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The structure of the final hadronic states in deep inelastic scattering processes is discussed. It is
shown that allowance for chromodynamic coherence leads to angular ordering of the
bremsstrahlung accompanying the development of the parton system in the spacelike region of

momenta.

1.INTRODUCTION

The corroboration of parton ideas, and later of quan-
tum chromodynamics (QCD), is inseparably linked with
the physics of lepton-hadron deep inelastic scattering (DIS)
(Refs. 1-3). However, until recently there has been no sys-
tematic theoretical analysis of the structure of the final ha-
dronic states in DIS,” and, in particular, no understanding
of how chromodynamic coherence affects this structure.

Asis known from the investigation of jets in e "¢~ anni-
hilation, the phenomenon of the coherence of soft gluon
emission limits in an essential way the bremsstrahlung mul-
tiplication of partons in the cascade that develops in the
spacelike region of momenta. A consequence of the coher-
ence—the angular ordering of successive parton decays—
leads, in particular, to a “humped” plateau in the energy
spectrum of the particles in the jet, and the maximum of this
plateau increases with frequency and is displaced into the
high-energy region with increase of the hardness (annihila-
tion energy) of the process.

In scattering processes the picture of the development
of the parton system differs from that in the annihilation
process. Here it is necessary to analyze the structure of the
parton wavefunction of the target hadron, which is formed
long before the instant of the hard interaction and corre-
sponds to a spacelike bremsstrahlung cascade. As we shall
see below, the effect of the coherence here, as in the case of a
timelike cascade, leads to a picture of soft bremsstrahlung
emission with angular ordering.

When discussing the structure of the final state of a scat-
tering process with momentum transfer — Q?>u? and a
fixed value of the Bjorken variable x one must take two phe-
nomena into account: the decay of the produced parton fluc-
tuation, the coherence of which is destroyed by the “remo-
val” of a virtual quark (target fragmentation), and the
evolution of the ejected quark (current fragmentation). Be-
low we shall discuss the inclusive distributions of the final
particles in the most natural frame for the DIS process—the
Breit frame (Q, = 0, 2xP = — Q), in which the products of
the fragmentation of the target and current are sharply dis-
tinguished in their direction of motion (parallel and antipar-
allel to the target momentum P).

Not the least role in the justification of the Feynman
hypothesis that there is a single hadronic plateau in DIS (see
Fig. 1) has been assigned to the argument that it is necessary
to compensate the fractional charges, since the role of the
charged partons in the Feynman picture had been given un-
conditionally (and intuitively) to quarks. At the same time,
serious doubts have been expressed about the possibility of
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organizing such a state dynamically if one starts from natu-
ral ideas about multiple production of particles as a result of
successive decays of outgoing partons.

The problem has been formulated most clearly by V. N.
Gribov in Ref. 6, in which it was shown that in a DIS process
the products of the decay of the produced fluctuation leave
the rapidity interval 0 < In @ <In Qin the region of fragmen-
tation of the target unoccupied (Fig. 1b). At the basis of this
conclusion lay an analysis of the spatiotemporal pattern of
the development of the process in the framework of a field-
theoretical approach to the description of the wave function
(WF) of the target hadron as a coherent system of partons.
In a brief account the absence of hadrons with momenta
o €Q in the target fragmentation in the Gribov picture is
explained by the fact that the coherence of the parton WF in
this region of the spectrum is, in fact, not destroyed by hard
ejection of a parton with momentum xP=Q /2, as a conse-
quence of which the upper part of the parton comb “col-
lapses” as if there were no scattering at all (see Fig. 1b).

The experimental detection of an even plateau (Fig.
1a), which was interpreted as a proof of the correctness of
the identification of partons with quarks, did not, in reality,
eliminate the Gribov-Feynman paradox (GFP) but only
sharpened it, since it required one to point to a physical
mechanism responsible for the filling of the “hole” that
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FIG. 1. Structure of the hadron plateau in a DIS process according to
Feynman (a) and Gribov (b) (the region of fragmentation of the target is

shaded).
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would not come into conflict with causality and quantum
mechanics.

From present-day standpoints the foundations for the
Gribov phenomenon have only been strengthened, since
QCD indeed corroborates the interpretation of the structure
of a relativistic hadron in terms of a field fluctuation com-
posed of quasireal quarks and gluons—the partons of QCD.

