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We predict the phenomenon of antiferroelectric resonance ( AFER),  in which an AC electric field 
causes magnetic ions located at noncentrosymmetric positions in a multi-sublattice magnet to 
undergo magnetic transitions corresponding to exchange collective excitations of the system. We 
construct a theory of such resonances, and show that in magnets with collinear magnetic 
structures AFER is caused by relativistic and exchange-relativistic magnetoelectric interactions, 
while in the noncollinear magnets a significant contribution can also come from the exchange 
magnetoelectric interaction. We predict an exchange enhancement of the resonance by exchange 
modes, and discuss the role of AFER in causing resonant enhancement of magnetooptical 
phenomena. The main results of our theory are illustrated with the four-sublattice rhombohedral 
antiferromagnets a-Fe,O, and Cr20 ,  as examples. 

I. INTRODUCTION 

The tranditional method of investigating the resonance 
properties of magnetically-ordered crystals consists of sub- 
jecting them to a high-frequency ( H F )  magnetic field. Using 
this method we can reliably identify both acoustic modes 
( A M )  and, in special cases, exchange modes ( E M )  of the 
crystal,'-" Excitation of EM with an H F  magnetic field is 
possible only if the former are magnetically-active ( i.e., cou- 
pled to oscillations of the ferromagnetism vector M of the 
system). However, the coupling of the EM to M comes 
about through relativistic and exchange-relativistic interac- 
tions. and therefore the intensity of absorption by EM ex- 
change is weakened compared to AM exchange.'-' For non- 
magnetically-active EMS interaction with a magnetic field is 
impossible, by virtue of selection rules (for example, in the 
case of EM which are odd under inversion). 

In this paper we show that a natural way to resonantly 
excite magnetic-system exchange modes which are odd un- 
der inversion is to act on them with a H F  electric field."e 
construct a theory which describes the excitation of such 
modes by an AC electric field. The corresponding resonance 
will be referred to as antiferroelectric (AFER) ,  because the 
EM are oscillations of the antiferromagnetism vectors L, . It 
is significant that in AFER the H F  electric field is directly 
connected with the vectors L, (our discussion centers on 
transitions directly induced by the AC electric field between 
the magnetic levels of the system). 

The general condition for the existence of AFER will be 
formulated below. Here we only remark that in the majority 
of cases a sufficient condition for the existence of AFER in 

noncentrosymmetric crystals is the presence of magnetic 
ions at the noncentrosymmetric positions. Examples of such 
magnets are hematite, iron garnets, ferrite spinels, orthofer- 
rites, and other compounds. 

We will illustrate the essential features ofAFER in non- 
centrosymmetric crystals with the examples of a-Fe,O, and 
Cr,O,, where the former (according to Turov") is even un- 
der inversion, while the latter is odd. 

11. ANTIFERROMAGNETIC RESONANCE IN HEMATITE 

As an example of a noncentrosymmetric crystal with a 
magnetic structure which is even under inversion, let us dis- 
cuss the four-sublattice rhombohedral antiferromagnetic a- 
Fe,O, (hematite). Following Ref. 10, we introduce the fol- 
lowing linear combinations of the sublattice magnetizations 
M, ( i  = 1,2,3,4): 

where M,, is the magnitude of the sublattice magnetization. 
In Table I we show the classification of the vectors ( 1 ) rela- 
tive to the irreducible representations of the group D :,, (for 
character tables of these irreducible representations and 
their notation see Ref. 11). The vectors m and I , ,  generate 
even, and 1, and 1, odd, representations of this group. 

The system Hamiltonian has the form'" 

TABLE I .  Magnetic configuration\ u hich are irl-educible relative to the crystallographic group 
D 'I,, . 
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TABLE 11. Classification of the homogeneous magnetic-resonance frequencies in a-FelO, by 
symmetry type. 

