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A theoretical description is given of the hyperfine shift of x-ray (and conversion) lines excited in
the process of internal conversion in any sufficiently deep shell of an atom and subsequent
deexcitation by an electromagnetic cascade. General expressions are obtained for the magnetic
dipole and electric quadrupole shifts of x-ray levels of an atom excited in this process in the case of
conversion transitions of arbitrary (including mixed) multipolarity. It is shown that
electromagnetic transitions transfer information on hyperfine shifts from an initial excited level
of an atom to the next one, and so on all the way out to the outermost shells of the atom.

1.INTRODUCTION

The hyperfine splitting of x-ray levels of an atom be-
cause of the interaction between the magnetic moment of the
nucleus and the current in an outer (K, L) shell of an atom
with one vacancy was predicted by Breit' back in 1930. For-
ty years passed before this effect was observed®’ in high-
precision experiments, carried out using a crystal diffraction
spectrometer, and it was manifested as broadening of K, x-
ray fluorescence lines of Eu and Sb.

The effect is difficult to observe because the splitting of
the K level is small compared with its width, so that a K line
which appears as a result of photoexcitation is only slightly
broadened, whereas the center of gravity of the line is not
shifted. The magnitude of the observed broadening is several
orders of magnitude less than the hyperfine splitting. >

It was shown in 1977-8 that in the case of K capture*

and internal conversion® there may be a nonstatistical (in .

contrast to the photoexcitation case**) population of com-
ponents of the hyperfine structure of a K level of the final
atom. As a result, a K x-ray line is shifted relative to a flu-
orescence line by an amount of the order of the hyperfine
splitting ( ~ 100 meV/n.m. in the rare-earth element range).
Such a shift can be measured quite simply using crystal dif-
fraction spectrometers with an error of a few percent,**
which provides new opportunites for determination of the
magnetic moments of the nuclear states practically irrespec-
tive of the lifetime. It is found® that similar shifts occur also
in the case of electron conversion (and also Auger) lines so
that the spectrum of conversion electrons also carries infor-
mation on the magnetic moments of nuclear levels.

In the simplest cases, such as allowed K capture or K
conversion accompanied by a change in the nuclear spin by
unity (on condition that the escaping neutrino or electron
has zero orbital momentum ), a nonstatistical population ap-
pears as a result of the law of conservation of the angular
momentum. An atom is then excited in one specific state of
the hyperfine structure.**

Expressions for the K-line shifts which accompany con-
version transitions of arbitrary multipolarity (see Ref. 7)
were obtained in Ref. 6 and were used there, together with
themeasured (in the same investigation) shift of the K, line
of 1**Baexcited by an M 4 transition, to determine the hither-
to unknown magnetic moment of the 12.3-keV excited state
of the '**Ba nucleus.

Attention is drawn in Refs. 6 and 8 to the considerable
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contribution that interference terms can make to the hyper-
fine shifts of an x-ray line excited by electron capture and
conversion of mixed multipolarity. It is then in principle
possible to determine (supplementing the familiar correla-
tion methods) the ratios of amplitudes of different multipo-
larity, including the signs if the moment of the final state of
the nucleus is known.

The various aspects of this topic are discussed in Refs.
9-13. In particular, it is shown in Ref. 11 that the electric
quadrupole interaction can similarly lead to shifts of a L,y
level excited by L conversion and that the magnitude of this
shift should be sufficient to determine the electric quadru-
pole moment of the nucleus with the aid of a crystal diffrac-
tion spectrometer.

Relativistic Hartree-Fock calculations are reported in
the literature'®"* and tables are given of the magnetic dipole
and electric quadrupole hyperfine constants of the K and
Ly levels for all the nuclei with the atomic numbers from
Z = 10to 100. These calculations are very precise because of
the extreme simplicity of the atomic system (an atom with
one hole in the K or L shell), which is an advantage of this
method compared with the available methods for the deter-
mination of nuclear moments in external fields or from the
optical hyperfine structure.