We shall show that the way in which the GFP is re-
solved in the context of QCD is, in a certain sense, eclectic.
On the one hand, here the Gribov phenomenon does indeed
occur; namely, the energy spectrum of the products of the
fragmentation of the partons—elements of the fluctuation
(“ladder’’) that determines the DIS cross section—is con-
centrated in the region of large energies Q<w<P. On the
other hand, there is a mechanism combining the fragmenta-
tion of the target and current in the spirit of the Feynman
picture. This role is taken on by coherent bremsstrahlung
emission of soft gluons at relatively large angles, which is
determined by complete transfer of color in the scattering
process and is therefore insensitive to details of the structure
of the parton WF of the target hadron.

From the point of view of the color transfer, in the Breit
frame the process appears as the flying apart of color 3 and 3
states (the ejected ¢ and the “‘excited” nucleon as a whole).
The similarity with e*e™ annihilation makes it possible to
expect similarities in the nature of the spectra of the final
particles as well. This expectation is fully justified in respect
of the current fragmentation. The bremsstrahlung processes
accompanying the emission of a bare quark lead to the for-
mation of a jet identical to the g-jet in e*e™ annihilation at
energy W?= — Q2. In particular, a “humped” plateau
arises in the energy spectrum of the products.

Much more complicated (and, at the same time, more
interesting) is the organization of the region of fragmenta-
tion of the target, in which the final state is formed by a
system of color currents distributed in phase space. The ‘“‘va-
lence” mechanism of DIS (Fig. 2a) generates a particle
spectrum which, in the regions of fragmentation of both the
target and the current, is similar to the annihilation spectum
at? W? = — Q2 This statement is valid for values of x not
too close to unity, when the limitation of the phase volume of
the final hadronic state becomes important.

The internal structure of the parton fluctuation of the
target is manifested most clearly in DIS for x € 1, when the
cross section of the process is determined by many-step lad-
ders of the type shown in Fig. 2b. Cascade processes of multi-
plication of partons lead in this case (when interference phe-
nomena are taken into account) to an energy distribution of
particles that differs substantially in its form from the spec-
trum in the region of current fragmentation. In the forma-
tion of the resulting yield of hadrons an important role is
played by the fact that in QCD the source of the sea quarks
that determine the DIS structure functions at small values of
x consists of bremsstrahlung pairs, in an octet color state, of
a g and a g with similar rapidities (with gluon exchange in
the #-channel; see Fig. 2b).

The article is organized as follows. In Secs. 2 and 3 we
analyze coherent effects in the cross section and in the struc-
ture of the DIS final states for x € 1. It is shown that the
ordering in the transverse momenta of the parton fluctu-
ations that determine the structure functions for small val-
ues of x is a consequence of the coherence. The result of Sec.
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FIG. 2. Typical parton QCD fluctuations: a) valence contribution
(x~1); b) sea contribution (x<1).

3 is a description of the structure of the DIS final state in
probability language in terms of the accompanying emis-
sion, which is organized in a certain way with respect to the
angles and transverse momenta. Section 4 is devoted to the
effect of quark insertions into the structure gluon ladders. In
Sec. 5 we obtain approximate analytical formulas describing
the inclusive energy spectra of the final particles and give the
results of calculations.

2.DISFORXx<1.COHERENT EFFECTS IN THE CROSS
SECTION

For small values of x the DIS cross section (with power
accuracy in x) is determined by the distribution of sea
quarks. A common feature of the diagrams corresponding to
this cross section is a gluon cut in the s-channel, ensuring
(thanks to the vector nature of the gluon) that the structure
functions Dﬁ'(x) increase as 1/x with decrease of x (see
Fig. 3).

Before turning to the discussion of the final states corre-
sponding to such fluctuations, we note that for x € 1 coher-
ence phenomena already have a substantial effect on the
magnitude of the cross section of the process. In fact, where-
as for x~1, as is well known, it is possible to interpret the
structure of the parton fluctuations equally successfully in
terms of ladders that are strongly ordered with respect to the
transverse momenta, the angles of emission of the real par-
tons, or the virtualities of the f-channel rungs, in our case
(for x € 1) carelessness in the choice of the evolution param-

eter risks loss of control over significant contributions of the
order of
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FIG. 3. Many-rung parton ladder determining the DIS structure func-
tions.
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FIG. 4. Lowest-order amplitudes for the emission of a soft gluon / from a
ladder cell p—p' + k.

o, In*(1/z) >a,. (1)

The ordering of the k;, of the partons turns out to be correct
in this situation.”® To verify this we shall consider a frag-
ment of the parton fluctuation, choosing for definiteness the
lower cell of Fig. 3.

