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The Maxwell effect (birefringence in a flow) in inert gases is calculated. The effect which arises is
due entirely to an anisotropic polarizability of a pair of particles which interact in collisions. The

calculation is based on a chain of kinetic equations.

1.INTRODUCTION

The Maxwell effect can be summarized by saying that
birefringence arises in the motion of viscous liquids with an-
isotropic molecules because of an orientating effect of veloc-
ity gradients on the anisotropic particles. For liquids this
effect was recognized and studied experimentally a long time
ago.' It has recently become possible to study the effect ex-
perimentally in molecular gases whose particles have an an-
isotropic polarizability.>~ The effect in gases is three or four
orders of magnitude weaker than that in liquids.

In this paper we calculate the collision-induced Max-
well effect in inert gases. Since an individual molecule in an
inert gas does not intrinsically have a polarizability anisotro-
py, the effect which arises is due entirely to the anisotropic
polarizability of a pair of particles interacting in collisions.
The calculation is based on the use of a chain of kinetic equa-
tions which include one- and two-particle distribution func-
tions. The results show that the collision-induced Maxwell
effect in the inert gases Ar and Kr, at pressures on the order
of a few tens of atmospheres, is comparable in magnitude to
the Maxwell effect in the molecular gases CO, and N,, which
has been measured experimentally.® We study the depen-
dence of this effect on the nature of the potential and on the
characteristic particle scattering angle in the collisions.

We compare the Maxwell effect with depolarized Ray-
leigh scattering of light in inert gases, which can now be
reliably detected experimentally.>~’” Both of these effects are
based on a collision-induced anisotropy of the polarizability
of a pair of particles. The same kinetic method is used to
study the spectral structure of depolarized Rayleigh scatter-
ing of light in inert gases.

2.DIELECTRIC CONSTANT OF AGASINWHICHTHERE IS A
VELOCITY GRADIENT

The dielectric constant of a gas, £;;, can be expressed in
terms of the polarizability per unit volume of the medium,
a;, averaged with the help of the distribution function fy .
Restricting the discussion to the two-particle interaction ap-
proximation, we can write this averaging as

N
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Here we have in mind a spatial average over a volume V'
which physically is very small but which contains a large
number N> 1 of particles. The distribution function f is
normalized by
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where T represents a set of parameters characterizing the
internal degrees of freedom of the gas molecules. For a mon-
atomic (or inert) gas the parameter I' includes the three
components of the particle’s velocity v; for a diatomic mole-
cule, it includes, in addition to the velocity components, the
three components of the angular momentum of the molecule
M. Here r, and r, are the spatial coordinates of molecule &
and /, respectively; a;; (T, ) is the polarizability of the k th
particle considered separately; and Aa; (T'y, ), 1, — 1) is
the collision-induced polarizability of the pair of molecules &
and /, respectively.

In general, the tensor £; consists of a scalar part «§;
and a traceless symmetric part; the latter part is the cause of
the Maxwell effect. In (1) and all the equations below, we
are thus thinking of the symmetric component of the tensors
€; and a;;, respectively.

In (1), we can carry out a partial integration over the
variables I" and r of N — 2 particles. Making use of the sym-
metry of the function f with respect to the interchange of
any pair of particles, we then find

NZ
8{j=4ﬂ{N j a,,(F)f,(F) ar + —2‘—“- Aa,-;(Fi, Fz, l')

f(Ty, Ty, v)dl, dT, dr}. 2)
The one-particle distribution function f; is assumed here to
be spatially uniform, while the two-particle distribution
function £, depends on only the difference between the co-
ordinates of the interacting particlesr =r, — r,. As we will
see below, this assumption is valid if the system is not too far
from equilibrium.

Up to this point, the normalization of distribution func-
tions f, and £, has involved a volume ¥, which we now as-
sume is a unit volume for convenience in the calculations
below. Under this assumption, everything in (2) remains the
same, except that N must now be understood as the number
of particles in a unit volume ([N] =cm™?).

The first term in (2) describes the ordinary Maxwell
effect for anisotropic molecules whose polarizability tensor
has a symmetric component a;;. This term vanishes in the
case of an inert gas.

