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We suggest a method for solving the equations of ideal magnetohydrodynamics in the strong field
approximation using the frozen-in coordinate technique. We study plasma flows near a varying
magnetic dipole. We obtain exact analytical solutions for the case of a linearly varying magnetic
moment. We discover a new mechanism for magnetic bunching caused by small fluctuations in

the magnetic field.

1.INTRODUCTION

The strong-magnetic-field approximation is applicable
when the magnetic force dominates the other ones: the gravi-
tational force, the gradient of the gas pressure, and so on. It
is of great interest, in particular for astrophysical applica-
tions of plasma physics.' In the framework of this approxi-
mation Syrovatskii developed the concepts of a neutral cur-
rent layer’™ and of magnetic bunching.>®

Notwithstanding the considerable simplification of the
equations of magnetohydrodynamics (MHD) in the strong
field approximation, their solution remains all the same a
serious problem. Existing methods' allow one only to study
two-dimensional problems. Analytical solutions are then
only obtained by the small-perturbation method"? which is
applicable at initial times for small changes in the magnetic
field and under neglect of inertial effects. The authors are not
aware of any analytical solution of a global nonlinear prob-
lem with physically realizable boundary and initial condi-
tions. As to three-dimensional problems, their solution is
difficult even numerically.

We propose in the present paper a new method for solv-
ing MHD problems in the strong field approximation using
the frozen-in coordinate method.”® The proposed method is
given in the second section. In Section 3 it is used to study the
nonlinear problem of plasma flow near a variable magnetic
dipole. We consider two-dimensional (planar) and three-
dimensional (axisymmetric) statements of the problem. For
the case of a linearly varying magnetic moment we obtain
analytical solutions which are valid for arbitrary times.

We study in Section 4 the plasma flow near a dipole with
a dipole moment which fluctuates around a constant value.
We show that on the background of fast vibrational motions
there appears a systematic precession-type flow which leads
to bunching of the plasma towards the dipole equator. We
briefly discuss possible astrophysical applications of this ef-
fect in the Conclusion.

2,METHOD FOR SOLVING THE MHD EQUATIONS IN THE
STRONG FIELD APPROXIMATION

The dimensionless MHD equations for an ideal medi-
um have the following form':

dv Vp 1

22y [HyotH 1
e Y 0 o [Hrot H], (N
div H=0, (2)
oH
E—=r0t[vHJ, 3)

1785 Sov. Phys. JETP 67 (9), September 1988

0038-5646/88/091785-06$04.00

9
579=—-divpv, (4)
9

—_ —B) ==

e (pp~?)==0. (5)

Here v and p are the plasma velocity and density; p and H are
the pressure and magnetic field strength; e =V/V,,
y‘z, = po/po V% are dimensionless parameters characterizing
the problem; ¥, = H,(4mp,) ~'/?is a characteristic value of
the Alfvén velocity; V, po, po» H, are characteristic values of
the velocity, the density, the pressure, and the magnetic
field, respectively; S is the polytropic index.

The strong field approximation corresponds to the con-
ditions'

1o e <L, (6)

In zeroth order in €% and 73 the set of MHD equations takes
the form

[H rot H] =0, (7N
div H=0, (8)
oH
— =rot[vH], 9
at
—;§)=—divpv, (10)
dv
=0 (11)

The derivation and the conditions of applicability of these
equations were discussed in detail in Ref. 1. Their solution
has been split into two parts: a) the determination of the
magnetic field from Egs. (7) and (8) for given boundary
conditions which vary in time; b) calculation of the plasma
velocity and density from Egs. (9)-(11) for a known mag-
netic field. In the present paper we restrict ourselves to the
second part of the problem and assume that the magnetic
field is known.

We note that it is far from being possible to find contin-
uous solutions of the set (7)—(11) for arbitrary continuous
deformations of the magnetic field.* For instance, in the two-
dimensional case such solutions exist only provided there
are no singular zeroes of the magnetic field in which the
electric field E #0. When such points exist it is necessary to
introduce cuts (current layers)."

