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An analysis is made of the nonlinear conductivity of point-contact ScN junctions with a
constriction (c) between superconducting (S) and normal (N) metals in the range of voltages
much higher than the superconducting energy gap. Nonlinearities of the junction current-voltage
characteristics observed at these voltages are mainly due to the contribution of inelastic electron-
phonon scattering to the current. It is postulated that the size of the constriction is considerably
less than the following quantities: the mean free path of electrons in the case of elastic impurity
scattering /;, the inelastic electron-phonon interaction length /,, or the superconducting
correlation length &, . It is shown that the nature of phonon singularities of the conductivity and of
the second derivative d*J /dV > depends strongly on the reflection coefficient R of electrons
incident on the NS interface. A strong temperature dependence of the second derivative is found
below the critical temperature of the superconductor when the coefficient R is sufficiently large
and also when the Eliashberg electron-phonon interaction function g (@) has peaks of width

comparable with the energy gap.

1.INTRODUCTION

The interest in the study of inelastic electron-phonon
scattering in normal and superconducting metals by point-
contact spectroscopy has recently increased.! The current-
voltage characteristics of a point-contact junction and its
derivatives at voltages corresponding to maxima and other
singularities of the photon density of states F(w) can be used
to determine the frequency dependence of the electron-
phonon interaction (EPI) function g(w) = a*F(w), where
a’ is the square of a matrix element of the EPI averaged over
the directions of the initial and final electron momenta.

The relationship between d*/ /dV ? and g(w) was ob-
tained in Ref. 2 for the ballistic motion of electrons, which is
optimal in the case of point-contact measurements.' This
ballistic regime is realized when the size d of a microcon-
striction is small compared with the elastic and inelastic
electron mean free paths /; and /,. An increase in the preci-
sion of the method requires lowering of the temperature to
reduce the influence of the thermal broadening of the Fermi
distribution of electrons at the banks of a junction. The su-
perconducting transition can occur in some of the materials.
In some cases the superconductivity in the contact region
may be destroyed by a magnetic field, but in the case of su-
perconductors with high critical fields we can investigate the
EPI in the superconducting state using a point-contact junc-
tion.

Information on the electron and phonon excitations in
superconductors can also be deduced from the tunnel mea-
surements®™ using superconductor-insulator-superconduc-
tor (or normal metal) [SIS (or SIN)] junctions. A nonlin-
ear tunnel current-voltage characteristic typical of
superconductors is due to the existence of a gap in the elec-
tron spectrum and also to the energy dependence of the com-
plex energy parameter A(¢), introduced by Eliashberg,®
which determines the tunnel density of states>*

N (e)=N(0)Rel Igl/’(e'—'_AZ)‘/,]’

where N(0) is the density of states on the Fermi surface of a
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normal metal. The value of N, (¢) can be found from the
voltage dependence of the tunnel conductance d7/dV and
then the EPI function can be reconstructed from the integral
Eliashberg equations.®*

In contrast to tunneling accompanied by conservation
of the electron energy, in the case of point-contact junctions
with direct conduction under voltages of the order of typical
phonon frequencies the nonlinearities of the current-voltage
characteristics are related mainly to the inelastic EPI in the
junction region.

We shall consider the contribution of inelastic relaxa-
tion of nonequilibrium electron excitations to the nonlinear
current-voltage characteristics of ScN junctions with a con-
striction (c¢) between superconducting (S) and normal (N)
metals. This was done earlier’ in an approximation which
ignores the difference between the electron parameters of the
metals in contact and the possibility of existence of an abrupt
(nonsemiclassical) potential barrier at the interface.

An analysis given in Ref. 9 yielded a relationship be-
tween d °I /dV ? and the point-contact EPI function g,,. (@)
qualitatively similar to the case of a conventional ScN junc-
tion, but differing from the Eliashberg function g(w) by the
presence of a factor K(p,p,), which in the case of averaging
over the directions of the momenta introduces restrictions
(due to the geometry of the point-contact junction) on the
electron momenta before and after the emission of a phonon
of frequency @, _,. When one of the banks becomes super-
conducting, the familiar expression for the second derivative
of the current-voltage characteristic'?

o—eV
T

)gpc(m)dm/T,
(1)

d*1/dV*=—4ne’Q,;;N (0) (K)j. Sr (
0

where Q. is the effective generation volume,
d? z
Snle) =2 (=)
r(z) a7 \ o1
is the thermal broadening function, and (K ) is the value of
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the K factor averaged over the directions of the momenta,
has to be modified by replacing S with the broadening func-
tion of the ScN junction.” At low temperatures character-
ized by T <€A, this broadening function is

2[z— (z>—1)"]? 8(z—1) _ (0—eV)

S =" "

(2)

The above expression is valid at high voltages eV’> A such
.that the inelastic scattering of electrons is the prime factor
that governs the nonlinear 7( ¥) dependence.