We are interested in the kinematic region (see Fig. 4)

Bor=p">B:>Pa, (2)

where B is the Sudakov component of the momenta, parallel
to the initial momentum p of the target (quark),

B'+BitBa=P»r=Bo. (3)

A contribution to the emission by a quark of a relatively soft
bremsstrahlung gluon / is given by the amplitudes corre-
sponding to the three Feynman diagrams shown in Fig. 4.

We can integrate over two independent variables from
the three k;, of the partons, which are connected by the rela-
tion

k,+1,+p,'=p,=0. 4)

To single out the region in which each of the three ampli-
tudes has logarithmic behavior it is necessary to choose the
variables in such a way that one of the independent integra-
tions is associated with the virtuality »> of the intermediate
state. This virtuality is determined by the relative angle at
which the final partons p’ and / fly apart in diagram 4a, and,
correspondingly, by the angle of emission of / and p’ (with
respect to the initial direction p) in diagrams 4b and 4c:

na'=(p’'+1)*=~2p'l= (a'Bitpo)s—2 (p.'1y)
= '%L— i+ —%- p'—2(1,p.")=p"p:(0'—6,)%

w2 =(p—1)2=—Popi0:, x2=(p—p')'~—p3'07

(3)

where we have introduced a two-dimensional vector describ-
ing the angle of emission of a parton®:

0.=k., /p:. (6)

A straightforward calculation leads to the following repre-
sentations for the virtuality of parton k:

2 __ Bk ’ r_ 2 2
—k* = BB {# B.(6'—0,) +[30[3h9h h (7a)
2 Bh ’ ’
k= o102 BBr(0°—6,)%), (7b)
S (B0 BO=0)7)
= (OB 00, (7c)
where
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k, 1
B, = —= = —— (B'6’+B,8,).
Bx [-’n(ﬁ 6

Comparison with (5) shows that the representations (7) are
convenient for determining the upper limit of the logarith-
mic integration over ||, since the first term in each of the
formulas (7) is proportional to the quantity »2 (a = a, b, ¢)
that appears together with &k 2 in the denominator of the cor-
responding Feynman amplitude of Fig. 4.

The conditions

B'Bi(0'—0,) < BoBrBs’, (8a)
BoPi0 <P Br(0'—65)% (8b)
BoB'0"*< BB (0,—64)* (8¢c)

for logarithmic behavior lead, in the region of energies (2),
to the inequalities

PPk, (9a)
€

1 2
l.J.2 < 'E_kJ. ) (9b)

2 1 2
p.2 < ——E—kJ_ , (9¢)

where

r,='(p. 1) (10)

is the relative transverse momentum of the final partons and

_ Bo Bw

B B

It follows from this that in a rather wide kinematic region,
where the transverse momenta of the partons are large and
cancel each other:

lk.L|<<lr.lellJ-lzlpJ-"’ (12)

the three amplitudes of Fig. 4 are logarithmic simultaneous-
ly. However, as can be seen by direct calculation, their sum is
found to be equal to zero. The process of Fig. 4 can be inter-
preted as the decay of a relativistic particle p into two parti-
cles (p’ and /) in an external field k. The phenomenon under
discussion is then fully analogous to the vanishing of the
forward (k, —0) diffraction-dissociation amplitude, which
was observed by V. N. Gribov and has played an important
role in Regge field theory by demonstrating the possibility,
in principle, of a so-called weak-coupling regime (see Ref.
10).

In space-time language the condition (12) implies that
the transverse size of the fluctuation

p—p =, (13)

in the form of which the particles pass through the interac-
tion region, has turned out to be smaller than the wavelength
of the scattering field. If here the interaction is associated
with a conserved current (and this is the situation in QCD),
the absorption of a quantum of a field (k) that does not
“feel”” the fluctuation and so cannot change the internal state
of the incident particle leads only to elastic scattering.
From the above reasoning it is clear that the fact of the
complete destructive interference in the region (12) does not
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depend on the type of colored particle (or decay mode) and
is valid not only for the cell g— gg that we have considered
but also in the case of an initial gluon.