The present paper will provide a theory of the hyperfine
shift of x-ray levels (n.,x,) excited both directly as a result
of internal conversion in an arbitrary (ngyyx,) shell of an
atom, and by subsequent deexcitation involving an x-ray
cascade:

. X1 . x’ .
NoJoXo > MyJ1®y > Naf2%2 ...

We shall obtain expressions for hyperfine shifts of x-ray and
conversion lines that accompany conversion transitions of
arbitrary multipolarity.

2. EXPRESSIONS FOR THE HYPERFINE STRUCTURE OF X-
RAY LEVELS; EXCITATION OF FLUORESCENCE

A shift of the center of gravity of an x-ray level njx split
by the hyperfine interaction depends on the method of exci-
tation (G) of this level and is described by the expression

SES= Z, RempoAE iny (1)
F

where R ;7). is the relative probability of excitation in a
process G (i.e., the population) of a hyperfine component of
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the level njx characterized by the total angular momentum F
of the atom (F =1 + j, where I is the nuclear spin) and
AE?,, is the energy shift of this component, relative to the
unperturbed position of the level njx, caused by the hyper-
fine interaction.

We can represent the quantity AE £
the form"?

conveniently in

njx

AES = Y AEL () =AE(ul) +AE(02), 2)
A

where A = 1 corresponds to the magnetic dipole hyperfine
interaction (z1) and A = 2 corresponds to the electric qua-
drukole (Q2) hyperfine interaction; here,

Flij }

Ajl

where {...} is the 6/ Wigner symbol.'*
It is usual to employ expressions given in Refs. 15-17:

AE,.;(ui)=a,.,~,‘(Ij)pEa,,,,¢cp/2, (4)
AEps(Q2) =Anjtbocr (crt1) ="/4bosnY . (IFf) (5)

AE () =A§}n’x(—1)’+’+’“{ (3

where

cr=F(F+1) —I (I+1) —j (+1) =2 (I§) r,
_ 2eu~g% 3820 Bnlﬂ
i =1 1) 16 jG+DIEI—1) '

5 f-g.dr, bojx =

eQ I+1 (rpann dr
A= —TmBnm B.j= j(fr +g:%) ks
The constants 4 {;,), are related to the constants a,,;, and b,,),
as follows':
Af=an[1(I+1) 2I+1) j(j+1) (2j+1) 1", (6)
A =2/ b, LT (I+1) (21+3) (4—1)
x j(j+1) (2j+3) (45°—1) 1*%. 7

Here, py is the nuclear magneton; g is the gyromagnetic
ratio; the expression g = p gl gives the magnetic moment
of the nucleus; Q is the quadrupole moment of the nucleus; £,
and g, are the radial parts of the Dirac wave functions de-
scribing excitation of an atomic state njx [n is the principal
quantum number, j is the total momentum of the electron
shell, x = (I —j) (2j + 1), and / is the orbital momentum].
The ratio a,;, /g for the 1s,,,, 25,/5, 2P,,2, 2P3/», and also
b,,, . states with I(2] — 1)/Q are tabulated in Ref. 13.

In the case of photoexcitation () we have R ().,
o« (2F + 1) (statistical excitation). In this case we find that
8E )} =0, which follows from the properties of the 6j
Wigner symbol occurring in Eq. (3) and is governed by the
tensor properties of the hyperfine interaction operators.
This circumstance (together with the smallness of the
broadening) allows us to use x-ray fluorescence lines as the
reference standards.>'°

3.HYPERFINE SHIFT OF AN X-RAY LEVEL EXCITEDBY A
CONVERSION TRANSITION

We shall calculate the populations R 7)., of the hyper-
fine structure components F of the final state njx of an atom
excited in the course of internal conversion.
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The matrix element of a conversion transition involving
excitation of an atom in a specific state F of the hyperfine
structure is of the form®

Io l L L
Het (x')=[ (2F+1) (21"+1)]"'Z|(—1)‘{ 5 F}b.f. . (8)