In the superconducting state when temperature is
lowered the thermal broadening of the phonon nonlineari-
ties of the current-voltage characteristic changes to broaden-
ing associated with the finite size of the energy gap A. The
maximum of the function S (@) corresponding to the vol-
tage eV = w shifts at temperatures T < Atow = eV + A and
the profile of the broadening curve becomes asymmetric.

The effects associated with the change in the broaden-
ing function had been observed already'® for Sn-Cu point-
contact junctions. Peaks of the second derivative of the cur-
rent-voltage characteristic, corresponding to maxima of the
EPI function, were found to shift because of a change from a
conventional to an ScN contact in the direction of lower
voltages by a value of the order of Ag,. The observed shift of
the phonon peaks is opposite to the shift, known from tunnel
spectroscopy,®” of singularities of the phonon density of
states when a singularity F(w) at a frequency w, is manifest-
ed in the second derivative of the current-voltage character-
isticata voltageeV = w, + A. Thisis due to superposition of
the singularity F(@) on a square-root singularity of the tun-
nel density of states N(&) (Ref. 11).

The results given above for an ScN point-contact junc-
tion are valid if

d<l;, &, (3)

where £, ~vgs /T, is the superconducting coherence length
and v is the Fermi velocity in the investigated supercon-
ductor. It is also assumed that the phonon structure of the
current-voltage characteristic appears at voltages much
higher than the energy gap eV'> A. Assuming that eV <A,
the nonlinear conductance of an ScN point-contact junction
considered ignoring inelastic electron relaxation was calcu-
lated in Ref. 12 in the “pure” junction limit of Eq. (3) and in
Ref. 13 in the “dirty” limit /; €d, whereas the calculation in
Ref. 14 was made allowing for the finite tunnel transparency
of the interface. In all these cases a linear dependence I (V)
with an excess current /.. was obtained for the eV’> A case:

I(V)=V/Ry+Io. 4)

Here, R is the normal resistance of the point-contact junc-
tion, the excess current I, corresponds to eV'> T, and A is
proportional to A/eR .

We calculated the nonlinear current-voltage character-
istic of a point-contact ScN junction allowing for inelastic
EPI processes in the junction region without restricting the
value of the electron reflection coefficient, which depends on
the relationship between the Fermi velocities and the param-
eters of the potential barrier at the junction. Nonlinear cur-
rent-voltage characteristics of a normal junction between
two different metals were calculated by Shekhter and Ku-
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1ik."* The K factor and the EPI function of the heterojunc-
tion obtained by them contain a transparency coefficient D
and the temperature dependence of the second derivative of
the current-voltage characteristic is independent of this co-
efficient, but is governed by the thermal broadening function
in Eq. (1).

We shall show that in the case of an ScN point-contact
junction, depending on the value of D, i.e., on the degree of
“tunneling,” the form of the phonon singularities of the cur-
rent-voltage characteristic and the influence of temperature
on this characteristic may differ greatly from the cases of a
normal heterojunction'® or an ScN junction with a perfectly
transparent (D = 1) interface.’

2.EQUATION FOR SEMICLASSICAL GREEN FUNCTIONS
AND CALCULATIONS OF THE INELASTIC COMPONENT OF
THE CURRENT

In view of the smallness of the ratio d /1., the probability
of phonon emission by a nonequilibrium electron experienc-
ing the influence of a strong electric field at the junction is
low. In the normal case this makes it possible to solve the
Boltzmann transport equation for the electron distribution
function using perturbation theory.? The nonequilibrium
distribution considered in the zeroth approximation, depen-
dent on the potential difference ¥ and anisotropic in respect
of the momentum, is substituted into the electron-phonon
collision integral; this gives rise to corrections of the order of
d /I, to the distribution function to the current, and these
corrections are associated with the generation of phonons by
nonequilibrium electrons. In the case of a superconductor,
because of the inequality given by Eq. (3), we cannot use the
kinetic equation for the quasiparticle distribution function,
such as that obtained by Aronov and Gurevich.'¢ We have to
solve the matrix equations for a semiclassical Green func-
tion, which are integrated with respect to the electron energy
g, (Refs. 17 and 18) and which describe not only the change
in the energy distribution of electrons in the junction region,
but also the change in the energy spectrum compared with
that of a homogeneous superconductor. Allowance for in-
elastic processes of nonequilibrium electron relaxation gives
rise to a correction of the order of d /I, to a Green function
and the task of finding it is not trivial, '’ because of the matrix
nature of the equations.

We now proceed to calculate the inelastic contribution
to the Green function, which makes it possible to find the
inelastic current component that depends nonlinearly on the
voltage.

