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A theory is proposed of the thermoelectric coefficients of a 2D electron gas in a quantizing
magnetic field. This theory explains the nonmonotonic temperature dependence and the order of
magnitude of the transverse thermoelectric effect observed for a GaAs-Al, Ga, _,As

heterostructure.

INTRODUCTION

The temperature and field dependence of the transverse
thermoelectric coefficient' of a 2D electron gas in a GaAs~
Al, Ga, _, As heterostructure subject to quantizing magnet-
ic fields exhibits a number of special features which have not
yet been explained. Firstly, a nonmonotonic temperature de-
pendence of the peak value of the thermoelectric coefficient
is in conflict with the existing theories of thermomagnetic
effects in an inversion layer,*® according to which the peak
value of the electron thermoelectric coefficient of a 2D elec-
tron gas is independent of temperature:

k In2 0.06[mV], (1)

ap=__!__.=__ -

v v K

where v=n+ 1 in the absence of spin splitting and
v =2n+ 1 4 1 if there is spin splitting of the Landau level
with index #n; k is the Boltzmann constant.

A second special feature is the anomalously high value
of a, found experimentally (a, ~0.12 mV/K)," which is
two orders of magnitude higher than a, predicted by Eq.
(1) for the case when v = 3/2. Allowance for the broaden-
ing of the Landau levels in Ref. 10 simply increases mono-
tonically the peak value of the transverse thermoelectric co-
efficient with temperature.” We therefore have to admit that
the current theories of thermomagnetic effects occurring in
inversion layers subjected to quantizing magnetic fields are
unsatisfactory. As pointed out in Ref. 1, the observed anom-
alies in the behavior of ¢, can be explained if we allow for the
deviation of phonons from local equilibrium (due to entrain-
ment of electrons by phonons). It should be noted that the
drag thermoelectric coefficient of a 2D electron gas in zero
magnetic field has already been considered theoretically. '"'?

We calculate the transverse thermoelectric coefficient
of a quasi-two-dimensional electron gas due to nonequilibri-
um of phonons (frictional thermoelectric coefficient) and
study its temperature and field dependences in quantizing
magnetic fields in the case of a GaAs—Al, Ga, _,As hetero-
structure. We assume that the electron gas fills a layer on a
xy plane and the effective thickness of this layer differs from
zero and is equal to (z) (quasi-two-dimensional electron
gas). A magnetic field is applied at right-angles to this layer.
The phonon system is essentially three-dimensional.

BASIC EQUATIONS

We can calculate the surface density of the charge flux if
we know the equations of motion of the one-particle electron
and phonon density matrices. If the amplitude of the scatter-
ing of electrons by phonons is considered in the Born ap-
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proximation, the kinetic equations for one-particle density
matrices can be found from the generalized transport equa-
tion'>"

d | 1 t
= (P'= [Py, 61", 2)

where P, are the occupation numbers of one-particle states
and the Hamiltonian of the electron—phonon system 77 is

H=3 .+t ., (3)

.= Z, &ty ey, Hbp= Z hwqbg* by,
v q

(4)
%ep = Z‘ Uv’vav'+avy

Uv.'—v= (U:v') .9

(5)

and C, is a Fourier component of the energy of the interac-
tion of electrons with phonons. In the case of homopolar
acoustic phonons, we have'*'¢

Upom Yy (USbetUs%et), US=Coel

q

|Cq|?=1E*sq/2Cy. (6)

Here, E, is the deformation potential constant, C, = ps*is
the elastic constant, p is the density of the investigated crys-
tal, and s is the velocity of sound.

We assume that the scattering of electrons by the defor-
mation potential predominates over the scattering by piezo-
electric vibrations.'® We define one-particle matrices "

fov=Cav*a,>, Nqg-=Cbq bq> @)
and the correlation matrices
Ry o (@) =<aytaybg*>, hyy(q) =<ay*aby’. (8)

Theaveraging in Egs. (7) and (8) is carried out over a Gibbs
ensemble.
Using Egs. (2), (7), and (8), we obtain

0
( ih T + 8:—32) fia =Z.| {Uzshis (@) TU2 " hys (@)
3q

~Uy sy (@) —Us™hsa (@)}, (9)

7} , ey
(ih—a—t‘l‘,hmq—ﬁa)q) Ngg = Z‘{ Uiy % hia (@) Uk’ (@) ).

