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The theory of formation of parametric x-ray emission by crystals acted upon by an ultrasound
wave is considered. Analytic expressions are obtained for the angular and integral characteristics
of the radiation in the cases of weakly and strongly absorbing crystals. The existence of
ultrasound-excited extinction beats is predicted. It is shown that for certain ultrasound wave
vectors the spectral-angular density of the parametric x radiation is resonantly enhanced
(acoustoparametric resonance). The influence of ultrasound on the dependence of the
parametric x radiation on the energy of the particles incident on the crystal is investigated.

1.INTRODUCTION

The theoretical and experimental study of parametric x
radiation (PXR) has become by now the subject of many
publications (see, e.g., Refs. 1-11). According to analy-
sis,">%” the PXR is produced when, under conditions of
diffraction of the produced radiation, the effective refractive
index of the crystal becomes larger than unity even in the x-
ray band. This makes possible the Cherenkov mechanism of
photon generation. All the studies made to date deal with
particle motion in the crystal in the absence of external ac-
tion. One of the authors of Ref. 12 has shown, however, that
in the presence of an external alternating field the crystal has
a certain effective frequency-dependent refractive index.

It is shown in the present paper that the dependence of
the effective refractive index on the frequency and amplitude
of the external field alters substantially the PXR distribution
in spectrum and in angle. Explicit equations are derived for
the angular distribution and for the integral number of pho-
tons in the PXR reflection of a crystal acted upon by an
ultrasound wave (USW) in Laue geometry.

It is demonstrated that the USW action causes the PXR
to increase, in the case of small oscillation amplitudes, in
proportion to the square of the USW amplitude. It is shown
that for USW vectors exceeding a value x,,,, [see Eq. (21)]
the USW increases radically the differential number of PXR
photons emitted within a small angle along the reflection
direction. The angular divergence of the photons produced
in this case is determined by the characteristics and is inde-
pendent of the energy of the particles incident on the crystal.
It follows from analysis also that the action of the USW
alters the dependence of the rate of PXR formation on the
energy of the particles incident on the crystal and on the
average multiple-scattering angle, and the PXR production
threshold energy can be substantially decreased.

2.DISTRIBUTION, IN SPECTRUM AND ANGLE, OF
PARAMETRIC X RADIATION OF ACRYSTAL ACTED UPON
BY AN ULTRASOUND WAVE

Let a fast charged particle pass through a crystal acted
upon by an alternating external field. Analysis®'? shows that
at large distances from the crystal, when the electromagnetic
wave generated in the crystal becomes spherical, the number
of photons of frequency @ and polarization s = 7, o in the
direction n = k/k, where k is the wave vector of the photon
in vacuum, is given by
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where the Fourier transform of the current is

8
]Vn,m =

j(r,0)= je““’evﬁ (r—vt)dt, (2)

vis the charged-particle velocity, e is its charge, and Ey' ~’ is
the radiation field and is an exact solution of the homoge-
neous Maxwell equations with Hermitian-adjoint dielectric
constant. This solution describes the scattering, by the crys-
tal, of a plane wave of unit amplitude e, exp(ik-r) (e, is the
photon polarization vector), and has an asymptote in the
form of a decreasing plane wave plus a converging spherical
wave. Given the solution Ej '’ of the homogeneous Max-
well equations that describe the photon scattering by the
crystal, with the usual asymptote in the form of a diverging
spherical wave, the field E;' ~’ can be obtained by using the
relation®'?