The point-contact model is similar to that considered
earlier,'*'" i.e., we shall assume that a superconductor and a
normal metal are separated by a thin impermeable barrier
with a small aperture (Fig. 1). Within this aperture the
transparency coefficient of the barrieris D (R = 1 — Dis the
electron reflection coefficient). The barrier width 26 is con-
siderably larger than the size of the aperture d, the potential
of the barrier layer vanishes if |z| > 8, and the z axis is per-
pendicular to the SN interface. The component of the elec-
tron momentum parallel to the interface is conserved. The
coefficient D generally depends on the coordinate p in the
plane of the interface and on the direction of the electron
momentum. A normal metal is assumed to occupy the half-
space z<0 and a superconductor occupies z>0. All the
quantities referring to the left or right banks of the junction

V.A.Khlus 2368



FIG. 1. Model of a junction and classification of electron paths. At a point
R, located on a path the direction of which is governed by the momentum
p, the momentum p, corresponds to a transit path, whereas p, corre-
sponds to a nontransit path.

will be labeled with the indexj whichis 1ifz <0Oand 2ifz> 0.
We shall now write down the equation for a semiclassi-
cal Green function in the operator form'>'*:

vr0G/oR+[H, G]-=0. (5)

The function G (z,t';R,p), dependent on a ““slow”” semiclassi-
cal coordinate R and on the direction of the momentum p on
the Fermi surface, satisfies Eq. (5) if |z| > 8. The Fermi ve-
locity vectors v; = de;/dp are governed by the energy spec-
tra ¢;(p), which are assumed to be isotropic vy = pg;/m;,
where p;; and m; are the Fermi momenta and effective
masses, respectively.

The matrix G includes retarded, advanced, and Kel-
dysh functions®

o
a=[¢ (ii] (6)
0 G

and these functions are themselves two-row matrices.?!
Their definition adopted here is identical with that used in
Ref. 18. The operatorH in Eq. (5) is

H(t,t':R,p)= [f, —Z—t-*-ie(l) (R, 1) ] 8 (t—t') +iS+<G> /21,
@)

Here 7, = ie 75, where 1is a unit 2 X 2 Keldysh matrix; 7, is
a Pauli matrix; ® is the potential of the electric field which
appears due to the flow of the current across the junction
interface; 7; = I, /vy; is the mean free time of electrons scat-
tered by impurities; (. . .) denotes averaging over the direc-
tions of the momentum. The self-energy operator 2 can be
represented as a matrix, by analogy with Eq. (6), and it
describes superconducting pairing of electrons and renor-
malization of the spectrum due to the EPIL,%" as well as the
inelastic electron-phonon scattering.'”'® In calculation of
the commutator in Eq. (5) and in the subsequent expres-
sions the matrix product includes integration with respect to
the time variables.

We shall simplify the calculations by ignoring the EPI
in the normal metal. In experiments (see, for example, Ref.
10) it is usual to employ metals with a weak EPI, such as
copper, silver, etc. Their contribution to the point-contact
spectrum can be allowed for in accordance with Ref. 15. The

inequalities vy, = Vgy >Vp, = Ups and pp, > pp, are also
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usually obeyed. The second equality has the effect that the
total internal reflection is possible only in the case of those
electrons which are incident on the interface from the nor-
mal metal side.

The voltage Vis applied to the normal bank of the junc-
tion and the superconductor potential are assumed to be
zero. Electrons are injected from the normal metal into the
superconductor, where they relax emitting phonons. We
shall now calculate the contribution made to the current by
these inelastic processes.

We shall write down a Green function in the form

G=Gy+g, (8)

where GO is a function considered in the zeroth approxima—
tion with respect to d/I, and d/{ (where &~

=& +l 7). The function G obeys Eq. (5) where the
operator H contains not the exact Green function G but its
limiting values G1 , at the banks of the junction.'>'* The
operator H is then a discontinuous function and z = 0. The
value of G can be obtained from the equilibrium normal
quasiclassical Green function by a phase transformation de-
scribed in Ref. 22 and G2 is identical with the equilibrium
superconductor function'”'8:

Ga(e)= [ &"(e) [&°(e)—2 (Ae) Ith (e/2T) )