In order that a solution of Egs. (9)-(11) for a given
evolution of the magnetic field be completely determined
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inside some region, one must specify the initial conditions'
v (0, r)=fi(r), (12)
p (0, r)=fa(r), (13)

where v is the velocity component along the field lines [the
velocity component at right angles to the field lines is deter-
mined from (9)]. For the sake of simplicity we assume in
what follows that the initial density distribution is uniform
( fo = po = const).

The particular feature of Eqs. (7)—(11) consists in that
in the solution there can appear regions of mutual interpreta-
tion of plasma fluxes.' The appearance of such regions is
connected with the fact that in Eq. (1) the gas pressure gra-
dient was neglected. As a result fluid particles moving along
the field line tubes do not “‘feel’’ one another and their trajec-
tories can intersect. In that case the results obtained in the
approximation applied cease to be correct.

The frozen-in coordinate method is useful for solving
problems of ideal MHD.”** One introduces a doubly Lagran-
gian system: with respect to a parameter along the line of the
flow flux (the time ¢) and with respect to a parameter a
along the magnetic field line. As in any Lagrangian ap-
proach (see, e.g., Ref. 9) the function required is the radius
vector r =r(t,a,£,¥) of the fluid particle, where t,a,£,1 are
the frozen-in coordinates. The set of MHD Eqgs. (1)—(5) can
be written as follows in the frozen-in coordinates®:

7] d
e'ry—(pra)a=— ([l';l'v] —+ [rera] —

da 733
b] 1
+ [ror;] ’9_1'3 )(? Pzraz"f"Yozp )» (14)
plrar: Jre=1, (15)
p/p=consl, (16)

wherer,, r,, 1, r, indicate partial derivatives with respect
to the corresponding parameters. Equation (14) is Eq. (1)
written in the frozen-in coordinates. Condition (15) guaran-
tees that (2) and (4) are satisfied.” The frozen-in condition
(3) is satisfied by virtue of the special choice of the Lagran-
gian coordinates. It is shown in Ref. 7 that Eq. (3) is the
necessary condition that we can introduce a twice Lagran-
gian system of coordinates. This is just the reason why these
coordinates are called frozen-in coordinates

If we have solved the set (14)-(16), i.e., have found the
functions r, p, and p, we can evaluate the velocity and the
magnetic field:

V=T, (17)
H=pr,. (18)

In order to write down the strong-field approximation
MHD equations (7)-(11) in frozen-in coordinates we must
pute* =0, %5 =0in (14) and add Eq. (11) written in fro-
zen-in coordinates. As a result we get

5 5 a1, ,
(pra)a= [rr] =+ [rye] St Z)( St
(19)

P [rars] ry=1, (20)

1786 Sov. Phys. JETP 67 (9), September 1988

ror =0. (21)

We shall work out in what follows a method for solving this
set of equations.

We have already noted that we are interested in plasma
flow arising when there is a known continuous deformation
of the magnetic field. We therefore assume that the solution
H(z,r) of Egs. (7) and (8) with the appropriate boundary
conditions is known at any time with, perhaps, the introduc-
tion of necessary cuts. We write the magnetic field at any
time in parametric form

H(¢, R)=p.Ru(t, , &, ) (22)
with the transition Jacobian
Po[RaR:] Ry =1, (23)

where p, is a constant. The function R(¢,a,£,¥) thus intro-
duced satisfies the equation

2 9 IN(1 o,
poRoe = (R + (R 2o+ (R] )5 p0Re?).
(24)

We shall look for a solution of the set (19)—(21) in the
form

r(t, o, & p)=R(t, o(t, a, &, V), &, ¢, (25)

where o(t,a,£,¥) is an unknown function. One can easily
verify by a direct check that if we relate o(#,a,£,¥) to the
density p(t,a,£,9) through the formula

p=p0/Ca, (26)

Egs. (19) and (20) will be satisfied identically [if we use
Egs. (23) and (24)]. As pr, = poR, the transformation
(25), (26) with an arbitrary function o leaves the magnetic
field configuration unchanged.