The second term in (2) describes the correction to the
dielectric constant for the circumstances that the polarizabi-
lities of two interacting particles are not additive. It is this
term which describes the Maxwell effect in inert gases. We
might add that this term is also responsible for the occur-
rence of depolarized scattering of light in inert gases, which
has recently been the subject of very active research.
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3.KINETIC EQUATIONS FOR THE DISTRIBUTION
FUNCTIONS OF A NONEQUILIBRIUM GAS

A kinetic equation for a one-particle distribution func-
tion f| for a steady nonequilibrium state of a gas with a con-
stant velocity gradient®~'® can be written in the form

mT~! (v;v,—‘/,ﬁuvz) Vik;I (X) ) (3)
where
fs='=fo(1+X), X<11 Vih=‘/z{aV(/axu+0Vu/aIi},

where f; is an equilibrium Boltzmann distribution function,
m is the mass of a molecule, T is the gas temperature, a
repeated index means a summation, and V is the macroscop-
ic velocity of the gas. It is assumed here that the deviation of
/i from f; is small, so the Boltzmann collision integral 7 on
the right side of Eq. (3) is written in linearized form.

A solution of integral equation (3) can be written for-
mally as

x=mT"V.'J_i(v-'vk_i/asmvz)~ (4)
The inverse operator T~ 'isdefinedinsucha way that when
acting on the eigenfunctions of the Boltzmann operator T
which have nonvanishing eigenvalues; it is the ordinary in-
verse operator, while when acting on the five hydrodynamic
modes which have vanishing eigenvalues'® it gives zero.

If ternary collisions are ignored, the equation for the
two-particle distribution function f, is known® to reduce to
df,/dt =0, i.e., to the conservation of the function f, along
the path traced out in phase space by the colliding particles.

Using the statistical independence of the two colliding
particles before the collision, we find a general solution for
the function f, (Ref. 8):

faoTy, Ty, r)=fi(rw)fi(rzo)- (5)

Here I'; and T, are the values of the velocity and angular
momentum of the particles before the collision. The quanti-
ties I'; and I',, are functions of ', T',, and r. To first order
in the deviation from equilibrium (i.e., in y), the function f,
is given by

f2 (T, Ty, l‘)=fo(r:)fo(Pz)exP[_Um(ru Lo 1)/

TH{x(Tw)+x(T0)}, (6)

where U,,(T',,[,,r) is the potential energy of the interaction
of the colliding particles.

4. MAXWELL EFFECT FOR ANISOTROPIC AND ISOTROPIC
MOLECULES

For anisotropic molecules, the Maxwell effect is de-
scribed by the first term in (2). We substitute into that
expression the function f, from (3), (4) and the polarizabili-
ty of a molecule, a;;, in the form

ai5=—’/2(an_’a¢){Mch/Mz_l/sﬁfj}, (7)

where o and a, are the polarizabilities along and perpen-
dicular to the axis of the molecule. As a result, we find an
expression for the dielectric constant:

8.‘,-=—2MV61’, (8)
where

1590 Sov. Phys. JETP 67 (8), August 1988

Nm o)—
7 ol “J-j

. foi“{ v — % v’ﬁ‘,} dar

is Maxwell’s constant, which is expressed in seconds.

In the determination of the constant u, the sign was
chosen in such a way that the coefficient u is always positive
(the negative definiteness of the operator  ~' is taken into
account). The expression found for Maxwell’s constant y is
the same as that given in the literature (the coefficient 8
from Ref. 2). We will use it below to make a comparison with
the new birefringence effect in inert gases. An order-of-mag-
nitude estimate of the constant u yields the following expres-
sion, as can be seen from (8):

— = (ay—a)— , 9
n

wherev = (T /m)"/?, 7 is the shear viscosity coefficient, and
O, ,0yn and o, are the cross sections for collisions involv-
ing a change in velocity, for collisions involving a change in
angular momentum, and for inelastic collisions which cou-
ple rotational and translational degrees of freedom.