Thus, we have demonstrated the coherent nature of the
phenomenon that gives rise to the ordered increase of the k,;
of the partons from the bottom to the top of the ladder fluc-
tuation determining the DIS cross section for x €1 (Refs. 7,
8).

Eliminating the region (12) from consideration, we fin-
ally obtain the following conditions:

B'Bu(8'—0,)<Buk. /B Pus (14a)
1,2<k *~p,", (14b)
p_‘_’z<<kJ_2zl_|_z. ( 140)

The last two inequalities imply natural ordering of the corre-
sponding ladder diagrams with respect to the k;, of the par-
tons. The first inequality, which limits the invariant mass »2
of the pair, has a somewhat more complicated structure. In
the case when the gluon / is hard, i.e.,

ﬂx”’[s""[so (>>ﬁh) ]
the condition (14a) gives
%o <k, (15)

In terms of the emission angles @, the inequalities (14) take
the form

|6'—0,| <6'~6,, (16a)
8,<8’, (16b)
8'<0,. (16c)

The parton configurations corresponding to the inequalities
(16) do not overlap kinematically. Therefore, the ampli-
tudes in the logarithmic approximation that correspond to
them do not interfere and give independent contributions to
the cross section of the scattering process.

The squares of the amplitudes corresponding to Figs. 4b
and 4c generate standard ladder diagrams that are ordered
with respect to the k;, of successive cells; diagram a (decay
in the final state) effectively participates, together with vir-
tual corrections, in the formation of the “running coupling
constant” @, (k?) [the dispersion relation with respect to
the mass »2, within the limits of the inequality (15); see
Refs. 11 and 2]. If the gluon / is relatively soft [see (2)],
interference of amplitudes a and b is possible, since, in addi-
tion to the bremsstrahlung cones about the initial quark and
final quark, the apex angles of which are determined by the
scattering angle ', according to (16a) and (16b) the in-
equalities (14a) and (14b) are also satisfied simultaneously
by soft emission through large angles in conditions when

0'<«0,<0'B:/p.  (ie., L <ki=p)"). (17)

3. COHERENCE IN THE DISTRIBUTIONS OF THE FINAL
PARTICLES

In the analysis of the cross section of a process the co-
herence in the distributions of the final particles usually re-
mains “out of sight”, since (both at small and at large an-
gles) the soft emission of this type cancels completely with
the corresponding virtual graphs, while having no effect on
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the magnitude of the DIS structure functions.'"? However,
if we are interested not in the total cross section of the pro-
cess but in the distribution of the particles that are formed in
it, the problem of accurate allowance for interference phe-
nomena is resurrected.

As is not difficult to understand, coherent addition of
the amplitudes @ and b (Fig. 4) in the kinematic region (17)
leads to a result that is fully analogous to the annihilation
result: The large angle emission is determined not by the
color characteristics of the initial parton p and scattered par-
ton p’ separately, but by the total t-channel color transfer
(i.e., by the gluon color for the cell of Fig. 4 under considera-
tion).

For 6=|0 — 6’| >0’ the displacement of the quark in
the transverse plane

AQ.Lz tform 0 ! ( 18)
in the time of formation of the emission
oem~pl | (p—=01)?|=p’ [ (p’+1)*~1/10> (19)

turns out to be smaller than the wavelength:
1.6 1 1

T I i e
In the case of quantum-electrodynamic (QED) scattering in
this situation bremsstrahlung emission would be absent,
since for large angles of observation [see (17)] the coher-
ence of the proper quark field would not be destroyed—it
would be as if the charge had not changed the direction of
motion at all. In QCD, however, the color transition current
appears not only upon change of direction of the momentum
of the particle but also as a result of its color “charge ex-
change.” Therefore, despite the smallness of the angle 6,
wide-aperture bremsstrahlung gluon emission does arise,
and its intensity is determined by the Casimir operator of the
t-channel parton.