To complete the construction of the solution of the set
(19)-(21)) we must determine the unknown function
o(ta,t,y) from Eq. (21). After substituting (25) into (21)
the problem reduces to solving one ordinary second order
differential equation:

R.’6,+2(R.Ro) 6+ (RoRso) 0.2+ (ReRy:) =0 (27)

with the initial conditions
0(07 a, Ew IP) =, (28)
trg|i—o=/(, &, ). (29)

If we take (26) into account, condition (28) guarantees that
(13) is satisfied (for f, =p, = const) and (29) determines
the velocity component along the field lines at ¢ = 0.

We thus obtain the following algorithm for solving the
set (9)—(11) under the conditions that H(z,r) is known.

1. Representation of the field H(#,r) at each time in the
parametric form (22), (23).

2. Determination of the function o(t,a,£,¥) from Eq.
(27) with the initial conditions (28), (29).

3. Obtaining the solution (25) and evaluating the den-
sity and the velocity using, respectively, Egs. (26) and (17).

We apply the method developed here to solving an actu-
al nonlinear problem.
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3.PLASMAFLOWIN A VARIABLE DIPOLE FIELD

The problem of the motion of a plasma in a strong mag-
netic dipole field has been formulated and solved in the ap-
proximation of small changes in the dipole moment and
hence small displacements of the plasma in a two-dimen-
sional planar statement of the problem in Ref. 1 and in a
three-dimensional axisymmetric statement in Ref. 5. As
there are no qualitative differences between them we shall in
what follows consider the planar case. In the Appendix we
give the results referring to the three-dimensional statement.
In the two-dimensional case the set (19)—(21) takes the
form

9 AV
(pra)a= ([r;e,] 7 + [e,xr.] 6—§)( —2p ra) , (30)
p[rar;Je.=1, (31)
rary =0, (32)
where

l‘(t, «, §)={$(t, x, E)y y(t, , g)v O}v ez={0, 0, 1}-

Writing the given two-dimension field H(#,r) in the pa-
rametric form (22) with the transition Jacobian

po[RaR;Je.=1 (33)

is made easier thanks to the following fact. Condition (33)
will be satisfied automatically, if we choose

E=A(, 7, y), (34)

where A(t,x,y) is the z component of the vector potential
(the only one which is nonvanishing). Indeed, the equations
H, =04 /3y, H, = — JdA /dx and (22) enable us to evalu-
ate the Jacobian

9(e, &) _ﬁc_ 0A da 0A — (HV.) g
SX,Y) XY Y ax — HVn)a=ey
where X,Y are components of the vector R. Therefore

1(X,Y)
R.le, = pp————=1.
pO[RG- E]e p a(a’g)

We consider the problem of plasma flow in the field of a
dipole which varies with time and which is positioned at the
origin with its axis along the x axis. The magnetic field is

[ m@) @=y')  2m(t)zy
= e )

(35)

We introduce in the usual way polar coordinates
x=rcos@, y=rsing. Since the vector potential is
A =r""m(t)sin @, we have

R(t,a,t)
m(t) . m(t) o,
={ % sin(2¢ (¢, @, E)), e sin®(g (¢, a,E))vo}-
(36)
Substituting (36) into (22) we get the equation
P Sin® p=E"/pom* (t). (37)
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whence after elementary integration we find
@—*/zsin 29=2&a/p,m*(t). (38)

The last equation determines ¢ (¢,a,&) implicitly. Equations
(36) and (38) solve the problem of writing down the two-
dimensional dipole field in parametric form.

Following the algorithm expounded in the preceding
section we look for a solution of the set (30), (32) in the
form

r(t, a, £)=R(¢, o(¢, @, §), E), (39)

where o (t,a,£) is an unknown function. In the given actual
case it is convenient to change to another unknown function

n(t, a, &)=9¢(¢, o(t, o, §), &), (40)

where @ (t,a,£) is determined from (38). The function 7 has
a simple physical meaning—it is the polar angle of a Lagran-
gian particle with coordinates (#,a,£). It follows from (38)
and (40) that

n(t, a, &)—'/.sin 2n(t, «, §)=28%(¢, a, §)/pom*(t). (41)

Using this relation we get from (26) an expression for the
density:

P=p0/0.=8"/m* (¢) n sin® 7. (42)
In the given case Eq. (27) takes the form

mn+2mm+*f2my, sin 29=0. (43)
The initial conditions follow from (28) and (29)

n(0, a, &)=ni(a, E), (44)

mn,+*/;m, sin 2n,=f(a, &), (45)
where 7, (a,£) is implicitly given by the equation

MNo—"/2 sin 2n,=28%a/p,m*(0), (46)

while (45) determines the velocity component along the
field lines at ¢ = 0. For the sake of simplicity we shall put
j=0; this means that initially the plasma velocity has no
component along the field lines.