In the case of an inert gas, the Maxwell effect is deter-
mined by the second term in (2), since the quantity a —a,
is zero. The induced anisotropic polarizability of a pair of
interacting praticles can be expressed in terms of the dis-
tance between these particles, r:

Aa.»j(r) =ACZ(/') {rirj/rz’"i/.‘iat'j}~ (10)

We recall that Aa(r) is the nonadditive part of the polariza-
bility of a pair of particles separated by a small distance.
Using the explicit expressions for f,, f;, and Aa; [expres-
sions (4), (6), and (10), respectively], along with (2), we
can write an expression for £; in terms of V;:

8(j=2nN25 Aa(r) {rsrj/rz—l/aﬁq}fo(vi)fo(vz)
-exp[ —Uiz(r)/T] {X(Vm) +X.(Vzo) }dvxdvzdr,

where

X (Vo) =VamT= 1= (viVro—"/s8uv0). (11)

The operator T-'in (11) acts on the variable v,. Since
this is a scalar operator, the result of its application to the
tensor v; oV — 48, vg is the same tensor, with a constant
factor — v~ !(v,) which depends on the modulus of v2. This
factor reflects the dependence of the rate of (gas-kinetic)
collisions v on the energy of the colliding particles. Below we
assume that this dependence is weak in comparison with a
Maxwell distribution.

We transform to the center-of-mass coordinate system
of the colliding particles, and we separate the radial and an-
gular parts in expressions (11):

© o

N? ,
8,‘,'=_V{j%,n_7 2ﬂj vz dliy rt drfO(U)Aa'(r)

U rir 1
- exp [___ lzT(r) ]fdov jdor{;rzj_-B_Gﬁ}
1 1
. {vaivoj — g—éﬁvaz}—{,
j.fo(Vc.m V. =1. (12)
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As usual, we have integrated over the center-of-mass vari-
ables, and we have noted that the reduced mass is m2/2. Here
v =V, — v, is the relative velocity of the colliding particles,
fo(v) is a Boltzmann distribution in relative velocities, and
V.. is the velocity of the center of mass of the colliding
particles. In the integration of expression (12) over 4O, it is
convenient to use a spherical coordinate system whose z axis
is directed along the vector v, while the direction of the vec-
tor r is specified by two angles: the polar angle ¥ and the
azimuthal angle @. The direction of the vector v is specified
with respect to a fixed coordinate system. In this coordinate
system, we can carry out the integration over dO, and dg
completely, without resorting to any model regarding the
potential U,,. The final expression is

©

ey VT~ "Ny~ znf v dy f P dr baf, (v)

. -Aa(r)expl— U,z(r)/T][v2+4U,z(r)/m]
. 5 sin p dp{'/, sin? ¢ sin® -+*/, sin (p—B) sin (p+8) }.
0

(13)
Here @is the angle between the vectors v and v,, and 3 is that
between vand r, (¢ is the angle between r and v). The angles
6 and B are functions of ¥, r and v; they characterize the
position of the vector v, with respect to the vectors vand r,
respectively. It is not difficult to verify that the relation
B = ¥ + 6 holds for arepulsion of the particles, and the rela-
tion 8 = 3 — 6 holds for an attraction. Expression (13) isa
microscopic expression for Maxwell’s constant for isotropic
molecules, ;. An obvious consequence of expression (13)
is that there is no Maxwell effect for collisions which do not
involve a change in velocity (6 = 0, ¥ = f3), i.e., for rectilin-
ear paths. It follows that the effect under discussion here is
dominated by collisions with a large change in velocity,
which occur at small distances r.

We estimate y;, from (13):

A% oV~ Aa BN,
V00w n (14)
where d is the effective interaction radius of the particles,
and @~ U /T is the characteristic scattering angle of the par-
ticles in the collision. The ratio of Maxwell’s constants for
isotropic and anisotropic molecules is given by the simple
expression

His ~

Auls . Nd" ——Kag OmMMm .
n =%y Omv (15)

We will be discussing expressions (14) and (15) below.

5.COLLISION-INDUCED SPECTRUM OF DEPOLARIZED
RAYLEIGH SCATTERING OF LIGHT

The Maxwell effect in a gas of isotropic molecules is
based on the appearance of the anisotropic polarizability of a
pair of interacting molecules in the course of a collision. The
same collision-induced polarizability underlies the appear-
ance of a depolarized Rayleigh scattering in a gas of spheri-
cally symmetric molecules; the latter effect can now be reli-
ably detected experimentally.>~''-"?