E. 7 =(ES)". (3)
Let the crystal be acted upon by a transverse USW of type
u(r, ¢)=asin{xr—Qt+¢"),

where a is the amplitude of the USW, x its wave vector di-
rected along the normal to the crystal surface, and (¢ ) the
frequency (phase) of the sound. Since the time of flight of
the particle and of its radiation through a crystal acted upon
by the USW is much shorter than the period of the USW
oscillations, a semiclassical approximation can be used. The
expression calculated in this case for N, »® must next be
averaged over the USW phase ¢ . We consider in the present
paper US oscillations with amplitude much smaller than the
distance between the crystal planes, when £ = lt-a<1. In
this situation, in the two-wave approximation, the number of
electromagnetic waves interacting with the crystal is re-
stricted to six. The Maxwell equation for the fields £}’ ’
takes the form

(l)Z
rotrot [E*(r,@)> — — |E* (r, 0)>
P

o’ -~
—7‘ IES(_)(I', (1)) >X+=O (4)
the row matrix |[E* ~’(r,®)) is equal to |E* " ’(rw))
= (Bl (ro); El.(re) E! (re); Ei ’(re);
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E{ 70 (rw); EX 2, (rw)), B 7 Ex 1) (EX 7 EL 7)) are
waves with wave vectors k, k + x(k + 7, k + 74+ %), re-
spectively (7 is the reciprocal-lattice vector)

The crystal polarizability tensor y* is given by

J

7100
N ~ 1 0 ~ 8. g*
XO+=XST 07 0); [:( ); XT:( 0* 1:*
(0 01 01 LD

0 e’ [ 0 0 —g*
vVt — EG"’ — ey’ j 0 e-iv’ ] , G+ — ( T .
W g* 0

0 —ei¢] 0

For the explicit form of the crystal polarizability-tensor
components g, and g, see, e.g., Ref. 13. A solution of the
matrix equation (4) can be found in analogy with Refs. 14—
16. Since we shall be interested hereafter in the properties of
radiation propagating at a large angle to the particle-velocity
v, we write in explicit form only the expression for the dif-
fracted waves

L (r, 0) = Z, ESSL(r 0)

p=—t

_efg exp (tkye— (i/4y0) k(z—L) z*)
- T 2((zt2g0)+4pr,)

« DT [o{trc-E)

Xexp{iii—z_;_ﬂb(z %‘Yo_ (‘1)a6°')}

exp(—ibg’) { k(z—L)( L% }
_T—(exp Lb—4"{o— 8 +27—~{0)

——exp{ib k(:y—oL) (6+";6_')}]. 5)

We have introduced here the symbois
8o=(8-2+4PrE)",  Cui=(at+2g0) = ((2+2g0)*+4pr)",
= ((z+2g,)*+4pr. )"i2——xo, r=af—g (p+1),
Yo 2kv+1*

re=g:'g7", p=—, o= 2 %
Y1 ®

Yo and y, are the cosines of the angles between k and k, and
the inward normal N||x||z to the crystal. In the case of a
standing USW it is necessary to replace + e+’ in (4) by i
sing " It follows from (5) that the phase of the waves E { —°
acquires additional terms that depend on the USW param-
eters. The refractive index of a crystal acted upon by a USW
is thus modified by the appearance of an effective refractive
index that depends on the frequency and amplitude of the
sound wave (b,c,d = + 1):

1 %
n,,,c= 1+T( —-(L’+b(2—7€—“{0+cﬁo));

na=1+ ?1 ( —z+d( 4 -’Z_ Yot ( (x+2go)’+4§r.)"')) .
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Kr=ft P,

with a diagonal block matrix

Substitution of (5) in (1) yields for the PXR distributions in
spectrum and angle of the crystal, in the presence of USW,

X L[(x(:

Nt = e | 2((x+2g5 By s
R e d),
() el
—(—1)% exp (ic") f (qid ‘qi_)
« (1—exp( —tkae IV (6)
N (1 exp( -tk 2)) ]

0" =qo 5= - (2+b (—2—70—( 1)°(8-2+4pr, §2)"~))
¢ =+ 71 (I+C(E,; Yo (1= (—1)°) + ((z+28,)*+4pr,) " ))
%= % (0+y2).