We note that an analogous phenomenon—dependence
of the accompanying emission on the color exchange in the ¢-
channel—is responsible for the formation of the so-called
true plateau—the flat universal distribution of hadrons in
the rapidity interval

~tfyIn (s/|2]) <n<*/z1n (s/]¢])

in processes with large P, (for |¢|<s)."

Up to now we have discussed the kinematic region (2),
in which the gluon /, while soft in relation to the target par-
ton, remains harder than the momentum transfer:

Bo>Pi> i (21)

More typical is the situation when the accompanying gluon /
is found to be the softest:

Bk, B'<Po. (22)

Returning to the initial conditions (8) for logarithmic
behavior, we obtain in this case for the first two amplitudes
of Figs. 4aand 4b (|k, + p{| =/, €k, =p])

(6,—0')2<6"/e,
0,°<0"%/g

(23a)
(23b)
and for the amplitude of Fig. 4c
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8,°>0"/e. (23¢)

Here £=p,B, /B’ < 1. The quantity 8 >/ in the role of a
limit of integration over the gluon-emission angle 67 (an
artefact of the Feynman technique) disappears when inter-
ference phenomena are taken into account. Indeed, for the
diagrams a and b one can identify the already familiar proper
cones of the initial quark and final quark, on which the am-
plitudes do not interfere:

10,—0'|<0'(=0,), dw—|a|*=C:d?0,/|0~0'|7  (24a)
and
0,0 (~[0,—0'|), dw=|b|>C:d?0,/02. (24b)
For large emission angles (6, =|0, — 0'|>6")
dw=|a+b|* for §'°<072<0"[E, (25a)
dw=|c|> for 0:>0"/e. (25b)

But the amplitudes a and b in (25a) differ only in the
sequence of the quark generators in the color factor and,
when summed, reproduce the structure c. As a result, in the
entire range of angles 6, > 6,

dwN.d*0,/8/, (26)

i.e., the z-channel parton & can be regarded as the only source
of soft accompanying emission.

It is clear that the physical reason ensuring that the
contributions that interfere for 8, > 8’ combine to produce
independent f-channel emission is the conservation of the
current. Therefore, the analysis performed is valid for any
ladder cell

A(p)—~B(p)+T(k), (27)

where 4, B, and T are the type of the initial parton, final
parton, and exchange parton (4 = B=gq and T = g in the
example considered in Fig. 4).

Each parton decay (27) is accompanied by two narrow
bremsstrahlung cones:

0,<0" for 10,—0'|<6’

about the initial parton 4 and final parton B, with emission
intensity determined by the color charges C, and Cjg, re-
spectively, and by the soft gluon emission through large an-
gles

8,>6’,

which is proportional to C;.. This result can be generalized
without difficulty to the physically interesting case of a
many-step parton fluctuation (Fig. 3). As we know, the
transverse momenta k /,, and with them the parton-emission
angles 0,, increase as we move up the ladder determining the
DIS cross section. The following serve as sources of the ac-
companying soft emission: 1) » final bremsstrahlung cones
with apex angles A@ S 0 ! and emission intensity proportion-
al to C}; 2) the intial cone 6, < 8| (with intensity propor-
tional to C,), and also 3) the z-channel virtual partons k;,
the color C; of each of which determines the emission inten-
sity in the range of angles

9;’<9,<9i+1’, i=1., ey n—1
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(in the top cell i=n, 8 <6, < 1), as in the case of e*e™
annihilation; in the formation of emission through a relative-
ly large angle 6,,

0,20, >0.->...>0/, (28a)

the beam of partons &k} (i =1, ..., m) with comparatively
small angles of emission takes part as a single entity. The
difference of the color currents of the initial parton and the
S-channel beam determines the emission intensity in the
range of angles

O’ <0, <Om4: (28b)

through the quantity C,, [the Casimir operator is the
“squared color charge” of the z-channel parton m: C,,
=Cpr(m=gq,q)orC,, =N, (m=g)]. We recall that in
the special case when the energy of a gluon / that is soft in
relation to the beam:

ﬁl<<ﬁi,1 1217 ey m, (293)
turns out to be greater than the energy transfer
BiFBm, (29b)

the emission angle 8 > 6 ,, is bounded from above by the con-
dition (17) that the transverse momentum be small:

l_L<ka_’zka_7

which replaces the weaker condition (28b):

1 m m
61=—li<—ikML<<—km;-x,_L”—ﬂ_+i‘em,+x"'E—

B B B B B

Bt
(30)

Such contributions, which arise for x<1, will be called
anomalous in the following.