We can write an expression for the correlation function
of the dielectric constant of an inert gas with a collision-
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induced anisotropic polarizability Aa; (r) [see expression

(10)]:

(Be4;(R, 1) 864 (0,0) >=(2nV*)* j Aci; (r) Ao, (')
<681, (t, R, v, v, 1) 6£,(0,0,v,”, v,’, ¥') >d*v dr dr’,
(16)
We recall that £, is a two-particle distribution function
which, like f,, has been normalized to unit volume;
R = (r, + r,)/2isthe coordinate of the center of mass of the
system; and r is the distance between the colliding particles.
The equation of motion of the correlation function
(6/,(0)6f,5 (1)) like that for the function f,, reduces to the
conservation of this function along the path traced out by the
system of two particles. The initial condition is

<8f.(0, R, v, v, 1) 8£,(0,0,v,", v,", 1) >

1
=L@ i wexp| ~ 2 ] s vy

=8 (va=v2 )8 (r—1") +6 (vi—v2") 8 (va—v, ) 6 (r+1') ).
(17)

Using the equation of motion of the correlation func-
tion, using initial condition (17), and transforming to the
center-of-mass system of the colliding particles, we find

(Bei; (R, 1) 824 (0,0) >= (4mt)* (N*/2) ann-(r)Aau(ro)
So(Vem Yo (0) 8 (R-Vemit)expl—U (r)/T1d V_,, dvdr.

(18)

Herer, is the distance between the colliding particles at time
t = 0, under the condition that this distance is r at time ¢. The
distance r, is thus a function of the quantities r and
r, = ry(r,?).

The Fourier component is space (R) and time (¢) of
expression (18) fori = k, j = I determines the spectrum of
the depolarized scattering of light, ¢ (w,q):

0 (0,9) ~® (0, 0)= (V/2)Re | ¢ | Act, (1)

<A (ro) fo(v)expl—=U (r) /T ]dv dr dt. (19)
Here we have taken account of the circumstance that the
spatial size of the correlation function (18) is on the order of
the interaction radius of the particles and much smaller than
the wavelength of the scattered light, A = 27/g; i.e., we can
set @ = 0. It can be seen from (19) that the spectrum of the
scattered light is determined by the temporal correlation
function of the polarizability induced during the collision,
Aa;;. Since this correlation time is on the order of the parti-
cle collision time 7, the width of the depolarized spec-
trum, Aw, is given by Aw ~ 1/7, in order of magnitude.
The intensity of the depolarized scattering integrated
over the spectrum can be found from (19), where we must
set £ = 0 and r, = r. The expression found in this way for the
integrated intensity of the depolarized scattering, / 4., , is the
same as the expression given in the literature.'' We will use it
below for some numerical estimates of Aa for inert gases.

6. DISCUSSION

To make a comparison with experiments in inert gases,
itis convenient to use the ratio of the intensity of the depolar-
ized scattering, I 4, , to that of the polarized scattering, /
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/30 (Actfae) 2N A2, (20)

The quantity Aa hereis the polarizability averaged over the
spatial interaction volume of the particles, and d * is the effec-
tive interaction volume. Using experimental results on de-
polarized Rayleigh scattering of light in inert gases,''~'* we
can calculate the following quantity from (20):

2.5-10"%° cm® for Kr
1.25:10~* cm® for Ar .

The Maxwell effect in inert gases [see (13) and (14) ] is
proportional to the quantity Aad *. The light-scattering
effect which we are discussing here does not depend explicit-
ly on the angle (@) through which the particles are scattered
in the collision; it occurs at angles =0, i.e., for rectilinear
particle paths. For a rectilinear path, the collision-induced
Maxwell effect is zero. Furthermore, the component
« ( Aa)? of the light scattering is thus insensitive to the sign
of Aa(r); this sign changes as we go from a region of molecu-
lar repulsion into a region of attraction. In contrast, the
Maxwell effect, < Aa is sensitive to the sign of Aa(r).

Consequently, although the Maxwell effect and the ap-
pearance of a depolarized scattering isotropic gases are
based on the same phenomenon—the appearance of a colli-
sion-induced anisotropic polarizability of the medium—the
Maxwell effect is more sensitive to the nature of the interac-
tion potential. It can be seen from (14) that the Maxwell
effect increases in strength as the characteristic scattering
angle O~ U /T increases. An effort to observe the effect
which we have been discussing here should thus be made in
gases for which the depth of the van der Waals potential is
comparable to 7. In particular, for Ar, Kr, and Xe at room
temperature we would have

(U/IT)Ao=05 (U/T)x.=0.7,

(Aa/o)d*~

(UIT)x.~1.