(e)
Here, g**(e) =gl*%, + f24i#,, where gfi=¢/
ERA(g) = (¢/A) 2. In the BCS theory the quantity A is a

constant which in this case can be regarded as real and we
then have £%4 () = [ (e + i0)® — A%]"2, In the electron-
phonon model of the superconductivity®’ the quantity A is
regarded as a complex function of £ and £% (¢) is obtained
by analytic continuation of the quantity [£> — A%(g)]'/?
from the upper and lower half-planes, respectively, to the
real values of €, and the choice of the branch of the square
root is determined by the condition Im(e?> — A?)'/25 0.
The first-order correction g(#,t';R,p) is described by'®

n,0g/0s+[ H,, g1-+[6H, G,]-=0, (10)

where s is the time of motion along a path the direction of
which is described by the vector vg; 1,0 /ds = v /9 R;
7, = sign p,. The paths traversing the barrier are refracted
(Fig. 1). The operator 6H is the difference between the exact
operator (7) and 1ts discontinuous approximation Ho, ob-
tained by replacing G with 0(—2z2) Gl + 6’(z)G2 and replac-
ing a smooth potential ®(R) with a step ( — z) V. The con-
tribution of the last term in Eq. (7) can be ignored because it
gives rise to voltage-independent corrections of the order of
d /l; to the normal resistance and to the excess current'® in
Eq. (4). The spatial variation of the potential ®(R) can be
found from the electrical neutrality condition when the po-
tential does not occur in Eq. (10) because of the absence of a
time dependence.
The part SH needed to calculate the inelastic current is
8H(t, '; R, p)=ib2(¢, t'; R, p)0(z). (11)
It is known that in the adiabatic approximation (see, for
example, §21 in Ref. 21) the self-energy electron-phonon
operator is a linear functional of an electron Green functlon
We can find 63 by substituting in the familiar expressions'®
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the difference defined by GO(R,p) — Gz, so that at a given
point R in the course of integration with respect to p we have
to allow only for “transit” paths (Fig. 1) for which G0
differs from G2 The corresponding phase volume decreases
away from the aperture as (d /R)>

A comparison of the second and third terms on the left-
hand side of Eq. (10) shows that the ratio of these terms is of
the order R %/dA, where A = min{(,l. }. If R < (dA)'/?, we
drop the second term and this gives the following solution:

B0 =g (H)—in, | dsT68, Gl (12)
0

where the value of § is taken directly to the right of the bar-
rier, §( + ) = g(z = §), governs the inelastic component of
the current. If R> (dA)'/?, the last term of Eq. (10) is small
and § satisfies a homogeneous equation the solution of which
varies along the path in a distance of the order of A >d. The
asymptotic expression given by Eq. (12) corresponding to
s>d /vgp, and the limit of the solution of the homogeneous
equation corresponding to s—0 are identical at distances
R ~ (Ad)''?, s0 that far from the junction the solution can be
represented by

£ (s) =exp(—n,H0s) &, exp (n,Hs), (13)
where

=Z(+)—in, st[az, G,]-. (14)
0

In view of the above-mentioned restriction on the phase vol-
ume, theintegral of Eq. (14) converges afteratime ~d /vg,,
i.e., after a time of the order of the transit time of an electron
crossing the constriction. A characteristic length of the
change in the zeroth-approximation solution is 4, so that we
can ignore the dependence of the Green function in Eq. (14)
on s and replace this function with its value Go( + ) at the
right-hand bank of the barrier. At high values of s the solu-
tion given by Eq. (13) should decrease so that the following
boundary conditions apply to g, {Refs. 12 and 19):

é2="]pézg’2=—npé;zéz- (15)

Using Eq. (15) and similar relationships that follow from
the requirements that g falls to the left of the aperture in the
limit z— — 0, we obtain the following system of equations
@r the Gl;gen function of Eq. (8) at the barrier banks,
G(+)=G(z= t6):

é(+) =é~z + ﬂpbzé (+)— npi + K
=é2—npé(+)éz+ﬂp\i+l‘z'v (16)
é(—)=é1 — 1pGyG (—) + npl =G, + an (—) G, — nxﬁ’
(17)
K=y —C,J, k' —=n,7 + 7,
and
(18)

is the electron-phonon collision operator.
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The boundary conditions for semiclassical Green func-
tions derived in Ref. 14 relate the part of G odd in respect of
the momentum and continuous at the junction interface to
the even components G ( + ) onboth sides of the barrier. In
Egs. (16) and (17), we can substitute

G(%)=C.(£)+n,G. (19)
Moreover, the following equation is valid'*

[I - Eaz —D (éc+)2] G/a =D§c—éc+7

Get =[G (+) £ Ge(—)1-

Equations (16)-(20) allow us to find (in the first order
in respect of the electron-phonon collisions) a component of
the function § which is odd in respect of p. It follows from
Egs. (16) and (17) that G * canbe expressed in terms of G

(20)

Gt =Gy + GG, +1/,K., 21)

where
é:!: = 1/2(\632 =+ GJ-

Substitutir\lg Eq. (21) into Eq. (20), we obtain an
expression for G, where the Green function in all the terms
containing the electron-phonon collision operators should
be taken in the zeroth approximation. This derivation is
based on the anticommutation relationships

{gm a:t}.;. == (éa! Ei)q— == 1/2 {76’ 62}+’

which follows from the definition of 7 of Eq. (18) and from
the normalization condition'®