Here, I, and I are, respectively, the spins of the initial and
final states of the nucleus; L is the multipolarity of the transi-
tion (|1 — Iy|<L<I + I,); 7 is the type of transition (7 = E
for electrical and 7 = M for magnetic transitions); »' repre-
sents the final state of an emitted electron: x
=U"=/)2+1);j)=1"+1/2,j =|x'| — 1/2;]"' and
are the orbital and total momenta of an electron; b (™ is a
reduced matrix element of the conversion transition.® The
population is given by the expression

e
Rj(r(nju)= F(n:u)/z F(n]k)? (9)

where W9, is the probability of excitation of the F com-
ponent of the hyperfine structure of a level njx by a conver-
sion transition:

. 21
Wy = Z |Hye () |

Consequently, using the properties of the 6f symbols,'* we
obtain

’

(10)

Reas=(2F+1) Z, (27+1) (—1) 2+

%x',L,L'
x{ LIL } { LIL }b“”' boE)
jiPFIVjGF
2%+, -1
(Xomwemr) ™. av

The nonstatistical nature of the population of the compo-
nents of the hyperfine structure is due to the fact that the
fraction on the right-hand side of Eq. (11) differs from uni-
ty.

Separating Eq. (1) into two parts in accordance with
Eq. (2) and substituting Eqgs. (3) and (11), we find that the
shift of the center of gravity of an x-ray level njx excited by
conversion is given by

SES= Y SEL (), (12)
A

where

SE (M) = (—1) "+1otr4 (), 2 (—1)7+" (2j"+1)

®x',L,L"
L1 1)
v\

2j'+1 lb(ib) Iz ) —t

xbu,(‘rL)' b,‘s"t") (
=l 2L+1

(13)

It should be noted that, in the case of mixed conversion tran-
sitions, Egs. (11) and (13) contain terms corresponding to
interference of transitions of different multipolarity (see
also Refs. 6 and 8).
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4.CONVERSION TRANSITIONS OF SPECIFIC
MULTIPOLARITY

In the case of a hyperfine shift of a level njx excited by a
conversion transition of specific multipolarity, it follows
from Eq. (13) that

OE n (M) = (—1)Hf»ﬂAélLE(—i)f*f' (27'+1)

I, I'L {],]L} lb(,"‘)lz
ALII WL i)™

i+ )-‘
o DL o
= 2L+1 6w .
(14)
We can simplify Eq. (14) significantly using explicit
expressions for the 6f symbols'*:

{ j i s }= (_DW.H,[

% Ji J2

(2j1—2) 1 (2ja—=)! ] "'
(27 Fx+1)1(2j,+x+1)!
X Yo (jujfa)- (15)

The quantity Y, is described by the recurrence relationships
of Ref. 14 . In particular, for x = 1 or 2, we have

Y, (jijj2) =—4(jije) =—2c;, (16)

Yy (jujia) =6c;(c;t1) =8 (ji+1) 2 (1), (17)
where

=i (j+1) =i (ot 1) =2 (jat 1) =2 (§sf=) - (18)

The relationship between Egs. (3), (4), and (5) follows
from Eqgs. (15)-(17).

Substituting Eq. (16) into Eq. (14) and using Eq. (6),
we find that the magnetic hyperfine shift can be written in
the following transparent form:

(IL) 5, (L)

(e)
njx 1) =—any )
OE,; (l" ) Qnj L(L+1)

(19)

where (Lj), is the average (over the final states ;' of the
emitted electron) value of the scalar product:

W= e +n s ran, (X @+ 1)
' x' (20)

Similarly, in the case of an electric quadrupole shift, we ob-
tain

V=Y 2i+1) [65 | Ya(Li))
n'

x( Z @+ 15 12)

The values of the averages given by Egs. (20) and (22) differ
from zero not only in the case of a nonstatistical distribution
of conversion electrons between j, i.e., not only when the
quantitites |b {7’ |? differ from one another. Therefore, the
nonstatistical nature of population of the hyperfine compo-
nents of an x-ray level excited by a conversion transition of
specific multipolarity is automatically related to the nonsta-
tistical distribution of the emitted electrons in accordance
with j'.