To calculate Maxwell’s constant i, in inert gases from
(14), we need to know more than simply the quantity
( Aa/a,)*d?, obtained from an experiment on depolarized
scattering. We also need to know the effective particle inter-
action volume d*. Assuming that the interaction radius is
limited on one side to a value equal to twice the hard-sphere
radius (2r,, = 4-107® cm; Refs. 2-4) and on the other side
by the radius at the minimum of van der Waals molecules,
Fvaw (Fvaw = 12-107*cm for Ar; Ref. 14), we find the range
ofd*:

70010~ cm? >d,'>25-10"% cm”. (21)

Thisrang mposes a corresponding range on u;, . The results
of the calculations of y;, are summarized in Table I, which

also shows experimental values®™ of u for anisotropic mole-
cules.

It can be seen from Table I that at pressures of the inert
gases Ar and Kr on the order of 70-80 atm the collision-
induced Maxwell effect in these gases is, even at the lower
limit of the estimate, comparable to the Maxwell effect in the
molecular gases CO, and N,, which was found experimen-
tally in Refs. 2—4. We recall that in an inert gas the Maxwell
effect is proportional to the pressure, while in an ordinary
molecular gas it is independent of the pressure.?™

The gases listed in Table I have been selected in such a
way that the polarizabilities of the pairs Ar, N, and Kr, CO,
are approximately the same, to facilitate a comparison of u
and y;,.

We conclude with some numerical estimates of the ba-
sic parameters of an experiment to observe birefringence in
inert gases. As a starting point we adopt the experimental
apparatus of van Houten and Beenakker,? which uses a cy-
lindrical Couette cell with cylinders of radii R, = 19.98 mm
and R, = 25.55 mm. The inner cylinder rotates at an angular
velocity 0 = 20 s~'. An upper limit is imposed on the gas
pressure by the condition that the flow must remain stable.
For Couette flow, this condition reduces to the following
restriction on the Reynolds number'> Re = AQR,/v:

Re<Re, =41.3(R./h)", (22)

where h = R, — R, v = 7/pis the kinematic viscosity of the
gas, and p is the density of the gas.

Under flow-stability condition (22), we have a limita-
tion on the magnitude of the birefringence effect in an inert
gas:

Ieijl =2 ,,Uis V,j l ~i ) (Rz/h)<41.3u is:'V(Rz/h)lhh_z. (23)

Substituting in the values of u;, from Table I and the values
of the parameters R,, A, and € from Ref. 2, we find the
estimate |¢;|<2-107'%. The equality here corresponds to
the following maximum gas pressures: P,, ~0.5 atm and
Py, =0.25 atm. The value found for the magnitude of the
birefringence, ;;, for inert gases is about two orders of mag-
nitude smaller than the values of £; which have been mea-
sured for anisotropic gases (Table I). In this particular ap-
paratus, the pressure of the inert gas cannot be raised to the
values (on the order of 70-80 atm) at which the magnitude
of the effect would become comparable to that in anisotropic
gases, because the stability condition (22) would be violat-
ed. As can be seen from (23), however, reducing the gap size
h from 5 mm to 1 mm reduces ¢, by a factor of about 60, i.e.,
brings it close to values which have been measured experi-
mentally.* In order to observe the birefringence effect in in-

TABLE 1. Values of u for various gases (¢, = — 2uV);).
- ‘ll, 10— 16 s
ot | ENT%L A% @, Yoy

Gas |*™ “'m cm 10—E;|cm~‘ -i\a% 102 A oMM | P=1 |P=10
- cm [2-—4] atm atm

Ar { 1.64 - 0.22 25 1.8 - 0.03 | 0.3

1.64 - 4.2-10-2 70 1.8 - 015 | 1.5

Kr { 2.48 - 0.22 2.5 1.6 - 0.06 | 0.6

248 - 3.5-10-2 210 1.6 - 0.5 5

CO. 2.59 2 - - 2.1 0.06 465 | 4.65

N; 1.74 0.69 - - 1.1 0.06 2.2 2.2
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ert gases, it will thus be necessary either to raise the accuracy
of the measurements of £; by about two orders of magnitude
under the conditions of van Houten and Beenakker’s experi-
ments* or to reduce the gap between the cylinders, 4, by a

factor of several units.
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