(22)

G*=1, (23)
which is satisfied with the required precision, as can easily be
shown. o

After some simplifications the equation for G, becomes

G,(1— DG 2 — DG.G,— LZ D S ds (G -- LG

0

+ B — Gy2G, + 24, G,1) G, (24)
where
M =(1—G,) E. — C2Gy + (24, Gy)),
L=0G,3.6.(+)— G.(+)EG, + G,5,G, — G 2,6,

—{Ge(+) — Gy T}, — {Gor B}

and the Green functions on the right-hand side of Eq. (24)
are taken in the zeroth approximation (the index “0” is
omitted here and later) and are given by'*?2:

G,=DG_G,/(1 — DG2),
G, (+)=(G, + RG.)/(1 — DG 2),
Gt =G, /(1 — DG2).

(25)

We shall also introduce the notation
6\2 = f(.' -+ npia

Transformation of the right-hand side of Eq. (24) gives

L .o
fom - s (X)), (26)

0
where
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Xl = [\i‘cv éc ('{_)]- - éafcéc (+)
—C(+) 580 + G (+) 58 (+)

— G (+) 2% (+), (27)
Xz'—za‘*‘ [Zav a]_'_ é ("*')2 é (_}') - VaZnGr.
+ G (+) 28 () — Ga (+) ZF0 (4)- (28)

These expressions contain a function g ( + ) introduced in
Ref. 14 and obtained when a semiclassical description is used
for systems with fast spatial variations of the potential and
abrupt interfaces between regions with different electronic
properties. The even and odd (in respect of the momentum)
parts of this function &, ( + ) are given by

9. (+)=— R"G,/(1 — DG 2),
} o (29)
G, (+)=— R:/(1 — DG ?).

The expansions of Egs. (25) and (29) in respect of the Pauli
matrices are given in the Appendix.

The electron-phonon operators 2, and E are ex-
pressed in terms of Green functions integrated w1th respect
to the energy'®:

3T (e, p)—jds,J.

aQ,, €1—¢€
T * Wep, (£1— e){cth( 12T)

XIG (4 0 —G (e) 1FALEH (+; e)—8,5 (e 1 ],

(30)
o dgm
ECK(E,p)=S dslf 4n wpp,(al_ﬁ){cth( ZTG)
X [GX(+;e0)—G,% (e)) 1—[GF(+) (31)
LEA) (o) HE—EA1 ) |
where
o (£18) ="/iN2(0) Y, | gln. |20 (15 P, 0, 5)
X [D*—D*),,-p(e,—¢€). (32)

The phonon Green functions D® and D* are described by
D*(0)=[D*(0)1'=0:2(q)/[ (0+i0)*—wi*(q) ],

where w*(q) is the dispersion law of phonons with a polar-
ization A; g’lp is a matrix element of the EPI; N, (0) is the
density of states on the Fermi surface in the investigated
superconductor.

The step function is (p,;p,p,s) = 1if the vector p, cor-
responds to a transit path passing through a point R; other-
wise it vanishes (Fig. 1). The point R lies on a path passing
through the aperture in the junction and the direction of this
path in the superconductor is described by the vector p; p is
the coordinate of the point of intersection of the path with
the z = 0 plane; s is the time of motion from the junction
plane to R.

The operator 2 satisfies expressions analogous to Eqs.
(30) and (31), where G (+)— 02 is replaced with G and
the functions w,, are replaced with w,, , the latter differing
from Eq. (32) by the factor 7, 7,, . All the zeroth-approxi-
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mation Green functions in the above expressions are given
explicitly in the Appendix.

The relationships given by Egs. (25)-(32) allow us to
calculate the nonlinear (in respect of the voltage) current
component associated with the inelastic relaxation pro-
cesses.

3.NONLINEAR CURRENT-VOLTAGE CHARACTERISTIC OF
AN ScN POINT-CONTACT JUNCTION AT HIGH VOLTAGES

In this section we shall use the results of Sec. 2 to calcu-
late the current-voltage characteristic of a point-contact
junction between a normal metal and a superconductor sub-
jected to voltages eV’> A when the dependence I(¥) is linear
and contains the excess current of Eq. (4) if we ignore the
electron-phonon collisions. The inelastic component of the
current I, (¥) can be expressed in terms of the Keldysh
function gX:

T (V) =—"/,eNy(0) J p § deTr 2,¢[v.125 (e: 9,5=0)>,
| (33)

where the integration with respect to p is limited to the area
of the aperture in the junction.