Components of Components of 

Ground State l T y p e  Of u n i - l  Variables 1 Y , , ( C O )  a , , ( o )  
form oscillation w h ~ c h  have a pole which have a  ole 

E, , LP-phase AM n,,. mz,  1 1 ~  

I?! , .  l?.:, I : { <  a,,!,. a,,:. a:z 

A , , , LO-phase 

(4M,)  -iW=-i/2Hell12+1/2He2122+i/2He3132+ 1/2Heomz netic ratio, and the EM frequency and magnetization are 

+1/2HA1~iP"+'/2H~2~,1Zfi/2H~3~3r2+1/2H~~~~ equal to 
H ( L i U )  I D r  ( 2 u 2 u )  - ) ( 2 )  Y - 2 ~ o i 2 =  (Hei+Ife3) (Hei+Hez) 

Here H,, is the effective field of the exchange interaction, - [(HOD-He3)m+HD'-H-H,]  H,,m, 
HA,  is the anisotropy field, and H,, and H b are the Dzyalo- 

(8 )  

shinskii fields. y - 2 0 ~ ~ 2 =  (Hei+He3) (Hel+Hez+H~z) 
In the approximation linear in the electric field E ( t )  we + (H+HD+HD1) [H+HD+ (He,-HeO)nz] ,, (9 )  

must add to (2 )  the invariants (see Table I )  m=m x = (II+HD) (He,+He0)- ' .  

AM 
AM 
EM 
EM 

(4M~)~iEP=Ex{R~(lizl~~-~iu~~z) +Rz(11z12z-~1~12z) We remark that the spectrum of magnetic excitation of 4- 
+r3(mx132-mz13~)}  + E u { R 3 ( ~ l ~ ~ 3 z - ~ l z ~ ~ ~ )  sublattice hematite was calculated in Refs. 12-14; the results 

Rz(l,z12Y-lIv12z) +r3 (mY13z-mz13!,)} +EZ {IIlml~+rI2l1l2 derived there coincide with Eqs. ( 8 )  and ( 9 )  [see also ( 17) 
Y Y (3  ) below]. Inelastic neutron scattering experiments" show 

The antiferroelectric constants rI,  have their origin in ex- 
change, while R ,  and r, are due to relativistic-exchange ef- 
fects. We neglect terms of relativistic origin. 

The dynamic properties of the system are described by 
the equations',' im = [m, W] and ii,. = [l,. ,  W], Y = 1,2,3. 
Linearizing these equations, we find that the AM corre- 
spond to oscillations of the vectors m and 1, which are even 
under inversion; these oscillations couple to the external 
magnetic field, i.e., they are magnetic dipole-active. The EM 
correspond to oscillations of the vectors I2 and l,, which do 
not interact with an external magnetic field or with the AM 
because they are odd under inversion. At the same time, an 
electric field couples to the vectors l2 and 1, (see Table I ) ,  
i.e., the EM are electric dipole-active. These properties of the 
AM and EM are valid both for the easy-axis and easy-plane 
phases of hematite (see Table 11). 

Let us begin with an investigation of the EM in the easy- 
plane phase with a constant magnetic field Hllx. Solving the 
linearized equations of motion, we find that a H F  electric 
field E ( t )  -Eexp(iwt) induces oscillations of the vectors I:, 
I, - exp(iwt) with amplitudes 

that EM in hematite are located in the infrared band. 
To linear approximation in the spin deviations, we have 

from (3 )  for the components of the electric polarization vec- 
tor: 

- 
- 

am, ~ t , ~ ,  
Urs, Clq,. Uug 

m+,  1 1 +  
m-, I t -  
1 2 + .  I < +  

1 2 - ,  I s -  

Introducing the electric polarization tensor 
P ( o )  = &(w)E(w) ,  we find from Eqs. (4)- (7)  and the re- 
lations above that the spin part of the H F  electric polariza- 
tion tensor &(w)  in the easy-plane phase with the magnetic 
field Hllx has the following nonzero components: 

X\X? X.r/? XYV 
X IX, X 1117 X uv - 

- 

In Eq. ( 10) we neglect the term r,m compared to R,, while 
in Eq. ( 13 ) we neglect r,, rn compared to 11,. 

