible 
to record reliably only the third and fifth harmonic, but the 
ratio r,/r, [see Eq. (2a) ] was fairly high, of the order of 1O2- 
lop3,  indicating a strong rise of the amplitudes of higher 
correlations as the correlation order increases. 

We now turn to the results of the present study. The 
magnetization spectrum exhibited harmonics with fairly 
high values of n only in the anomalous region. A characteris- 
tic feature of the high harmonics in this spin-glass-like range 
of temperatures was a weak fall of the amplitudes of the 
harmonics with increasing harmonic number (Fig. 1 shows, 
by way of example, a fragment of the spectrum obtained for 
T- 1 X lop4 and h, = 3 Oe). Moreover, the absolute ampli- 
tudes of the harmonics were high. For example, for 
T Z  1 X loW4 the ratio ofthe amplitude of the third harmonic 

FIG. 1. Fragment of the spectrum of an emf induced in a 
measuring coil on application of an oscillatory magnetic 
field of amplitude h,, = 3 Oe to a sample of CdCr2S4; f;, 
1.6 kHz, T=. 1 X The spectrum shows also the even 
harmonics induced by the residual (after screening) geo- 
magnetic field. 
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FIG. 2. Temperature dependences of  the amplitudes o f  the following har- 
monics: 1 ) (2n + 1 )  = 1 (fundamental frequency 1.6 kHz);  2 )  
( 2 n + 1 )  = 3 ( 4 . 8 k H z ) ; 3 )  (2n+  1 )  = 9 ( 1 4 . 4 k H z ) ; 4 )  ( 2 n + 1 ) = 5 3  
(84.8 kHz); 5 )  (2n + 1 )  = 81 (129.6 kHz); h, = 3 Oe. 

to the amplitude of the emf at the fundamental frequency 
was at least 0.1, whereas in the scaling region for 
T Z  1 X lop2 this ratio was of the order of lop3. 

It should be pointed out that the temperature depen- 
dence of the higher harmonics recorded in the presence of a 
sufficiently strong oscillatory magnetic field (h, = 3 Oe) de- 
pended strongly on the number of the harmonic. It is clear 
from Fig. 2 that in the direct vicinity of T, the amplitudes of 
the higher harmonics [ (2n + 1 ) f, - f,] were practically in- 
dependent of temperature. However, as the harmonic num- 
ber increased, the dependence A,, + , ( T) below Tc began to 
exhibit a maximum which shifted toward the Curie point, 
deduced under weak field conditions from the maximum of 
the third or fifth harmonic of the emf, on further increase in 
the harmonic number; finally, at high harmonics 
[ (2n + 1 ) fo% f,] the position of a clear maximum in the de- 
pendence A,, + , ( T) did not vary with the harmonic num- 
ber. Therefore, the high harmonics seemed to "forget" that 
the field at the fundamental frequency did not satisfy the 
weak-field criterion. However, we could not identify the rea- 
sons for such very different temperature dependences of the 
high and low harmonics observed in the presence of an oscil- 
latory field of amplitude which in the direct vicinity of T, 
was much higher than the scaling critical value defining 
weak fields. 

The influence of the amplitude of an oscillatory mag- 
netic field on the spectrum of higher harmonics is very im- 
portant. With this in mind we investigated the changes in the 
amplitudes of the components of the spectrum at the funda- 
mental frequency f, = 1.6 kHz when the field amplitude was 
increased from 0.3 to 3 Oe. Moreover, at 25.65 kHz a de- 
tailed study was made of the influence of the field intensity 
on the amplitude of the third harmonic, but in this case the 
rangeof h, wasmuch wider (from to 3 Oe). The results 
of these investigations, carried out at different frequencies, 
indicated that in the range lo2-lo5 Hz the field dependences 