Thus, we have arrived at the conclusion that, as in the
case of a timelike cascade, angular ordering lies at the basis
of the probabilistic picture of the emission that accompanies
the development of a spacelike parton fluctuation.

4. QUARKINSERTIONS IN THE GLUON LADDER

As was shown above, the result of taking interference
into account can be formulated in terms of the probabilities
of accompanying emission that is organized in a certain way
in the phase space of the structure ladder. This circumstance
makes it possible to perform partial summation over the par-
ton configurations and to obtain for the contributions
(structure, soft, and anomalous) to the inclusive spectrum
expressions containing two D-functions describing the evo-
lution of the spacelike fluctuation before and after a particu-
lar cell; the fragmentation function D(w/l, In [,/A) of the
structure parton, in the framework of the logic of local par-
ton-hadron duality,” can be regarded as a hadron (%), with
D" identified with the corresponding hadronic e*e ™ -anni-
hilation spectra. Here and below we use the standard nota-
tion D and D for the DIS parton distribution and the frag-
mentation function for F—»A4 + X (the definitions of these
functions, and also a discussion of the methods and results of
the calculation of these functions in QCD perturbation theo-
ry, can be found in Refs. 2, 3, and 14).

First of all we recall the analytical expressions for the
parton distributions D(x, Q %, Q3) in the leading logarithmic
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approximation (LLA). In the representation in terms of
moments,

dj )
D)= L aD.2() (31)

the functions D( j) are linear combinations of exponentials
(for more detail, see Ref. 2)

Ca®(o, J) exp [va(7)E, (32)

where £ =b ~'In[a, (Q§)/a,(Q?)] is the evolution pa-
rameter.

The behavior D(x) < 1/x for x <1 is determined, ac-
cording to (31), by the rightmost singularity of D( j) in the
Jj-plane. This is the singularity of the leading singlet trajec-
tory v, (the anomalous dimension) at the point j = 1.

When analyzing the accompanying emission it is neces-
sary to know the internal structure of the ladder—in particu-
lar, how often ¢ and g are encountered in intermediate states
in the z-channel.

The growth of the “sea” in QCD is due to a spacelike
gluon cascade. As can be seen from the expansion of v__ ( j)
aboutj = 1:

c

O il - ) KU e
the role of quark insertions in the gluon ladder is limited to a
numerically small correction to the regular part of the anom-
alous dimension. The singular term in (33) gives rise to the
characteristic growth of xD(x), and the constant determines
the pre-exponential factor:

D(xy—exp 1075 =] ) O;:((%zo)z> | D

where

11 2 n 11 2
—N,+——, b=—N,——n;y
3 3 N2 3 3

a=
It is not admissible to use a wrong value of @ in the calcula-
tion of the structure functions, since then the relative error of
the QCD prediction would begin to grow with Q 2. However,
in describing the structure of the final state it turns out to be
possible to simplify the situation by replacing the real parton
fluctuation by a purely gluon cascade without a substantial
loss of accuracy.

The relative frequency of appearance of a quark (g, q)
in the t-channel at a certain stage of the evolution can be
estimated as (see Ref. 2)

F_, CoOC0) _, 05M0G) oy inCr
G TUTCEGCEG) T (vev)® 3N
~[_4N°§_] e (35)
In(1/x) 3N 2’

where we have made use of a steepest-descent estimate for
the values characteristic in (31):

_4@_]’<1. (36)

A= In(1/z)

Expansion in the parameter A makes sense if In(1/x) is
a large quantity. For real values of x it is difficult to regard

this parameter as small (typically, £~0.1-0.2); neverthe-

1308 Sov. Phys. JETP 68 (1), July 1988

less, for an estimate of the role of the g-cells in the gluon
cascade the formula (35) is entirely suitable and shows that
the probability of encountering a quark instead of a gluon in
the ladder is lower than 15% (for n, =3, F/G = A-4/27).
In fact, the error that arises from neglect of the quarks is
smaller than F /G by a further order of magnitude, since a gg
pair deep in the sea acts effectively like one gluon as a source
of final particles (see Fig. 5).