For the easy-axis phase ( I  ,, = 1, H/ /z ) ,  we have 

12z=y'{-H2(fi,,+H,3)E,S-i [ R 3 ,  
Px=4 (R313,+Rzlz,) Mo, + (Hz-IT,) m] oE,) ( ~ ~ - o " ? ~ )  -'. ( 5  

.P,=~R,I,,IU,, P,=rI,1,,4L~fo. 
/3 ,=yZ{[R3i+  ( H z - H I )  m ]  (II , ,+U,. , )EZ+ioRLRY} ( b ) 2 - ~ o ? 2 ) - i .  

(6 )  Calculating the oscillation amplitudes of the antiferromag- 
12u=-y2RaiomE,(03-oo~)- ' .  ( 7 )  netic vectors l2 ( t )  and 1, ( t )  under the action of AC electric 

field E ( t )  - Eexp(iwt1 in this phase and substituting them 
In this expression we include only those terms of exchange- into Eqs. ( 14), we obtain the following nonzero spin contri- 
relativistic origin which do not contain m;y is the gyromag- butions to the electric polarization tensor: 
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a,, ( o )  =-a, ( o )  =i4MoyZ{R32(Hei+Hez) f To linear order we have from ( 3 )  the electric polariza- 
+R,2(H,2+H,3))20H(oolZ-oZ)-1(~~32-02)-'. ( I 6 )  tion 

Now, the EM frequency equals P,=4Mo(-R311y+r ,m, ) ,  P,=4M0( R3LIxf r 3 m y ) .  

y - l o o l ,  2= {(H,i+He3+ IHAI I ) The nonzero spin contribution to the H F  electric polariza- 

x (H,,+HC2+ I H A ,  I ) - - I ~ D " )  'h*If. ( 1 7 )  tion tensor is described by the expressions 

It is clear from Eqs. ( 1 0 ) - ( 1 3 ) ,  ( 1 5 )  and ( 1 6 )  that in 
the easy-plane and easy-axis phases the residues at the EM 
poles of the H F  electric polarization tensor are enhanced by 
exchange. The absorption intensity of the electric field at 
these frequencies is determined by the magnitude of the anti- 
ferroelectric constant; in what follows we give a numerical 
estimate of this constant. 

Hematite is a straightforward example of a multi-sub- 
lattice system in which excitation of EM by a magnetic field 
is impossible by virtue of general selection rules, while for an 
AC electric field these rules allow such excitations. Let us 

B. Exchange modes. To the same accuracy as above we 
have for the EM frequencies 

y-lwor, z=&a*H, 

E ~ ~ ( H , , + H , ~ )  ( H e , +  li,3)+(Ii,l+Hez+2fI,3)HA~ 
+ H ~ ' ( H ~ ' + S F I ~ )  (EIeo+IfC2)  (H, ,+IIe3) -I .  (23 )  

now turn to a different system-Cr,O,. In this frequency interval, 

Ill. ELECTRIC-DIPOLE-ACTIVE VIBRATIONS IN Cr203 

The crystal Cr,O, possesses a magnetic structure which 
is odd under inversion."' In the magnetic class which in- 
cludes Cr,O,, inversion combines with the time-reversal op- 
eration T . R ,  and this results in a linear magnetoelectric ef- 
f e ~ t . ' ' - ' ~  The ground state is A ,, , with 1,llz. The magnetic 
properties of Cr,O, are described by the potentials ( 2 )  and 
( 3 ) ,  in which it is necessary to make the replacements 
H , , - - H , , , H , . , - - H , , , a n d H , , - - H A , .  

In the exchange approximation the acoustic type of os- 
cillations in Cr,O, correspond to transverse oscillations of 
the vectors 1, and rn, while those of exchange type corre- 
spond to transverse oscillation of the vectors I ,  and I?. 
Allowance for the Dzyaloshinksi interaction of H ,  and H ;, 
in ( 2 )  leads to dynamic coupling of the EM and AM. With- 
out pausing for detailed calculations we will present the final 
results. 