It follows from the results of the preceding section that
if we have solved Eq. (43) the formulae

m ()
28

sin® 1

(47)

m(t
y(t,a, k)=

z(t,a, k)= sin 21,

determine the solution of the set (30)—(32). The density and
the velocity can be found from (42) and (17), respectively.
It is convenient for the calculations to use (46) and rewrite
(42) in the form

_ (m(O)sin Mo )’ (o)

P=Pe m(t)sin m Mo

We consider the motion of the plasma near the dipole
axis (7 < 1). In that case Eq. (43) simplifies: (mn), = 0. Its
solution with the initial conditions (44), (45) has the form
7 =n,m(0)/m(t), and (48) gives the expression for the
density

p=pom(t)/m(0). (49)

(48)

In Ref. 1, Eq. (49) was obtained from other considerations.
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It is valid for any function m(¢) (for p<1).
One can also integrate Eq. (43) elementarily if the di-
pole moment changes according to a linear law

m(t)=m,+bt (50)

(see Refs. 1, 5 and 6 for astrophysical applications of this
problem). The solution has the form
1 bt

b in 2m, 51
n=n— e sin 2n,, (51)

_ ( m, sin 1, )’ m(t)

p= m(t)sinn m, cos 2 +2m (t)sin® 1, (52)

The density changes in this case on the dipole equator
(7 = 10 = L) as follows

O o bt) (myt+20t) (53)

We note that we can consider (51) as an implicit definition
of the function 1, = 7,(¢,7) and the density which is given
by (52) is thus a function of merely two parameters: the time
t and the polar angle 7.

If the dipole moment decreases (b < 0) the quantity 7,
becomes for t > m,/2|b | anonunique function of 7, i.e., there
occur intersections of the trajectories of the liquid particles.
In that case the solution (51), (52) ceases to be correct.

It follows from (49) and (53) that when the magnetic
dipole increases the density increases on the dipole axis
(7 = 0) and decreases on the equator (7 = 7). The oppo-
site process occurs when the magnetic moment decreases.
This effect was called magnetic bunching in Ref. 1.

4. MAGNETIC FIELD FLUCTUATIONS AS CAUSE OF PLASMA
CONDENSATION FORMATION

Let the dipole moment change as follows with time:
m(t)=m,+af(t), (54)

where m,, and a are constant quantities, and f(¢) is an oscil-
lating function for which ( f) =0, (f;)#0 (the brackets
indicate averages). Without loss of generality we can put
(f%) = 1/2. Let the condition A =a/m <1 also be satisfied.
This means that we wish to study plasma flow in an almost
constant weakly fluctuating strong magnetic field. In this
case Eq. (43) and the initial conditions take the form

(1+A'f)‘r]u+27\ft'r]t+i/2}¥fu sin 21]=0, (55)

n=n, (1+A/)n+'/Afisin 20,=0 for t=0.  (56)

Equation (55) is weakly nonlinear, i.e., it contains a
small parameter A such that when it is zero the equation
degenerates into a linear differential equation with constant
coefficients. This kind of equations has been well studied in
the theory of nonlinear oscillations.'® It is impossible to use
for their solution the usual expansion in powers of the small
parameter to obtain results applicable for large time inter-
vals. However, using the averaging method'® we can get an
equation for the smoothly varying part of the complete solu-
tion.