7 is the angle between the PXR wave vector and the vector
wv/cv + 7,7 = E /mc? is the particle gamma vector, E is the
particle energy, m the particle mass, ¢ the speed of light, and
L the crystal thickness. Analysis of (6) shows that the emis-
sion cross section is a maximum if the real part of the longi-
tudinal momentum transferred to the medium vanishes, i.e.,

Re(g;) =0. (7N

In this case the corresponding coherence length

= (kq}) ' reaches its maximum. Condition (7) differs
from the Vavilov-Cherenkov condition for an amorphous
medium in that the corresponding refractive index is re-
placed by the refractive index of the crystal under the influ-
ence of the USW. Equations (6) were obtained neglecting
multiple scattering of the charged particles. Under real ex-
perimental conditions®* this scattering can be substantial. It
becomes therefore necessary to take into account the influ-
ence of multiple scattering on the PXR formation. It follows
from an analysis of this question®'”'® that the influence of
the multiple scattering can be phenomenologically taken
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into account by replacing the real part of the momentum kg;
transferred to the medium by (1/2)k & 2. That is to say, in
this case g, = (924 y "2+ 92), where 92 is the average
multiple-scattering angle'’

92=(EJ/E)L/Lg,

L is the crystal radiation length, and E| is equal to 21 MeV
for electrons.

3.PXRANGULAR CHARACTERISTICS AND NUMBER OF
PHOTONS

We consider first a crystal of thickness smaller than the
PXR absorption length at the given frequency, but much
larger than the extinction length, i.e., we investigate the case
of a weakly absorbing crystal. It is known'#!%'920 that USW
exerts a maximum influence in dynamic diffraction of x rays
(thermal neutrons, and others) if the x-ray-acoustic reso-
nance condition

5-=0 (8)

is met, i.e., when the USW wavelength is equal to the extinc-
tion length. Conditions (7) and (8) can be met simulta-
neously for waves with refractive indices

n=1+Y,(—z+2xy,/k=*8,),
n=1+,(—a+((z+2g,)*+4pr,) "£h4ny/k),

if the USW vector satisfies the equality

ko (Bro(92+92)2) L=
.= =y g+, 9
Ty, @itaz) 0 TeTV & ®

In this situation the radiation field contains waves whose
refractive indices differ by a small amount proportional to
the USW amplitude.

Interference of waves with different refractive indices
leads to an oscillatory dependence of the PXR intensity on
the USW amplitude. Similar effects have been observed'®*°
in diffraction of x rays and neutrons by crystals acted upon
by USW. An essential feature of this situation is that the
oscillatory changes of intensity takes place in a narrow angle
interval near ;. For 4, A3 <E(Br,)"? and in the angle
range 3, + Ad we can express the PXR spectral-angular
distribution of an absorbing crystal in the form

J

(92+9,)
(32 + 3> +Br,

2

dQ ey,

§=0,1

dN_ NmL[

(500

e

+E*

(0.249%) [ (1+M?)

dN. ,=C:N*
' (1+M*)2L (g.q9-)*

0

x((q+2+q-2) (1 - cos( (;)L qo°)

L
qo°>

xsin(%(ﬁzﬁh) ’)) +(a+°—¢-%) sin( 0;0

X sin(%(gzﬁn) "’))

+2 (1,1:21_2) (cos( ;{[; (Ezﬁr.)v’)

-~ cos(ﬁ;—f q.,°) ) cos(% (g%pr,) ')] )

(10)
0 1 2 Y;
4dx=q, i,)— (E Br,) );
0 1 2 2 d
0= 2082 + 19h)-FRe(2+2go)—2”lTY°)v
2
Ne o Sin GBNO; (11)
nprio
po FH) (g gy e,
(48r.)" CT dmsin® O]

Co=cos@cos20y, C,=singq,
where @ is the azimuthal angle. Analysis shows that in view
of the small angle interval A its influence on the integral

intensity of the PXR reflection can be neglected.
When

k (Br;{-'ﬂg ) ,

* 2
2% J5

(12)

the PXR is a superposition of waves E ' | ), with refractive
indices

mo= 1 (—ot ((2+22)*+43r) "—dpuy/k),  (13)

which can in this situation be regarded as independent of the
USW amplitude. The angular distribution (10) of PXR of a
weakly absorbing crystal can be written in the form

¥

"