FIG. 3. a )  Dependence of  the ratio of  the amplitude of  the third harmonic 
to the fundamental frequency signal uo = 25.65 kHz) on theamplitude of 
the oscillatory field obtained for different values of  T: 1 )  6X 
( T -  T , )  = 0.50 K; 2 )  5.5X lop3 ,  ( T -  T , )  = 0.46 K; 
3)  5~ 10-3(T- T , )  = 0.42 K ;  4 )  4 . 5 ~  lo3, ( T -  T , )  = 0.38 K ;  5 )  
4 ~ 1 0 - ~ ,  ( T - T c )  =0.34 K; 6 )  3 ~ 1 0 - ~ ,  ( T - T c ) = 0 . 2 5  K; 
7 )  2 ~ 1 0 - ~ ,  ( T -  T , )  =0.17 K; 8 ) = : 1 ~ 1 0 - ~ ,  ( T -  T , ) z O . l  K. b )  
Dependence of A, on ho for different separations from T,  (the numbers of  
the curves correspond to the same values of  T as in Fig. 3a; the dependence 
o f A ,  on ho is not plotted for curves 2,3,  and 4 because the values of  A, are 
similar for the corresponding 7 ) ;  f, = 25.65 kHz. 

of the higher harmonics in the anomalous temperature re- 
gion are independent of the field frequency and generally 
also independent of the harmonic number. Therefore, we 
shall consider the results of these investigations only in the 
case of the third harmonic. 

Figure 3a shows the field dependence of the ratio of the 
amplitude of the third harmonic to the signal at the funda- 
mental frequency A, whereas Fig. 3b gives the field depend- 
ence of A,. Clearly, in the weak-field case, when we could 
represent the magnetization by a series in odd powers of h,, 
the amplitude of the third harmonic should be proportional 
to the cube of the field and, consequently, we should have 
A,/A, a h  i. However, it was shown in Ref. 2 that even in the 
normal temperature region when T > 1 X 10W2 [ ( T 
- T, ) > 0.8 K] the dependence ofA, on h, was not purely 

cubic and the exponent in the power law describing this de- 
pendence was approximately 2.5. The same power exponent 
was found in the anomalous region above Tc, with the ex- 
ception of the interval 0.2<(T- Tc)<0.4 K, where the 
nonlinear response in weak fields was extremely small and, 
consequently, it was impossible to find an interval of the 
values of ho where the dependence A3(h,) would be close to 
cubic. Generally speaking, the power-law dependence of A, 
on h, with an exponent of 2.5 was observed only in a certain 
range of the field amplitudes, and the range depended on 
temperature. At higher values of h, the dependence A,(h,) 
became different (Fig. 3a). We were therefore justified in 
defining the critical field amplitude as that amplitude of the 
oscillatory field which corresponded to the onset of devi- 
ation from the near-cubic dependence of the amplitude of 
the third harmonic on the field amplitude. 

The temperature dependence of the critical field h,, de- 
fined in this way is plotted in Fig. 4. It is worth noting par- 
ticularly the very strong reduction in h,, at temperatures 
corresponding to the transition from the scaling range of 
critical phenomena to the anomalous region (spin-glass- 
like). In this case the critical field was considerably less than 
h,, deduced from the scaling considerations. Nevertheless, 
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FIG. 4. Dependence of h,, and a, on T - T,. The inset gives the depend- 
ence ofa, on h, for different values of T - T, (K): 1 ) 0.34, T = 4X lop3; 
2) 0.08,~ = 1 X 2) -0.01,~- 1 X 10W4. 

in the direct vicinity of T, the value of h,, deduced from the 
field dependence of the amplitude of the third harmonic was 
of the same order of magnitude as the value obtained from 
the scaling criterion. Clearly, this was why the temperature 
position of the maximum of the signal representing the third 
or fifth harmonic in a weak (in accordance with the scaling 
criterion) magnetic field was independent of the field ampli- 
tude. 

The interval of the field amplitudes in which the funda- 
mental-frequency signal increased linearly with h, was gen- 
erally wider compared with the range of h, where a power- 
law dependence A,(h,) had an exponent 2.5 (compare Figs. 
3a and 3b). Moreover, A, varied linearly with h, even in a 
narrow temperature interval (0.2GT - Tc-0.4 K) ,  where 
the ratio A, /A, was practically independent of the field am- 
plitude. In our opinion, this circumstance must be allowed 
for since, if we consider only the dependence A, (h, ), we can 
generally draw an incorrect conclusion of whether the field 
used in the investigations is weak or strong. It should be 
pointed out once more that the field dependence exhibited by 
harmonics with much higher numbers, determined in ex- 
periments using the fundamental frequency f, = 1.6 kHz 
and fields in the range 0.3 (h, ( 3 Oe, was of the same form as 
in the case of the third harmonic (when f, = 25.65 kHz). 