Following Ref. 10 we bring (55) to standard form, i.e.,
to a set of first-order equations in which the right-hand side
is proportional to the small parameter A. To do this we intro-
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duce instead of the unknown function 7 two new functions y
and € using the formulac

n=y—"/:Afsin 2y, (57)
N=AQ—"/,Af, sin 2y, (58)
Differentiating (57) and comparing it with (58) we find
(1—Af cos 27) Y, =AQ,
or
Y. =AQ+0 (A*). (59)
Differentiating (58) and substituting it into (55) we get

Q,=A{f.Q cos 2y—2f,Q
+sin 2y [ff., cos® y+(f.)?]} +O(A?). (60)

We can apply to Egs. (59), (60) the averaging principle
according to which we must average the right-hand side over

the explicitly appearing time. Since
(f.)= —(f2) = —1/2 we get to first approximate the
equations

Ye=AQ, Q,='/;A sin®y sin 2y (61)

with the initial conditions ¥ = 7, = 0.

The function y changes slowly with time; the exact solu-
tion 7 will contain additional small oscillating terms which
do not affect the systematic change of 7.

We determine the time dependence of the density on the
axis and at the equator of the dipole. It follows from (49)
that near the axis p = p, apart from small vibrational terms,
i.e., there will be no systematic change in the density on the
axis. The situation is completely different near the dipole
equator. For y close to 17 we get from the linearized set (61)
y = im — (47 — 7y)cos At. The density therefore has the
form

0]1=n/2=po/cos AL. (62)

Hence it follows that there is a slow systematic bunching of
the plasma towards the dipole equator.

We consider this process in more detail. We get the
qualitative behavior of the solutions most simply if we note
that the set (61) can be written in Hamiltonian form:

Y=036/0Q, Qi=—0dF/oy, (63)

where
H="/AQ* |\ sin" y.

The lines % = const (Fig. 1) are the phase curves of Eqgs.
(61). The solutions depend periodically on the time and par-
ticles with ¥ initially cloes to }7 oscillate with the smallest
period (T = 27w/A). When t > /24, intersections of the tra-
jectories of liquid particles, which move along one force
tube, will occur and the solution becomes incorrect.

To obtain the density distribution at different times as
function of the polar angle ¥ we integrated Eqgs. (61) nu-
merically. The results are shown in Fig. 2. For high densities
it is no longer possible to neglect the gas pressure gradient in
Eq. (1) and therefore when R 7/24 we need other methods
for studying plasma flows near the dipole equator.

We emphasize the difference in principle between the
magnetic bunching mechanism described in section 3 (see
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FIG. 1. Phase plane of the set (61).

also Refs. 1, 5, and 6) and the one considered in this section.
For the latter, in contrast to the former, one does not need
large systematic changes in the initial magnetic field.

5.CONCLUSION

The use of the frozen-in coordinate technique enables
us to simplify considerably the solution of the MHD equa-
tions in the strong field approximation: as a result of the
substitution of (25), (26) the problem reduces to solving an
ordinary differential equation. For sufficiently simple field
configurations one can find the parametrization (22), (23)
and Eq. (27) in explicit form as we demonstrated by the
example of a dipole field. The application of the method de-
veloped here to more complicated three-dimensional fields
can facilitate the numerical calculation procedure.

The solutions obtained enable us to study the magnetic
bunching mechanism which so far has been studied by the
small perturbation method (at initial times) ' or numerical-
ly.® Such a study revealed a new bunching mechanism
caused by small magnetic field fluctuations and leading to
the formation of a plasma condensation at the dipole equa-
tor.

The mechanism described here may be responsible for
the formation of quiet protuberances in active regions on the
Sun. A protuberance is formed in regions with a strong mag-
netic field and has the shape of a stable dense curtain posi-
tioned high in the corona along the lines of the inversion of
the photospheric magnetic field, i.e., at the vertices of mag-

Pl
2

[

0

FIG. 2. Density redistribution with time, caused by the fluctuations of a
two-dimensional dipole field.
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netic loops.!' The matter flows continuously downwards
from the protuberance and if it were not replenished it would
be lost in the course of days. A protuberance is surrounded
by regions with a lower density, called coronal holes. If a
protuberance is destroyed for some reason, in two thirds of
the cases it appears again after 1-7 days at the same place
and most often it has the same shape. In that case the mag-
netic field configuration does not suffer noticeable changes.
The cause of the magnetic field fluctuations may be nonsta-
tionary convection on the Sun.