A. Acoustic modes. Accurate to terms of order H ,  / H , .  
and ( H ,  / H , .  ) ' I '  inclusively, the frequencies of the AM are 
equal to 

x.. ( o )  = X , ~ ( W )  = - 4 M o y 2 B ~ ' 2 ( H , z +  He, ) - '  
X ( ~ ~ - E ~ ~ + H ? )  (02-a012)-1(  O ~ - C O ~ ~ ~ ) - ~ ,  ( 2 4 )  

~ ~ ~ ( o )  =-xvx(o) =4iMoy21iD'Z(  Hez-i-IIe3)-' 
~ ( ~ H ( a ~ - a ~ ~ ~ ) - ~ ( o ~ - - o ~ ~ ~ )  -I, ( 2 5 )  

a , , ( o )  =a,, ( o )  - 4 J l o y 2 R j Z ( f I , L + H , 1 )  
X( ( d 2 - - ~ 0 2 + I I z )  ( O ) ~ - U ~ , ' )  -1(o)'-( t )112-)  - I ,  ( 2 6 )  

a,, (m) =-a, , (@)  = - 4 ~ ~ 1 1 , , y ~ f i ~ ' (  II, ? + l I e d )  
X ( ~ H ( O ) ~ - O ) ~ ~ ~ ) - I ( O ' -  0 ) 0 2 2 ) - i .  ( 2 7 )  

Since the vectors ( l , ,  r n ) ,  which are even under inver- 
sion, and the vectors (12 ,  I,), which are odd under inversion, 
particles in the EM and AM oscillations, these EM and AM 
can be excited both by magnetic and electric fields with E, 
h l z  (see Table 111). However, from an experimental point of 
view the important thing is the magnitude of the absorption 
by the EM and AM. We obtain from ( 1 9 ) - ( 2 2 )  and ( 2 4 ) -  
( 2 7 )  the following estimate of the susceptibility near the 
resonance frequency: 

for EM, 
y - ' o A I ,  2 = ~ A * I I ,  

( 1 8 )  a ( c O u ) - y M o R 2 ( c r , - w c ) - 1 ,  x ( o , - ) - y k ~ o ( ~ f ~ / I I c )  ( ( t ) - o ) o ) - l .  

F A ' = ( H , 3 + H e a )  { H ~ ~ - I I D ' ~ ( I I ~ L + I I ~ ~ - ' ) ) .  for AM, 

The nonzero transverse components of the HF magnetic sus- a(oA)  - y M o R Z ( H A / l I , ) " 2  ( a - o A ) - ' .  
ceptibility tensor have in this frequency interval the form 

~ ( 0 ~ )  - y J f o  ( I ~ A / I I ~ ) ' ' '  (01-(1) , ) - I .  
( o )  =xYd  ( o )  =4M,y2{Ii,,-11D'Z(IIe2+HE~)-1) The intensity of the absorption of an electric field by the EM 
X: O?-eA?+H2) ( o ~ - w 2 ) - i ( 0 2 - o  ( 1 9 )  is ( H , / H ,  ) ' I 7  times larger than absorption by AM. For a 

TABLE 111. Classification of homogeneous magnetic resonance frequencies in Cr,O, by symme- 
try type. 

T)pe  o f  u111- I Varlehlc\ (ex-  Component\ of 
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magnetic field, the situation is reversed: the intensity of the 
absorption by AM is ( H , / H ,  ) ' I 2  times larger than that due 
to the EM. It  is also clear that for R > HA / H e ,  exitation of 
EM by an electric field is easier than by a magnetic field. 

IV. PHYSICAL MECHANISM OF AFER 

The physical mechanism which gives rise to the spin 
Hamiltonian is the same as the one discussed previously in 
constructing a theory of the magnetoelectric effect and of 
electric effects in paramagnetic resonance, and a theory of 
absorption and scattering of light in magnetically-ordered 
crystals. 

A direct indication of the possibility of experimental 
observation of AFER is provided by experiments in which 
an AC electric field induces transitions between magnetic 
levels of paramagnetic ions in noncentrosymmetric sites, 
i.e., transitions from a state (1,m) to states (1,m + 1 ) where I 
is the orbital and rn the magnetic quantum number. Such 
transitions were observed in Refs. 19-20 (see also Ref. 22 
and citations therein). As we have shown here, in centro- 
symmetric crystals which have high concentrations of mag- 
netic ions and magnetic structures which are even under in- 
version (e.g., of Fe,O, type) one consequence of these 
transitions will be magnetic excitations of exchange type. 