Further calculations reduce to finding the coefficients
in front of the matrix 7, in off-diagonal Keldysh components
of the quantities X 12> Which are defined by Eqgs. (27) and
(28). The expression for the current simplifies when eV'> A.
The inelastic contribution to the current, which is a nonlin-
ear function of ¥, can be written in the form

]ph(V) =——€Nz(0) Qe_r'_‘ J d(J)[

0

uw o, V) tn " (o, V)]

(34)

The above expression contains the inelastic relaxation times
of electrons 7, , dependent on the voltage across the junction
and associated with the processes that are accompanied by
the emission of a phonon frequency w:

7. (0, V)=2n jde <sz (03 p, p,)DDi{A (e)

2(e*=A*)"[|e|+(e’”=A")"10(]e| =A
[D|e|+ (1+R) (e2—A%)“]?

L(1-n(e)] })

X n(eto—eV),

. (0, V)=2n jda(u@(m; P, p,)BDDi{A (e)

2(e*—A%) "[|e] —(e’—A%) *]0(] e| —A)
[Dle[+(1+R) (=A%) " ]?

[1-n(e)1})

X n(eto—eV),

(36)
where
A(e)=A%{8(A—]|e|)[ (1+R)*A*—4Re*]~'+0(]e|—-A) [D]¢]|
+(1+R) (=A%) 1%,
and n(e) = [exp(e/T) + 1] 7" is the Fermi distribution

function. The effective phonon generation volume for a cir-
cular aperture with a diameter d in Eq. (34) is Q. = d*/3.
The EPI functions w, , are

V.A.Khlus 2371



W,z (0; p, P:) ="/2N,(0)6 (Fp.p..) K (p, p:)

X Zm;—plgp;.lzﬁ(m—ai.:—p), (37)
»
where the geometric K factor is?

K(p, p.)=|p:||p::|/1pP1:—psp:|.

The transparency coefficient D and also the reflection coeffi-
cient R generally depend on the direction of the momentum.
In Egs. (35) and (36) we have D = D(p) and D, = D(p, ),
and the angular brackets denote averaging over the direc-
tions of p and p, . The actual form of the dependence on the
momentum and on the barrier parameters is governed by the
potential barrier model which is selected. %!

It follows from Eq. (37) that the relaxation times 7,
and 7, describe the processes of electron scattering accom-
panied by the emission of a phonon when the z component of
the electron momentum may or may not change its sign.

The nonlinear part of the conductivity associated with
phonon generation in the junction region can be described by
a sum of two terms:

O (V)=0,(V)+o,(V). (38)

In the case of a junction in the form of a circular aperture of
diameter d the conductivities o, , (¥) are given by

16d
01,2(V)=— 3Urstvj; dol{W,(o;p,p:)
XF,[(eV-w)/T; A/T]Y, (39)
where

+°°de [ eto—eV 8(A—|e|) A’
=_S&Zi‘-ch ( or ){ [(1+R)*A’—4Re]
[e|£(e*~A%) " th(e/2T) ][ |e]| £ (e?—A%)"]
Dl gy olel=0
(40)

The normal resistance of the junction is given by the usual
expression

v '=2{aD(a)>/R,y, a=cos 6,

where 0, is the angle between the path of the electron to the
right of the junction, inside the superconductor, and normal
to the interface; R, is the resistance of a pure metallic con-
striction with a cross-sectional area S equal to R, = 47/
2,2
e’pryS.
The EPI function W, is

W.(w; p, p1)=DD,w,(w; p, p:)/2{aD(a)>

and averaging over the directions of the momenta makes this
function identical with the point-contact function of a nor-
mal heterojunction,'® whereas W, is given by

W.(o; p, p1)=RDD,w.(w; p, p:)/2¢aD(a)).

If we ignore the angular dependences of the coefficients R
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and D, we find that averaging yields

(W>=DG(0), {(W)>=RDG,(0),

where the point-contact functions G, , (o) have the usual
form,'? but contain different K factors:

K (p, p)=06(Fp.p..) K(p, p)-

Let us assume that the EPI matrix element depends only on
the modulus of the transferred momentum g = |p — p,|, so
that in the case of a spherical Fermi surface we average the K
factors over the directions of p and p, for a fixed scattering
angle . This gives the familiar®® “normal” factor

K (0)="/s(1—6 ctg 0), (41)

corresponding to backscattering accompanied by a change
in the sign of p,, as well as the factor

K:(8)="/s[1+ (n—8) ctg 0], (42)

which determines the contribution of the forward scattering
to the inelastic current.

When two normal metals are in contact and also when
D =1, the inelastic current and the conductivity are de-
scribed by the first terms of Eqs. (34) and (38). If the trans-
parency of the junction interface is finite and the tempera-
ture of the junction is 7'< T, an additional contribution o,
to the conductivity appears and, as demonstrated by Eq.
(42), the role of the scattering processes accompanied by a
small transfer of the momentum increases. The increase in
K, (6) may have the effect that both terms in Eq. (38) be-
come important even if the reflection coefficient R is small.