A set of permissible values of ' (and, therefore, of j') is
governed by the selection rules for conversion (see, for ex-
ample, Ref. 18):

(22)

[j—L|<j'<j+L,
ML-transitions | |I—L|<I'<I+L, (23)
H+U'+L — is odd,
where/ = — xforx <0and = x — 1for x > 0; we also find
that
|j—L|<j'<j+L,
EL-transitions | |I—-L|<I'<I+L, (24)
I+I'+L — is even,

We now consider some examples.

a. Hyperfine shifts of ns,, j=1/2,1=0,1=1,%x= — 1)
andnp,;, j=1/2,1=1,1=0,x =1) levels

In this case it follows from the selection rules (23) and
(24) that there are two possible states (i =1 or 2) of the
final electron and the values of j/, /[, and »x/ for these states
are given in Table 1. Introducing p‘™® = |b 1%/ |b f{?L’ |2
and bearing in mind that a purely magnetic hyperfine inter-
action occurs if j = 1/2, we find that Eq. (19) yields
(IL) 5, (Lj) - 1—p™

L(L+1) A+[(L+1)/L]p"™ "~
This expression reduces to that obtained in Ref. 6 for a K
level if we use explicit equations describing the scalar prod-
ucts (IL), and expressing (Lj),. in terms of the hyperfine
splitting A, ,,.,:

()
GE.*'» i A

(25)

2I+1
2

The final expression, identical with that deduced in Ref. 6, is

An'/;xEA ni:.*-lh—AEi'—/_::—v': An'hyxe ( 26)

SEL (02) =—1—bm Y, (LII) Y. (Lj'}) , Q) B g (I—=I) (I+1+1) —L(L+1) 1—pt .
24 L(L+1) (2L+3) (4L*—1) it - 4L 14+ [ (L+1)/L]p"®
where (27)
TABLE 1.
ML conversion in ns,, EL conversion in ns,,
EL conversion in np, ,, ML conversion in np,,
i 1 2 1 2
ji’ L-1/2 L+, L=, L+,
174 L-1 L+1 L L
i -L L+ L | —@+
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TABLE IL.

ML conversion (L> 1)

EL conversion (L>1)

i 1 2 3 4 1 ] 2 3 | 4
I A I I A I A R R s | L+
I L-2 L l L L+2 “ L1 l -1 | l L+
w |-w-nl L |-aml 2 | 0 | o | o[-

It should be noted that the hyperfine shift effect is dem-
onstrated most clearly when the value of p "> differs greatly
from unity. At moderate transition energies this occurs in
the case of ns,,, levels excited by ML conversion and for
np, , levels excited by EL conversion. In such cases we have
I{ <15 (Table I), so that p‘™ 1, and in Egs. (25) and
(27) we can substitute p‘™* ~0, which is accurate to within
10% right up to transition energies ~0.5 MeV (Ref. 6).

b. Hyperfine shifts of np,,, levels (j=3/2, I=1, I=
= —2)

In the case L > 1 the rules represented by Eqgs. (23) and
(24) give four possible values of »; (i = 1,2,3,4) and the
corresponding values of j! and /| , which are listed in Table
II. Table III gives the values of 2ji +1, (Lj);., and
Y,(Lj!3/2) for all the permissible values of j;.

Introducing

FTL) "'I b (L) 2/ | b(rt.) | p‘(ﬂ.) 1,

(28)

we find that the expressions for the hyperfine shifts of the
nps,, levels can be represented conveniently in the form

e 3 IL);,
6FE (=/,L (M1)=—dnv.x(_2_17ﬁtf) ) (29)
Y. (LLD)
(‘) 2 ( )
n' % 2 n',x (30)
2(02) = - b i
where
" (tL) 1— y,.im TI(!L) 1— y”L)
W =TT QR =T
u ,1_+_y(0ﬂ'.) 1+yLTL)
(L) (L) (1)’,)

—(L—3) (L+1)ps™ —3L(L+2) '
3(L—1) '

Y L(L+4)p,

bt

oy _ L(L—2) @, (L+3)(2L—1)
“ -1 * TTo) @2nta)
(L) L(L+2) (2[/_1) (7L)

3 04 ]

(L*—1) (2L+3)

It should be noted that, as in the preceding example, when
the energies of ML transitions (L > 1) are 0.5 MeV, we
can quite accurately assume that 77"'755’ = 1. In the case
of EL transitions considered in the same approximation, we
can assume that p{™ =p{™ =O0.