The physics of AFER combines the physical mecha- 
nisms of electric-dipole paramagnetic resonance associated 
with impurity magnetic ions in noncentrosymmetric posi- 
t ion~"- '~  and of absorption and scattering of light in systems 
with a high concentration of magnetic i ~ n s . " ~ " ~ ~ ~  In systems 
with magnetic ions occupying centers of inversion, the elec- 
tric dipole activity of the magnetic modes can be due to, e.g., 
the additional effect of a constant electric field." We empha- 
size that in previously-studied magnets"-33 without centers 
of inversion the effects investigated were due to coupling of 
electric and magnetic subsystems; in contrast, according to 
the theory constructed in this paper, AFER in noncentro- 
symmetric crystals is caused by direct excitation of ex- 
change-type magnetic oscillations by an AC electric field. 

We shall determine the antiferroelectric constants for 
a-Fe20,  from experiments on the shift of the paramagnetic- 
resonance lines for Fe3 + ions.".'4 These latter give an esti- 
mate of lop'  for the single-ion spin-Hamiltonian constant. 
In systems with a high concentration of magnetic ions, con- 
tributions to the magnetoelectric effects come also from ion- 
ion interactions (in particular from exchange and relativis- 
tic-exchange interactions), which in individual cases in- 
crease the value of the constant by an order of magni- 
tUde,3s,3h Therefore in a-Fe,O, (apparently) R - lo- ' .  The 

value of 11 is also an order of magnitude larger. 
It should also be noted that the contribution of invar- 

iants of exchange origin is proportional to the magnetization 
[see Eqs. ( 12) and ( 13 ) 1;  therefore, in the canted phases 
their contribution can significantly exceed the contribution 
from the exchange-relativistic invariants. 

For quantitative estimates of the antiferroelectric inter- 
action constants in C r z 0 3  we make use of the results of ex- 
perimental and theoretical studies of the magnetoelectric ef- 
fect in this c ~ m p o u n d . ' ~ . ' ~ . ' "  The latter give for the 
parameters of the spin Hamiltonian the  value^'^.'" 

Taking into account that H,, /H,. - l o p 4  in Cr,O,, the con- 
ditions for observation of EM based on the absorption of an 
electric field can be more favorable than those based on ab- 
sorption of a magnetic field. 

V. LINEAR RESONANT MAGNETOELECTRIC EFFECTS 

Let us formulate the general conditions for electric-di- 
pole activity of the magnetic oscillations. 

In the general case the EM and A M  are of electric-di- 
pole type if the dynamic compounds of the antiferromagne- 
tism and ferromagnetism vectors which correspond to them 
transform according to the irreducible representations of the 
unitary subgroup of the system's magnetic symmetry group 
(i.e., they transform just like the compounds of the electric 
polarization vector P).  

Let us investigate in more detail the general conditions 
for the existence of AFER in magnetic structures whose 
ground state in the exchange approximation is collinear and 
satisfies the conditions of the Turov classificationy (see also 
Ref. 39). 

In centrosymmtric crystals it is necessary to distinguish 
between structures which are even and odd under inversion. 

1. The structures i( + ). If a system whose structure is 
even under inversion contains magnetic ions which are not 
located at inversion centers, then in addition to the basic 
even antiferromagnetism vector L,, there exists at least one 
other antiferromagnetism vector 1 which is odd under inver- 
sion. In the thermodynamic potential of such a magnet it is 
possible to have invariants of the form 

In a static electric field, Eq. (28) leads to the appearance of 
I,. -E,, . In analogy with the magnetoelectric effect this phe- 
nomenon can be called antiferroelectric (AFEE) .  

In an AC electric field E- exp(imt), the relation (28) 
causes oscillation of the vector 1, and for w = w,, exctiation of 
EM (w,, is the exchange frequency). 