=
01

1
1

For a low-frequency USW (x <kd,2/2y,) and in the ap-
proximation Br; €, we canrepresent Eq. (14) in the form

N o oL (0740 (dN
~), C L (+2g) =\ —) (1+28),
e wr=(5g) v

s=0,1 o

dQ

(15)
where (dN /dQ), is the angular distribution of the crystal
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(324 92)* ™ (Br,)* ]
(0*+ I s +2pmunyo/k)*+Bry ((0*+3 2 +pryo/k)*+pri— (nyo/k)?)*

(14)

PXR without external actions. The influence of low-fre-
quency USW on PXR generation in a thin crystal reduces
thus to an angular-distribution amplitude increase propor-
tional the squared amplitude of the oscillations, with practi-
cally no change of its for.

The integral number of photons of the PXR reflection
without allowance for second-order terms is
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N= Y, CinN, “’Yo

§=0,1

x{ 2 — ( (002+0 2+ puyo/k)*+R, )}
(92 +pnyo/k)*+R, !

p=0,%1

C2="/,(cos 265)% R,=pr,— (pxyo/k)*. (16)
The action of low-frequency sound on the formation of PXR
in a weakly absorbing crystal is similar in many respects to
its action on x-ray diffraction. The integral number of pho-
tons changes by 2-20% when £ = }7a is changed from 0.1 to
0.3.

The substantial changes of the USW influence on PXR
generation in a thick crystal [Eq. (12)] are due to the fact
that the coherence length is in this case substantially shorter
than the crystal thickness. In fact, from the very definition of
the coherence length it follows, if the Vavilov-Cherenkov
condition (7) is met, that

li=(kq"" )",
where g/ is the imaginary part of g/. In the case of crystal
without USW (Ref. 8) we have
o BBL(P 00 ) S —(r /g, )]
' 2(Bro+ (92 +9%)?) '

(17)

(18)

where 7] (r}) is the real (imaginary) part of gl gs.

Thus, without external action, the coherence length in a
crystal is inversely proportional to the imaginary part g, of
the dielectric constant. For ¢2> (/)% r” /gy and B~ 1 we
have

='2g,"'B. (19)

It follows from (7), when account is taken of (13), that the
coherence lengths take the form

L= (kg,")
(B0 o /) (1))
2(Br,t (9292 +2pxyo/k)?) !

(20)

where g, = g™ "*(x — ((x + 28,)* + 4Br,)""* + 4pxy,/

k); p =0, + 1. Obviously, if

Kepe =h (0,23 F+r,""[80"") 240 (21)

the coherence length L _, is substantially changed. In fact,

L= (1/:kgo”ﬂ)"=lo,
L= (kg (1— (g gy )*)) .

Let us estimate the change of the coherence length. Let 8-
KeV PXR be generated by the (220) planes of a silicon sin-
gle crystal 2.5 mm thick by passage of 500-MeV electrons.
Under these conditions the coherence length /_, increases
by an order of magnitude compared with coherence length /,
(B=1). The USW frequency is calculated from Eq. (21)

(22)

J

dN Z -M[ (924845
Bgo” (02 + 35 +r"lg") +1a'— (r180")*
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and equals 830 MHz under these conditions. The angle in-
terval ¢, in which the influence of the USW leads to a sub-
stantial change of the coherence length is determined by the
condition

Fae=(r'—(r"[gs"")*) ™. (23)

Obviously, . is always less than ¥, , which determines the
PXR angle divergence of a stationary crystal. For the situa-
tion considered above , =7:7X107> rad and
#,. = 1.6-107° rad. The divergence of the wave E, , | is
thus practically equal to the divergence of E; , while the
divergence of the wave E§ _,, is substantially smaller.

The physical cause of the increase of the coherence
length under acoustoparametric-resonance conditions is the
following.

The refractive index of a crystal under dynamic-diffrac-
tion conditions is given by (see, e.g., Refs. 9 and 13)

ny =1+, (—apt+go(1+p) = ((ap+go (1—P) ) *+4pr,)™).