Figure 2 shows graphs of the functions F, , obtained for
various values of R. Near the voltages e/ = @ + A there are
peaks associated with the gap singularities of the probabili-
ties of the Andreev reflection and single-particle processes in
an SN junction with a finite reflection coefficient.**

Innumerical calculations we shall replace the EPI func-
tions G, , (w) with }g,. (w) and the factor } then appears as a
result of averaging of the factors K, (8) over the scattering
angles. The point-contact function g, (@) will be selected in
the form of a Lorentzian curve with an average frequency w,
and a half-width I'. The derivatives of the current-voltage
characteristics with respect to the voltage and their tempera-
ture dependences are affected strongly by the value of R, and
also by the relationship between the width I" of a phonon
peak and the gap A. Figure 3 shows the nonlinear correction
to the resistivity of a contact p(¥), which corresponds to a
narrow phonon peak such that y = I'/A = 0.2. The gap sin-
gularities F, , (Fig. 2) appear in the form of two maxima of
p(V) at eV = w, + A, which disappear when the tempera-
ture of the junction is increased to T.

Values ¥ R 1 are more realistic. The resistivity p(V) is
then a smooth function and the spectral singularities appear
in the second derivative d’I /dV * of the current-voltage
characteristic. When the width of a phonon peak is large
compared with A, the change in the point-contact spectrum
as a result of lowering of T is relatively small and depends
weakly on the reflection coefficient R (Fig. 4). If y decreases
but R remains sufficiently large, the temperature depend-
enceofd *I /dV *becomes very strong (Fig. 5). A Lorentzian
phonon peak [deduced allowing for the thermal broaden-
ing—see Eq. (1)] is converted into an asymmetric curve as a
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FIG. 2. Functions F, (a) and F, (b) plotted for T/T, = 0.1 and different
values of the reflection coefficient R: 1) 0; 2) 0.3; 3) 0.5.

result of the transition to the superconducting state and the
derivative d 21 /dV % becomes an alternating function of the
voltage.

The derivatives of the current-voltage characteristics
plotted in Figs. 3-5 are given in relative units. The order of
magnitude of the change in the differential resistivity due to
the inelastic electron-phonon scattering is

P (V)/RA'N)\phD(d(l)o/Ups),

where A, is the dimensionless EPI constant; in the selected

L I | ! L i
-3 -z -1 o0 1 7 4
(eV-wy) /A

FIG. 3. Differential resistivity p (¥) at voltages corresponding to frequen-
cies at which the point-contact function g, (@) has a Lorentzian profile
with an average frequency @, and a half-width I". The reflection coeffi-
cient is R = 0.5 and we also have ¥ = I'/A = 0.2; the reduced tempera-
ture T/T, is 1, 0.5, and 0.1 for curves 1, 2, and 3, respectively.
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2
= J
1 ! ) I A
N 5 0
(eV-wy,)/A

FIG. 4. Second derivative of the current-voltage characteristic with re-
spect to the voltage for a Lorentzian function g, (»); R = 0.5, ¥ = 5, and
reduced temperature 7'/7T, amounting to 1, 0.8, and 0.5 for curves 1, 2,
and 3, respectively.

model the phonon frequency w, is equal to the average fre-
quency of a Lorentzian peak.

For typical values of d~10"% cm, vy~ 10® cm/s,
D~05, wy~10" s7', and A, ~0.5, we obtain p/
Ry ~25'10"2

In the case of superconductors with a strong EPI a non-
linear structure of the current-voltage characteristic of a
point-contact junction can also be related to the energy de-
pendence of the gap A(¢). At high voltages the “tail” of the
gap singularity of the current-voltage characteristic makes a
relative contribution of the order of (A/¥)? to the differen-
tial resistivity. Hence, it follows that the effects considered
here may determine, for a given value of ¥V, the nonlinear
resistivity of the junction if

d> (ves/VDAp) (AIV)2. (43)

This imposes restrictions on the transparency coefficient D,
which must not be too small. If D<1, we go back to the
familiar elastic tunnel spectroscopy method.>™

4.CONCLUSIONS

A theory of the nonlinear conductivity of ScN point-
contact junctions given in Refs. 12-14 and 24 accounts for
the dependence I(V) at voltages eV ~A. When V is in-
creased to values corresponding to typical phonon energies,
a strong influence of the nonequilibrium effects and of heat-
ing in the junction region may result in major changes in the
resistivity associated with partial or complete suppression of
the superconductivity near the junction.