1.2

(10)
We can similarly write down equations for the matrices (8)
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which contain derivatives of 4 with respect to time. In the
case of slow processes the time derivatives of h can be ig-
nored if we consider the adiabatic parameter £ - 0:

m%hn(q)_’ iehy, (q). (11)

We then obtain

iz (@) = (e:—es Ao tHie) Z Us ¥ [ (852f1i—0uifs2) Nao

34q’

=8¢’ (faufratfaa (8u—1u)) 1, 12y
hy' (@)= (e,—e,—haqtie) !

¢ 2 Usi™ %[ (852fsu—84sfs2) (Baq+Ngrq)

siq’

+6¢'u(.fufxz+flz (Gu'—fu))]- (13)

Substituting Egs. (12) and (13) into Egs. (9) and (10), we
obtain a system of kinetic equations for the one-particle elec-
tron and phonon density matrices.

We now consider the case of a quantizing magnetic field
applied at right-angles to the surface of an inversion layer.
We describe the one-particle states of a quasi-two-dimen-
sional electron by a wave function that allows for electrical
quantization along the z direction and for Landau quantiza-
tion in the xy plane'”:

[v>=|nk.>=8(2z)exp(ik.x) D.((y—yo)/a), (14)
0. (z) =(2"nln"a) " exp(—z*/2) H.(x).

Here, y, = a’k, is the projection of the center of a Larmor
orbit along the y axis, ®, is the eigenfunction of a harmonic
oscillator, H, (x) is a Hermitian polynomial, « is the mag-
netic length, &, (z) is the envelope of the wave function of an
electron in the inversion layer at the electrical quantum lim-
it'® given by

Eo(2) =(b/2) "ze~", (15)

where the quantity 4 that minimizes the total energy is'°

12me* 11 "’
b=[— +—-Ns)] ,
hew (N" 32 (19

N, and N, are the electron densities in inversion and deple-
tion layers, and x is the permittivity. The effective thickness
(z) of an inversion layer is approximately equal to the aver-
age separation of the inversion layer electrons from the inter-
face'’:

(z)z—]é—ZN{jzgf(z)dz 17)

[V; is the density of electrons in the ith electrical subband
and &, (z) is the corresponding normalized envelope of the
wave function]. In the electrical quantum limit, when only
the lowest electrical subband (i = 0) is filled with electrons,
we have

-1y

(z>=3/bxN, ". (18)

The matrix elements of the electron—phonon interac-
tion which occur in Eq. (5) can be represented, allowing for
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the explicit form of the wave functions of Eq. (14), in the
form'’

. b® q
'k's’ rar k:>=-—————-—5 :+h = 2’ I""" (19)
'k | €| n C7RE (p-thig.—ps')
where
a iQ:%az) iquvo ni In’=n| In'=nl/2 ;—u/2
I w=exp (-— 5 ety PO L, ~(wu e~V
u=(aq,)*/2, ¢.’=¢’*q’, nn=min(n, n'), (20)
1 n
r o Uyy—T —Uqgy TN
L, (u) o e‘u T e~tu™m,

The effects of the drag on electrons by phonons can be
investigated by considering two-dimensional spatial inho-
mogeneities distributed in a plane perpendicular to the mag-
netic field. Such inhomogeneities are described by off-diag-
onal elements of the density matrix only with respect of the
quantum number k,, i.€., f,x_.«-, . Calculation of the charge

flux in such systems can be carried out conveniently using
the Wigner representation of the density matrix'?*:

P = Y by i P i (b’ — kiz) 3 (21
A‘x’

No(z,y)= 2 Nag'bq 0, expli(¢.—¢.")z+i(q,—4,")yl, (22)

q
where the particle number density is given by the expression

n(z,y)= 2 fon 2@ ((Y—Yyo) /). (23)

nhy

If the density is slowly varying, we have

Q.2 ((y—yo)/a) =6 (y—yo). (24)
We then have
1
n(xry)—m;fnv* (25)

Substituting Egs. (12) and (13) into Egs. (9) and (10)
subject to Egs. (21), (22), and (25), we obtain