The condition Re(n) =1+ 1(3%+ y~2 4 6?2) for the on-
set of PXR is met only for n, at a sufficiently large deviation
from the Waulf-Bragg condition ol + 92
+ 97724 62 (B=1). In this situation the crystal absorp-
tion coefficient for the n, mode tends to the absorption coef-
ficient M, = lkgy of an amorphous medium. When the
Waulf-Bragg condition & = 0 is met, the linear absorption
coefficient for the mode n, is substantially smaller than the
absorption coefficient of an amorphous medium. It is this
which causes the anomalous passage of x radiation. '3

The action of USW alters the refracting properties of
the crystal. The altered refractive index for the £ _, wave
can be written in the form (13)

nip =14 (—op+g (1+p) +dnyo/k=((af+g.(1-p))*

+4pr)").

For » = (k/2y,)(y "%+ |gy| + 92+ 62), the condition
for the onset of PXR is met if @ = 0. As a result, PXR are
produced in this case under conditions of anomalous passage
of the x rays. Since, according to (17), the coherence length
is inversely proportional to the x- ray absorption coeflicient,
it increases strongly. Note that g7 /g¢ = e5e ~ ™, where M is
the Debye-Waller factor and £ =~ 1 (Ref. 13), so that it fol-
lows from (22) that /_, =~ (1 — (&5e ~*)?)~'. The increase
of the coherence length depends thus substantially on the
temperature, and when the latter is lowered the coherence
length increases. Thus, under the conditions of the above
example, on going from room temperature to 4 K, the coher-
encelength /_, is doubled. The condition @ = 0 corresponds
to the maximum amplitude of the diffracted waves. The
abrupt decrease of the absorption and the increase of the
waveamplitude E 7 _, under conditions of PXR generation
leads to an increase of the angular density of the radiation.
Acoustoparametric resonance sets in. A change of the wave
amplitudes (8)—(10) in x-ray-acoustic resonance also in-
creases the angular density of the PXR.

The angular distribution of the PXR of a thick crystal is
of the form
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The integral number of photons is

N =Z aC N,

”
§=0,1 Bgo

O P (KW Pl s Y
2N (g ) = (1)’

p=0,=1

0§ +r.///g°//
(7‘,,— (r‘///goﬂ)z) “

0D2+0§ +r,”/ga” 0§ +r.”/go”
X | arctg 7 777 7N 2\ ' —aretg — "o 1YV 2N ' ]
(r,—(r, /go))z (r,—(r, /go ))1
Ak (g (0 e
R A Yia
. A, (25)
S+ k

- arctgth,}:Y#- )], R,>0.

Analysis of expression (25) shows that a low-frequency
USW acts on the integral number of PXR photons of a thick
crystal just as in the case of weakly absorbing crystals. Under
acoustoparameteric resonance conditions, the influence of
the USW on the integral intensity is somewhat higher. The
number of photons increases particularly strongly near the
angle ¢, defined by the condition (21). For example, under
the conditions of the example above, for a detector-window
angle ~d,. near the angle J,. (21), the number of PXR
photons entering the window is increased by the action of the
USW by 1.4-5.3 times. Note that an increase of the USW
amplitude, from £ ~0.3 to £ ~ 1, strengthens the action of the
coherent sound oscillations on the x-ray diffraction and, as a
result, increases the integral intensity of the diffracted radi-
ation.”' This tendency is preserved also in the influence of
USW on the PXR process.

By virtue of (16), the conditions for resonant enhance-
ment of the 7 and o polarization do not coincide, i.e., if Eq.
(16) is satisfied the PXR polarization increases simulta-
neously with the change of the integral intensity. Another
important fact is that an USW alters the dependence of the
PXR integral yield on the charged-particle energy. In fact,
the PXR threshold energy of a crystal not acted upon by an
USW is given by?