Taking into account magnetic field fluctuations also
solves the old and confused problem of the stability of a pro-
tuberance.'""'? The situation here is analogous to the well
known effect in the theory of nonlinear oscillations when
vibrations change a statically unstable system into a dynami-
cally stable one'® (e.g., an inverted pendulum with a vibrat-
ing point of suspension). In the case when the magnetic field
is sufficiently strong to dominate the gravitational forces a
protuberance at the magnetic loop vertices is a dynamically
stable system.

APPENDIX

In the three-dimensional case flows arising when the
dipole moment changes do not differ qualitatively from the
two-dimensional ones. In the case of an axisymmetric poloi-
dal field (H, = 0) itis convenient to choose as the frozen-in
coodinates

§=0(t, r, 8)=rsin 044(¢, r, 0), V=0,

where ®(1,7,0) is the flux function,'> and 4, the only non-
vanishing component of the vector potential. Condition
(23) will then be satisfied identically. For a dipole magnetic
field

D(t,r,0)= ms—mz—e

By analogy with (36), (37) we get

R(t, o, & )= ——”&;mz—e {sin 8 cos ¥, sin 6 sin Y, cos 6},
(A1)

0. sin” 0=E"/pom*(t). (A2)

The last equation determines the function 8 = (¢,a,£). The
substitution r(#,a,£,¢¥) = R(t,a(t,a,§),6,¢) into (21) leads
to the equation

sin 9(3 cos* 9+1) (m9,+2m,0,)

+2m8,% cos §(3 cos* $—1)+2m,, sin®  cos =0 (A3)

with the initial conditions
90, a, &)=0¢(a, E), m0(3cos* ¥+1)-+m,sin20=0,
(A4)

where 4 (t,a,§) = 3 (t,0(t,2,£),£) [cf. (39)-(46)].
Similar to (48) we get the three-dimensional case an
expression for the density

_ (m(O) )" sin” ¥y (%0)a
o m(t) sin 9 Oq

(A5)

Close to the dipole (#<1) Eq. (A3) takes the form
(md#?), =0. Its solution with the initial conditions (A4)
will be & = &,[m(0)/m(t)]'/? and it follows from (AS5)
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that Eq. (49) remains valid also in the three-dimensional
case.

For a linear change of the dipole moment (5) one can
integrate Eq. (A3) by means of the substitution

x=sin® 9(3 cos* 9+1) 9.,
bringing (A3) to the form
my,+4my=0.
The solution has the form
cos 9 (3 cos* 9+1) * + V—%ln[ ¥3 cos 9+ (3 cos® 9+1) "]

bt 4 sin® 9 cos 9
- ' Wt ) 9. +1)"
m(t) (3cos*9+1)" c0s T, (3 cos® B, 1)

1 —

+ﬁln[l’3cosﬁo+(3coszﬁo+1)"‘], (A6)

m, )’ sin’ ¥, . .

—_ +1)%

P po( ) RIS sin 9 (3 cos* 9+1)
X[sin ¥ (3 cos® §,+1)"
2bt sin®,(12 cos* ¥,—3 cos® B—1) 1

(A7)

m(t) (3 cos* 0, +1)*
On the dipole equator (¢ = &, = i) the density changes as
follows

my®
PP ot bt) (mot-3b2) °

If the dipole moment fluctuates [see (54) ] the averaged
equations of the first approximation have the form

Ye=AQ, (A8)

1790 Sov. Phys. JETP 67 (9), September 1988

0= [ 3sinycosy

2P TPl (= costy) —
(3 cos® y+1)® (1=cos’y)—@

, 2¢0s Y (3 cos® y—1) ]
sin y (3 cos® y+1)
(A9)

with initial conditions ¥ = ¢,, Q = 0. Here, as in (61), y is
the smoothly changing part of the exact solution of (A3).
On the dipole axis the density has no systematic changes [ see
(49) 1, but on the equator we get, similar to (62)

p=po/cos(¥3At). (A10)

The nature of the density redistribution with time is the same
as in the planar case (see Fig. 2).
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