1
a’h

Y 4Gl =) Nz, 0)

n’'nq

7]
—_—n x, =
5 (z,y)

+fn’y'=' (1"'fnvx) ]6 (sn‘-sn'_*'hmq) "‘[ (fnu:_fn'v"z’ ') Nq (.‘.t', y,)

+f,.,,:(1—f,,',,",")]6(8,.'—8"+h(0q)}, (26)
d d
(242000 0000 )y (5 )
ot 9q. 0x 9q, 0y
1
= azﬁZlA‘lGﬂ'n[ (fn’v’x"‘f,.,,,)Nq (z,y)
Farwa (1—fnux) 16 (8a—ear Thay)
+[N¢o(x1y)_Nll(z’y)]mpP' (27)
Here,
y’Ey+a2q"’ z’Ex~a2q71 .’/”Ey—azqs, x"Ex+aZQw
(28)
Aq=(1+q.2/0*) PRE*sq/2C.,  Grn=|Inal%

the last term on the right-hand side of Eq. (27) allows for
nonelectron relaxation of phonons, i.e., for the relaxation of
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phonons by interaction with other phonons, boundaries of a
sample, defects, etc.; w,, (q) is the effective relaxation fre-
quency of phonons in a thermostat (nonelectron relaxation
frequency of phonons); and NJ is a local-equilibrium
phonon distribution function:

NS (z, y)={exp[hoq kT (z, y)]1—1}"", (29)

where T'(x, y) is the thermostat temperature.

We assume, as usual, that the distribution function of
phonons differs little from the local-equilibrium function of
Eq. (29). We shall therefore assume that

N(I(zv y)=NGD(I7 y)—i_g(xv y)v

Substituting Eq. (30) into Eq. (27), we find the equation for
the determination of g(x, y), which contains the electron
distribution function f, .. We can determine g(x, y) to first
order (w,7) ~' by assuming that £, is the local-equilibrium
electron distribution function:

&z, y)) [T (2, y)]+1} -,

where in the case of a standard parabolic energy band in the
electrical quantum limit we have

e"=80+hﬁ)o(n+‘/z)

lg| <N (30)

fnv:={exp [(ea— -(31)

(32)

(g, is the energy of the lowest electrical subband, w,
= eH /mc is the cyclotron frequency, and m is the effective
mass of an electron).

Substituting next Eq. (31) into the equation for the
function g(x, y), we find that to first order in the gradients of
T and &, we obtain

farve=far— (1=fu ) fr{@*qel —(ETo)~'V,E
+(en—Eo) Vy(ET) ']

VL E+(e.—80) VL(ET) ']}, (33)
fa—Tw 1
2[ch[fwq/kT,)—1]
{0’ gl = (kT) 7'V &+ (ear—8o) V4 (KT) ']

—a’qy[— (kTo) ' VaE

_az‘Iv[_(kToi
dogq

7,];—3—‘1]\] (J? y)—‘{ (fn'_fn)g(xvy)_

+ (ea—80) V< (KT) ']} }G(Sn—an'%mq),
g(z,y)={1s*(guVa) (kT) '~ [a’gz(— (KT0) "'V ,Ewep
F e Vy(ET) 1) —alq,(— (kTo) ' ViEwept
+ e Ve(ET)) 1} {2[ch (F0q/kT) —1] (0eptwpp) } 7.

(34)

Here, w,, is the relaxation frequency of phonons interacting
with electrons:

1
Oup =mgmanrm(eﬂ)—ﬂmﬁmq) 16 (en—enthay),

(35)

oty = s e Gl f (e~ (enthog)]
- «8(enthwg—E8o) 6 (en—enthay), (36)
fu=i(ea) = {exp [ (ea—E0) [KTo] +1) ", (37)

£, is the equilibrium electron distribution function, and £,
and T, are the average values of the chemical potential and
temperature.
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We can find the conduction current using the equation
for the conservation of the charge en(x, y):

-:—ten(x,y)=—divi=—V=]'=—Vu]'y- (38)