Thestates withj! = L — 3/2 do notexist for the M 1 and

E 1 transitions, so that we have to redefine the quantities
(r),

pi

('”) Ib(") IZ/Ib(") I pi'l) =1, (31)
Then,
i _ As0s =00 (32)
T T T et el
1—s () | 5, (%)
TIQ(ZH)'— /593 + /594 (33)

1+2p( 0 +3p(0

(E1) (E1)

In this case at low energies 7,/ '’ =745" = 1 it is important
to allow for p{™ for the E 1 and M 1 transitions.

The amplitudes b (™’ for nonanomalous conversion are
as follows'’:

b =2 [M] " E(TL)L ,
21,+1 (2j"+1)"
where E is the energy of the conversion transition; a = e/
fic; a(7L) is the amplitude of a nuclear transition accompa-
nied by the emission of a ¥ photon; M ™ is a conversion
matrix element which is independent of the structure of the

nucleus and is defined in such a way that the conversion
coefficient for the ith shell is

o' (tL)= Z | M |2

The amplitude @(7L) is related to the probability of y emis-
sion'® as follows

Wy (tL)=8naE|a(tL)|*/A(21,+1).

It follows from Eq. (34) that in the nonanomalous con-
version case, we should have

(L)

(34)

o Lo:™ + (L+1) ps™ + (L+2) g o — Ll 2y + 1 | D b 35)
L—1 : (bCP[p 2+ 1 | MEP
TABLE IIL
i ‘ i 2 3 I 4
2ji+1 l 2(L—1) l 2L 2(L+1) ‘ 2(L+2)
&y, ‘ ~a(L+1) A /2 (L-3) '
Ya(Lid %2) l 12(L+1) (2L+3) ‘—12(L—2)(2L+3) —12(L+3) (2L-1) I 12L (2L—1)
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The quantities M (™ are partly tabulated in Ref. 20 or can
be found numerlcally by means of specialized codes.?'

5. TRANSFER OF A HYPERFINE SHIFT OF X-RAY LEVELS BY
ELECTROMAGNETIC TRANSITIONS

Let us assume that a process G creates a vacancy in one
of the inner (K, L,...) shells of an atom, i.e., that a level
Ryt is excited. The hole then floats up as a result of electro-
magnetic E 1 transitions involving the emission of x-ray pho-
tons. We shall calculate the populations R [, of the F
sublevels of the hyperfine structure of the njx level if they are
excited by electromagnetic transitions from the sublevels F,,
(characterized by populations R {7, . .. ) of the ngjyx, level.

The rate of such transitions is given by (see, for example,

Ref. 22)
Fo—F . ] FI}lz (36)
Wngjoxo—+njx = wlol(2]0+1) (2F+1) l { Fo io 1 ’
where
Fo—F
Wit = Wrijoxo—>nixe

F

(r)

Then, the population R i, is described by

2

. ) j F1I
Reuiy = ZR;O‘ZLQJ-Dm> (2/o+1) (2F+1) | { P i 1} (37

The shift of the center of gravity of the level njx can be de-
scribed by analogy with Eq. (12):

OE = ZaELZLm. (38)

Calculation of the quantities SE ). (1) using Egs. (37) and

njse

(3) and the properties of the 6/ symbols'* yields the follow-
ing expression:

(G)

BB ()= Xy (o) (—1) 5 AR R

Fo
S
SRRV RE (39)
Using Eq. (1), we can represent the final result in the form
8ES. (M)

8ED ., (M-
(40)

Jo i } AP,

J—JotA+1
= (= )7 @y + ){x i

)
A],ian,,-/,

Expanding the 6f symbols in terms of Egs. (15)-(17) and
using Egs. (6) and (7), we find that

(jjo) 1 an]n

SEN, (1) = T B (n1), (41)
0 0 nojo%o
. Y, (j1j O
6ES) (02)= — YrUl)_ bur_spi@ 0y, 42)

47 (jo)

bnoJoﬂo

where J(j) =+ 1)(2j + 3)(Zj — 1).