As pointed out already, in the anomalous temperature 
region the amplitude of the higher harmonics decreased 
weakly with increasing the harmonic number (frequency). 
Therefore, it seemed of interest to provide somehow a quan- 
titative description of the fall of the harmonic amplitudes in 
the spectrum. An analysis of the spectra with a large number 
of harmonics indicated that, within the limits of the experi- 
mental error ( =: lo%),  the ratio of the amplitudes of two 
consecutive harmonics can be represented by the following 
expression throughout the investigated range of tempera- 
tures: 

(here, m is the serial number of the odd harmonic, which has 
the value m = 1, 2, 3, ...). It follows from Eq. (3)  that a, 
represents the limiting (corresponding to m -+ cu ) value of 
the ratio of the amplitudes of two consecutive harmonics. It 
is clear from Fig. 4 that in a fairly narrow temperature inter- 
val near the transition to the anomalous region the value of 
a, is very close to 1 (we found that a, = 1.00 + 0.02). In 

this case (i.e., when a, - 1 ) we can use the methods for ana- 
lyzing the convergence of positive numerical series (see, for 
example, Ref. 6) and show that a series composed of the 
moduli of the amplitudes of the higher harmonics is located 
near its convergence limit. Therefore, we can obviously say 
that the amplitudes of the harmonics decrease more slowly 
near the boundary between the scaling and anomalous tem- 
perature regions. 

At lower temperatures, beginning from T - Tc -- 0.2 K 
the ratio a, exceeds 1 and in the ferromagnetic phase it de- 
pends weakly on temperature, i.e., the amplitudes ofthe har- 
monics decrease more rapidly with increasing n than in that 
range of temperatures where a, is close to 1. 

The limiting value of the ratio of the amplitudes of con- 
secutive harmonics as a function of the field (inset in Fig. 4 )  
shows that at temperatures close to Tc the value of a, de- 
crease with increasing on increase in the field amplitude and 
approaches asymptotically a certain limiting value (curves 2 
and 3 in the inset). On the other hand, in the temperature 
interval corresponding to the change in the nature of the 
critical values (curve 1 in the inset) the value of a, is very 
close to 1 and is independent of the field amplitude even 
when this amplitude is varied by a factor of 10. 

In a quantitative estimate of the contribution of the 
nonlinear response it is usual to employ a nonlinear-distor- 
tion7 coefficient 

which represents the fraction of the field energy dissipated in 
the form of higher harmonics. 

Using Eq. (4) to determine the coefficient K, from the 
experimental spectrum, we can then study its temperature 
dependence. It is clear from the dependence of K, on 
( T  - Tc ) shown in Fig. 5 that this coefficient was highest 
near Tc. In this range we found K ,  > 1, indicating a strong 
transfer of the field energy to the higher harmonics in the 
direct vicinity of Tc. The dependence of K, on h, was of the 
same nature as the dependence a, (h, ). Clearly, as demon- 
strated by the inset in Fig. 5, showing the field dependence of 
the reduced nonlinear distortion coefficient K ;1 = K, (h, 
)/Kh (h, = 3 Oe), in the transition temperature interval 
[0.2( ( T - Tc ) (0.4 K] the nonlinear distortion coefficient 

FIG. 5 .  Dependence of K ,  on T -  T,; f, = 1.6 kHz. The inset shows the 
dependences of the reduced values K ;  on the amplitude of the oscillatory 
field for different values of T -  T ,  ( K ) :  I) 0.34, T = 4x lo-'; 2) 0.08, 
r = I x lo7; 3) --0.01, T-- 1 x 
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was independent of the field amplitude when the field was 
increased from 0.3 to 3 Oe (curve 1). Away from this transi- 
tion interval the coefficient K ,  increased with h, (curves 2 
and 3 or with a, approaching a certain limiting value at a 
given temperature. 

The results of our investigation thus demonstrated that 
a ferromagnet near its phase transition is indeed a strongly 
nonlinear medium. However, the most interesting result is 
that the nonlinear properties of the susceptibility are mani- 
fested most strikingly at temperatures corresponding to the 
anomalous region. In fact, a very low value of the critical 
field occurs in this region and the amplitudes of the higher 
harmonics decrease most slowly as the harmonic frequency 
increases (at least in the range up to lo5 Hz). 
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