Substituting Egs. (30) and (31) into Eq. (26) and using the
expans1ons
faryzr=futfu (1—fu ){(s,. o)/ (kT,)% V,kTolg.
—V.kTarq,+*/.(V 2 kTa*q.2—2V,V.kTatq.q,+V *kTatq,?) |
+(kTo) [ V,Ea*q— V. Ea?q, 2 (V,Eatgs
—2V,V.Ea‘q.q, T V>Eatq,?) 1}, (39)
hoq .
2(kT)?[ch(hw/kT,)—1]
=V, kToqut V. kTog,
+Y/.(V kTt gl —2V.V kT o' q.q,+ V. kTa'e,’) 12 (2, )
—V.g(z,y) oa’q:+ V.8 (2, ) gy, (40)

No(a”,y") =No+

where

No=[exp (hwq/kT:)—1]"", (41)

we find to first order in V, T and V¢ the following expres-
sion for the conduction current which allows for the drag on
the electrons by phonons:

, 2 ea'qa’<z>
Tz =/ 2[ch (hoo/kTy) —1] (0us+ 0pp)

* [ ﬁ)w'ﬁ)np (kT) _zv"va

+0.),,;(|)pp (kT)_iVx,yg;mep v kT] ’ (42)

hs?
(akT)*

where the minus sign applies to j, and the plus sign applies to

Jy- The matrix form of Eq. (42) is

]'£=_Gik.e_1 th_?’ikva, (43)
where the tensors of the transport coefficients are
6Pl P __1__ €0’ 0epwpp<2)
T kT S 2[ch(hoo/kT) —1] (0epTaps) ]
1 0200y 0pp<2)
m—ﬁ,,(:)— Z €A Jx Wep WpplZ2 (44)
2[ch(Fwg/kT) —1] (0epT wpp)

8 (m____is o_ Z €0* g Wep (As*/ P KT?) <20
B ”‘ = "2[ch (0 o/KT) — 1] (0ep+aps)

Equations (42) and (43) determine the dissipative (colli-
sional) charge flux allowing for the scattering of electrons
and phonons.

The transport coefficients for a nondissipative electron
flux can be described by the following expressions3

o= =~ nZ“B"’ T

e ( Z,
LY/ PTPES T)
By oo = In2 lnch )

(45)

(46)

where
Tn= (Bn—E) /kT‘

The expression for the isothermal transverse thermoelectric
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coefficient is'?

Ol =0lax=0Clyy™ (Uuﬂxx+0w5w) /(0:2+05") = ﬁxv/oru (47)

and it follows from Eqs. (44)—(46) that it consists of two
components: the electron component

k
' =— -m Z, [In2+In ch(z,/2)

—e2thE2 [ N T @)

which is entirely due to nonequilibrium electrons, and the
phonon component

(®
aP=f,, l/oxuv '}

(49)

which is due to deviation of phonons from the equilibrium
distribution because of electron—phonon collisions:

o, =ata’.

(50)

At high temperatures the frequency w,, of collisions of
phonons with the “thermostat” is considerably greater than
the frequency of their collisions with electrons o,
(w,, >@,,) and in Eq. (44) we can go to the limit w,, — .
Consequently, we have 8 {0’ -0 and the drag thermoelectric
coefficient approaches a” -0 (i.e., there is no drag on the

electrons by phonons). It then follows from Eq. (44) that

q:'mw
2kT - ch(hoo/kT)—1 "

4, 2
»_ o a'elz
x — Yyy T

In the opposite case of sufficiently low temperatures the non-
electron frequency w,, of phonon relaxation (relaxation of
phonons due to interaction with the “thermostat” is less
than the frequency w,, of phonon relaxation due to interac-
tion of electrons (0., >@,,). In the limiting case when
w,, -0 we find from Eq. (44) that o) -0, B ¥ -0,

a'? =—(P)’ cP) = 1 = (hm‘l)’ (49,)
3en 2kT ch(fwy/kT)—1

(c'? is the phonon or lattice specific heat, n = N, (z) is the
bulk electron density).

Equation (49’) is identical with the expression for a‘”’
obtained in Ref. 20 using a phenomenological theory and
assuming an overall drift of a system of electrons and phon-
ons at a shared velocity (total entrainment of phonons).

According to Refs. 13, 21, and 22, the damping rate of
longitudinal long-wavelength sound is

(kT)'q | s

el R
RC.S* L D

0 (q) =

(L represents the size of a sample). The first term in Eq.
(51) describes the absorption of long-wavelength sound by
short-wavelength thermal phonons; the second term corre-
sponds to the relaxation of phonons at the boundaries of a
sample, which is important at low temperatures.