2. For structures i( - ) odd under inversion, it is neces- 
sary to distinguish between two cases according to parity 
relative to a translation t. 

Systems with i( - ) and t (  + ) pertain to antiferro- 
magnets whose thermodynamic potentials include an invar- 
iant of the form 

where M is the magnetic moment of the system. If in this 
case there also exists an antiferromagnetic vector 1 which is 
odd under inversion, then it is also possible to have an invar- 
iant of the form (28).  This invariant gives rise to the pres- 
ence of AFER and AFEE, while (29) makes possible excita- 
tion of AM by an electric field, i.e., magnetoelectric 
resonance. 

In systems with i( - ) and t (  - ) ( the magnetic unit 
cell is larger than the crystallographic unit cell) the invar- 
iant (29) is forbidden and there is no static magnetoelectric 
effect. However, an invariant of the form (28)  is possible, 
where now the antiferromagnetic vector 1 is odd under trans- 
lation and even under inversion. In  this system there will be 
both AFEE and AFER. 
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IV. CONCLUSION 

We shall dwell in somewhat greater detail on  the possi- 
bility of experimentally observing antiferroelectric reso- 
nance with E M  and AM.  

Apparently, low-dimensionality magnets a re  most con- 
venient from an experimental point of view for observing 
E M  by resonant methods. In such systems, because of the 
presence of weak exchange interactions, the E M  and A M  
frequencies are  comparable as a rule;'," Examples of low- 
dimensionality magnet in which it is possible to  observe 
A F E R ,  are the eight-sublattice antiferromagnets 
CsMnC1,.2H,O and CuCI, .C,H,SO. We note that E M  were 
recently observed in the A F M R  spectrum of CuClz.C,H,SO 
(see Ref. 40) .  As our analysis shows, in this compound the 
E M  can also be observed in the A F E R  spectrum by placing 
the sample at an electric field antinode witnin a cavity. The  
A M  can be observed by using the same method. 

The E M  frequencies of a-Fe,O, and Cr,O, are located 
in the infrared wavelength band. Therefore the features of 
experimental observation of A F E R  in these compounds are 
close to those in optical experiments.'" If the dimensions of 
the sample are comparable with o r  smaller than the wave- 
length of the A C  rlectric field, then the theory developed 
above is directly applicable. 

For  bulk samples of a-Fe,O,  and Cr,O,, the equations 
of motion for the vectors ( 1 ) must be considered jointly with 
the Maxwell equations. In this case, the exchange spin 
modes and the electromagnetic oscillations are  found to be 
coupled, which leads to  their mutual restructuring. A de- 
tailed analysis of this question is outside the framework of 
the present communication; therefore we will only pause 
briefly to  treat a specific case. 

For  E lkJJz  the dispersion relation or  coupled right- 
hand-polarized electromagnetic waves and E M  (d,,, ( 17)  in 
hematite has the form 

Here c is the velocity of light while the parameter a' which 
determines the value of the coupling of the branches is 

11 + is the refractive index of the medium without allowance 
for the E M  contribution. The dispersion of the E M  in this 
frequency band is not significant and we disregard it. For  
left-hand-polarized waves the dispersion relation is obtained 
from (30) by the replacements W,,~-W,,~,  II + -12 . 

As is clear from ( 19)-(22)  and (24)-(27) .  when mag- 
netic oscillations can be excited by an electromagnetic field it 
is possible to have resonance singularities both in the compo- 
nents of the magnetic susceptibility tensor and in the compo- 
nents of the electric polarization tensor. It is necessary to 
take this circumstance into account both in development of a 
theory of propagation of electromagnetic waves and in anal- 
ysis of the experimental data. In  particular, near the ex- 
change resonances it is possible to  resonantly enhance such 
magnetooptic effects as  Faraday rotation, the Cotton-Mou- 
ton effect, and the Kerr  effect. 

It should also be kept in mind that,  in addition to the 
linear processes we have investigated here, the Haniiltonian 
( 3 )  also contributes to two-magnon absorption, to paramet- 
ric instability. and to other nonlinear phenomena. even in an 

approximation linear in the electric field. 
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