We considered a situation in which the voltage depend-

FIG 5. Voltage dependences of the derivative d*J /dV ? similar to those
plotted in Fig. 4, but for R = 0.8, ¥ = 2, and the following values of 7' /T :
1) 1;2)0.8;3) 0.3.
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ence of the conductivity appears because of the contribution
made to the current by “hot” electrons injected into a super-
conductor and relaxing by phonon emission. Phonons leave
the region adjoining the constriction without heating this
region significantly. The feasibility of realizing this regime
experimentally in ScN point-contact junctions is supported
by the observation that the excess current remains practical-
ly constant when Vis increased,*’ i.e., the order parameter A
for the banks is not suppressed on increase in the Joule dissi-
pated power R I 2. The local state of the superconductor in
the vicinity of a junction of size d nevertheless differs strong-
ly from the homogeneous equilibrium state far from the
junction and this is the reason for the complex voltage de-
pendences of the probabilities of inelastic processes.

It is clear from our results that the phonon singularities
of the current-voltage characteristic are affected by the finite
transparency of the NS junction and/or the difference be-
tween the electronic characteristics of the normal and super-
conducting banks of the junction. Such effects are always
present in ScN-type heterojunctions. In some cases'® they
are manifested weakly, but in other experiments®2’ they
influence considerably the point-contact spectra. For exam-
ple, in the case of Ta-Cu contacts it is found?* that the down-
ward shift of d*I /dV * along the ordinate and the appearance
of negative values, in qualitative agreement with the above
calculations, are correlated with the profiles of the gap sin-
gularities which indicate the reflection of electrons at the
junction. Phonon singularities of the type shown in Fig. 5
have also been observed for Zn-Re point-contact junctions?®
below the superconducting temperature 7. of rhenium (1.7
K).

Technetium-silver junctions®’ exhibit a differential re-
sistivity peak at a voltage slightly higher than the value cor-
responding to the maximum of the EPI function. In this case
the mean free path of electrons is clearly small, the inequali-
ty of Eq. (3) is disobeyed, and the model proposed here is
unacceptable.

We are grateful to I. K. Yanson, L. F. Rybal’chenko,
and N. L. Bobrov for valuable discussions of the results.

APPENDIX

The semiclassical Green functions described by Eq.
(25) have the following Keldysh components:
GRA(+)=([(1+R)gF4 £D] {3+(1+R)f§'Ai€z}/D""(e),

(A1)

where D®*(g) =1+ R + Dglt* and the quantities
g%, fR4 are defined in the text above. The off-diagonal Kel-
dysh function can be described by an expansion in terms of
matrices 7, , ; and i7, with the following coefficients:

Au(e) = D[ (1) (1-g. 1) D (8=,
Do (e) Rt A
Ai(8)=WD(fe +.fe )1
A B(e) R A +R R A+ AfR ]
2(8)— 2D RD A [D(fe fe ) (1 )(ge fe ge fa )

+ 4R th(e/2T) (f.*—f.*)/D."D.*, (A.2)
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__DB(E) _gRyA_fRfA R_, A
A(0)= S L(+R) (=8 1) +D (67—8.4))
g D=8 1A+ (LHR) (87841

The following notation is used above:

)—th(8+eV)—tl (e—eV)
o(e)= oT \Tor /)

e+eV) n th( e—eV )
2T 2T /-

The components of the Green function, which is odd in re-
spect of the momentum, can be described similarly:

p(e)=th (

R,A ~

*(e)=FDf"* /D" (A.3)

D(B(e)—2th(e/2T))
2D.*D 4

B, (e)= [D(1—g. g 1.5 f*)

+ (1+R) (gtn_gcA) ]9

By (e)=—D(1+R)B(e) (f."+].*)/2D."D.*,

D
Bue)=— ar [ (1+R) (1514 D (8.7 +g A1) ,
(A.4)
D
Bu(e) == e (D (1-g. g 1.1)

+(1+R) (gex—ng) ]-

In the case of the function & «a ( + ) defined by Eq. (29) we
can use the following representations:

2R
gf'A('l'):“DRA[gE 4A3+fe sz], (A.5)

G4 (+) =—2R"/D"*(e); (A.6)

the coefficients C, (¢) and E, (¢) in the expansions of the
Keldysh functions are given by

DR"
Cole)=— _D—n;——(f R L ) (e)=0,
ki)
Cale) = —oam] ~DBe) (814 +2.41.0)
+2(1+R)th( )(f, —f. ‘)] (A7)
'I:
Cole)=— 55, A[ —Dp(e) (1+g."g.+1.7f.*) +2D th (—T)

X (1—gme A 121N +2 (R () (8-e.4) |
E°(£)=DRV’B(3) (g."+g.*)ID.”DA,

E,(e) =—DR"([p (¢) 2 th (e/27)] (f"~1.4) DDA,
E,(e)=—DR"a(e) (f.*+f.*)/D.D.A, (A.8)

Eu(e) =—DR"a(e) (g."+.) [DAD.*,
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