E,, =mc'/|g)/|" (26)

or

Vi =18 (27)

In the case of a crystal acted upon by USW, the threshold
energies (the gamma factors) are different for all three
waves

Y =8|, (28)

where
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(24)

Yer =y~ +2pxyo/k. (29)

Obviously, 75> is substantially smaller than p~? if
y~2=2xy,/k for p= — 1 or, which is the same, the
charged-particle effective energy is substantially higher than
the threshold energy. When multiple scattering of charged
particies becomes noticeable (32~7~2),Eq. (29) takes the
form

va =y 0.2+ 2pryo/k. (30)

The influence of multiple scattering on the change of 75>
can also be compensated for by the action of USW. The wave
vector of the USW is then increased.

We have shown thus that an USW influences substan-
tially the angular and integral characteristics of PXR.

'V. G. Baryshevskii, A. O. Grubich, and I. D. Feranchuk, Zh. Eksp.
Teor. Fiz. 90, 1588 (1986) [Sov. Phys. JETP 63, 933 (1986)].

2V. G. Baryshevsky, 1. D. Feranchuk, ez al. Nucl. Instr. Meth. A249, 306
(1986).

3S. A. Vorob’ev, B. N. Kalinin, S. Pak, et al., Pis'ma Zh. Eksp. Teor. Fiz.
41,3 (1985) [JETP Lett. 41,1 (1985)].

4Yu. N. Adischev, V. G. Baryshevskii, S. A. Vorob’ev, et al., ibid. 41, 295
(1985) [41, 361 (1985)].

R. O. Avakyan, A. E. Avetisyan, Yu. N. Adishchev, et al., ibid. 45, 313
(1987) [45, 396 (1987)].

%V. G. Baryshevskii and 1. D. Feranchuk, Zh. Eksp. Teor. Fiz. 61, 944
(1971) [Sov. Phys. JETP 34, 502 (1972)]. Erratum: ibid. 64, 760
(1971).

V. G. Baryshevskii and 1. D. Feranchuk, Izv. AN BSSR, ser. fiz. mat.
nauk, No. 2, 102 (1973).

V. G. Baryshevsky and 1. D. Feranchuk, J. Phys. 44, 913 (1983).

°V. G. Baryshevskii, Channeling, Radiation, and Reaction in Crystals at
High Energies [in Russian], Minsk, Beloruss. State Univ. Press, 1982.

'9G. N. Garibyan and Shi Yang, Zh. Eksp. Teor. Fiz. 61,930 (1971) [Sov.
Phys. JETP 34, 495 (1972).

'"'G. M. Garibyan and Shi Yang, ibid, 63, 1198 (1972) [36, 631 (1973)].

12V, G. Baryshevskii, Nuclear Optics of Polarized Media [in Russian],
Beloruss. Univ. Press, 1976.

"*Z. G. Pinsker, X-Ray Crystal Optics [in Russian, Nauka, 1982.

'“I. R. Entin, Pis’ma Zh. Eksp. Teor. Fiz. 26, 392 (1977) [JETP Lett. 26,
269 (1977).

51, R. Entin, Zh. Eksp. Teor. Fiz. 77, 214 (1979) [Sov. Phys. JETP 50,
110 (1979)].

'V, G. Baryshevskii and V. V. Skadorov, Izv. AN BSSR, Ser. fiz.-mat.
nauk 4, 94 (1985).

7M. L. Ter-Mikaelyan, Effect of Medium on Electromagnetic Processes
at High Energies [in Russian], Erevan, Arm. Acad. Sci. Press, 1969).

'8L. 1. Akhiezer and N. F. Shul’ga, Usp. Fiz. Nauk 151, 385 (1987) [Sov.
Phys. Usp. 30, 197 (1987)].

'°I. R. Entin and A. I. Puchkova, Fiz. Tverd. Tela (Leningrad) 26, 3320
(1984) [Sov. Phys. Solid State 26, 1995 (1984)].

20E. M. Polin et al. Zh. Eksp. Teor. Fiz. 91,2132 (1986) [Sov. Phys. JETP
64,2132 (1986)].

2'1. R. Entin, Preprint T-04131, Inst. Solid State Phys. USSR Acad. Sci.,
1986.

Translated by J. G. Adashko

V. G. Baryshevskirand I. V. Polikarpov 1362