It follows from Eqgs. (41) and (42) that in the case of an
electromagnetic transition from a level shifted because of the
nonstatistical population of the hyperfine components (for
example, as a result of excitation by conversion or electron
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capture), the final level and, consequently, all the other lev-
els in a cascade are shifted and this shift is governed by that
of the initial level. It means that information on the multi-
pole moment of a nucleus and on the properties of a nuclear
transition, which is carried by the hyperfine shift of the ini-
tial level, is transferred to the outermost shells of an atom.
Therefore, multipole moments of nuclei can, in principle, be
determined—irrespective of their lifetimes (or other nuclear
characteristics )—from shifts of the centers of gravity of any
lines (or any hyperfine multiplets if these are allowed) be-
longing to an electromagnetic cascade which accompanies
any process that leads to a nonstatistical population of hy-
perfine components of an excited state of an atom.
Moreover, the transfer of hyperfine shifts from highly
excited to lower levels leads to an additional x-ray line shift.
The hyperfine shift of an X, x-ray line as a result of excitation

by the process G of a level ngyj,x, and an electromagnetic
X,

transition nyyx,— nj,x, is given by
SEY, = EéE(G) (), (43)

where

(@)

SES (M) =O8Eqs (M) — BEL, (M), a=njx. (44)

Substituting Egs. (41) and (42) into Eq. (44), we obtain

(Joj1) 1 @a, ] (6)
— 0FE ., | 45
T (utl), (45)

SEx," (1) = [1 -
Ya(iitjo) b,
4Go)  ba

X,
The shift of the next X, line (a,—a,) is

SEx, (Q2)= [1 ]615;?’ (©2). (46)

8E'=0E,"—8E. (47)
where
r (izjl)l Qg (.iljo)i aou (G)
SEx, ( 1)=[1— ] “oE. (u1),
X ]'1(]'1+1) A, ]o(]o+1) A,
(48)
r Y (]2111) bﬂ-z YZ(]11]0) brl( (G)
SEx. 2=—[1+ 2 8ES) (Q2).
x (€2) G bed w1Gy b O @2
(49)

Similar expressions are readily obtained for the other lines in
the cascade. It should be pointed out that although the addi-
tional shifts of the lines due to the lower levels are small
because a, <a, ,andb, <b, ,they must be allowed
for in determination of the nuclear characteristics from pre-
cision measurements of the hyperfine shifts of x-ray lines.

6.CONCLUSIONS

The main difficulty limiting the use of x-ray crystal dif-
fraction spectrometers in measurements of the nuclear mo-
ments is the need to distinguish precisely that x-ray line
which accompanies the investigated nuclear transition.
Therefore, experiments have been carried out only on nuclei
exhibiting the simplest decay schemes.*'° It is difficult to
use the coincidence method because of the low luminosity of
crystal diffraction spectrometers. The use of a semiconduc-
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tor spectrometer in an x-ray arm?’ creates problems asso-
ciated with its much poorer energy resolution and relatively
unsatisfactory time characteristics, so that a strong back-
ground of random coincidences is created.

These difficulties are eliminated in a natural manner if
we determine precisely the energies of electron conversion
lines which undergo the same (but opposite) shifts as x-ray
levels. The precision of determination of the electron ener-
gies is at present approximately an order of magnitude less
than that required in such experiments,? but such a preci-
sion is not unattainable. The solution of the problem of de-
termination of hyperfine energy shifts of conversion lines
using a high-resolution beta spectrometer?*?* would widen
considerably the prospects of the method.

The authors are grateful to O. I. Sumbaev and A. V.
Tyunis for valuable discussions, and to P. L. Sokolova for
her help in preparing of the manuscript.
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