The presence of scatterers broadens the Landau levels.
There are many ways of allowing for such broadening. The
simplest is the smearing of the § function.'” Introducing
smearing of the Landau levels, we obtain the following

2082 Sov. Phys. JETP 67 (10), October 1988

expression for the frequency of collisions of phonons with
electrons [Eq. (34)]:

E?*sTp, qlexp(fwd/kT)—1]
nlDo?CrkT*  (1+q.2/b%)°
Goof (8nthog) [1—f(ea) ]

T/ T) F [(ea—twthoog) /KTT

Wep =

(52)

where T, is the Dingle temperature governing the Landau
level broadening.

If the applied magnetic field is sufficiently strong, we
can ignore transitions between different Landau levels and
assume that G,, = G, 8,,. Then, the drag thermoelectric
power of three-dimensional phonons is described by

k {2>b8*
1l o=, (et

. jdVSdu ul1—(1+ ./ 0s) ']

af =

hie @b Vi) V=1 » Y

0

where ,,/®,, =Q and it follows from Egs. (52) and (51)
that

2k (Eo/k)’T,,L[4T‘(u+azb2V’/2)"’+ 1]“

T O Cralk 0°Crat/kL
(uta?b?*V?/2)" {exp[® (ut+a?b*V?/2)"/T]1—1}
oy (To/8)*+u+o?b*V*/2

E ) G.exp(z,)
= {exp[z,+0 (utab*V?*/2)"/T]+1} [exp(z,)+1]
(54)

where ©=2'?#is/ka. The order of magnitude of the mo-
mentum of transverse motion is #i/a. Therefore, an electron
traveling across a magnetic field can interact only with
phonons whose momentum is #ig, <#/a. The law of conser-
vation of momentum imposes rigid restrictions only on the
phonon momentum component g, parallel to the surface,
whereas in the case of g, it is found that phonons character-
ized by |q |<1/(z) participate equally in the scattering pro-
cess. Since (z) < N, ~'/3, it follows that ¢, <g, at low densi-
ties of the 2D gas, so that g~gq, . If we assume that the Fermi

__aXX,mV/K
b
i 2
4+ J
r 1
1 { 1 | J
0 8 6 TK

FIG. 1. Temperature dependence of the transverse thermoelectric power
a,: 1) (z) =10"° cm; 2) (z) =5%107° cm; 3) experimental curve
taken from Ref. 1; N, = 6. 82X 10"' cm ~ 2, Fermi temperature T, = 297
K,H=18.5T,v=3/2.
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level coincides with the n = 0 Landau level and derive a” for
the case of weak drag of electrons by phonons, when Q <1
and (14+ Q) 'l —Q, we find from Egs. (53) and (54)
that

oK 3.-2% (Eo/k)*bLTT»
0°Cra’/k

exp[—(Tz)*/0*][ 4TIz, ]-‘
(Tp/T)*+2* 0‘C.o*/kL

j dz z‘*sh~'z
0

(35)

We analyze the temperature dependence of the drag
thermoelectric coefficient a” allowing only for the phonon-
phonon relaxation and we ignore completely the scattering
of phonons on the boundaries of a sample. We consider mag-
netic fields and temperatures such that 7> ©. It then follows
from Eq. (55) that

k 3 (Eo/k)*ab®*Tp

—_ <
o le| 128(2m)" I » To<8
k3 Emawe O
le| 256(2n)"  I°T, r P

Figure 1 shows the results of a numerical analysis car-
ried out using Eq. (53) assuming parameters typical of a
GaAs-Al, Ga, _  As heterostructure's: m = 0.065m, (m,
is the mass of a free electron), L = 0.08 cm, s = 3.9 10°
cm/s, Ey=~13.5 eV, C, = 1.397X 10" erg/cm?, x = 11.5,
N, =5%X10"°cm~% T, =3K,and H=18.5T.
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It follows from our calculations that allowance for the
drag effects makes it possible to account for the nonmono-
tonic temperature dependence and for the order of magni-
tude of the transverse thermoelectric force observed experi-
mentally.'
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