In fact, according to the analysis performed in the pre-
ceding section, the accompanying emission associated with
the particular gg cell in Fig. 5a is composed of two brems-
strahlung cones (g-jets) with apex angles

A6=0,, Ab=6, 37

and additional t-channel emission concentrated in the range
of angles

0,<6<8,, (38)

with intensity that is also proportional to C. Integrated
over the angles this is equivalent to emission of doubled in-
tensity, proportional to 2C in the region (38), plus a “dou-
bled” g-jet with apex angle @,. The first contribution supple-
ments the z-channel accompanying emission of the gluon
current below (0<6,) and above (8> 6,) the cell under
consideration, while the second coincides approximately
with the fragmentation of a g-jet. The relative error in identi-
fying Fig. 5a with Fig. 5b is

N (N:—2Cr)=N.".

Thus, with good accuracy (an error of F/GN 2<2%) we can
assume that the intensity of the accompanying ¢-channel
emission through all angles is determined by the gluon color
(V,), despite the mixing of the g- and g-states.

As regards the fragmentation of the structure rungs,
here too the contribution of a quark insertion (Fig. 5a) is
effectively equivalent to that of a g-jet with apex angle equal
to the angle 9, of emission of the lower g-line. This factoriza-
tion—the universality of the final-parton fragmentation fac-
tor D% [w/I, In(l,/A)]—simplifies our problem substan-
tially.

5. ANALYTICAL FORMULAS FOR THE SPECTRUM OF
PARTICLES INTHE FINALSTATE INDEEP INELASTIC
SCATTERING

We shall represent the final answer in the form of a sum
of three contributions. Two of them are asociated with soft
emission with

I<Q~zP. (39)

The first of these is determined by the upper g-cell in Fig. 3
and combines a bremsstrahlung cone of an antiquark (with

-

a b

FIG. 5. For the comparative analysis of the accompanying emission by a
quark cell (a) and a gluon (b).
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energy ~Q /2 and apex angle A9, = 6,) from a broken sea
qq pair with a z-channel accompaniment from the vertical
quark line in the range of angles

0, <6, <1.

As a result the spectrum acquires a contribution that coin-
cides with the fragmentation of the ejected ¢ (current frag-
mentation):

dN® o _[o Q

= P\ 7, In—1}.

Q A
The second contribution combines the soft emission from
inside the ladder through angles not exceeding 6, and can
be represented in the form

dno Q (40)

q’
ANOY 4 dkz? e, (k) 0

= 2 L DAk
dne  DJ) k* 4n ok a'(@ kW)

x[—z—ﬁoh(%, lnk—j"{)].

It is not difficult to see that the derivative of the D-function
fixes the angle of emission of the g:

en’sz_/Q;

(41)

integration over the energy of / and over the angle &, of emis-
sion of the soft g with the conditions

I<Q, 6,<9,

leads, by virtue of the evolution equation for D (Ref. 14), to
the appearance of the factor

D¢ [0/Q, In (k. /A)].

The third and last contribution to the spectrum, arising
from the kinematic region

Q<I<P, (42)

is organized in a somewhat more complicated manner. It, in
turn, consists of two parts—fragmentation of horizontal
rungs, when / is one of the elements of the structure ladder,
and an anomalous contribution (see Sec. 3).

The structure contribution can be represented (with ne-
glect of asymptotically small corrections ~a}’?) in the sim-

ple form
P Q'

AN [ 9
dlno A Q l J_z dgh

In the notation of Fig. 6a the structure contribution

corresponds to the kinematic configuration
k<I<p, k.=l >p,’". (44)

Essentially, the energies of the partons in (44) can be as-
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FIG. 6. Kinematics of the structure contribution (a) and anomalous con-
tribution (b); k</. Continuous lines link partons with transverse mo-
menta of equal magnitudes.

sumed to be strongly ordered, although formula (43) with
the derivative of the D-function takes correct account of
hard decays (k~1) as well—in particular, the contribution
of internal quark cells [to order O (n,/[In(1/x)]"/2N }); see
the preceding section].

The anomalous contribution is organized in practically
the same way as the structural contribution, differing from
the latter only in the region of integration over the momenta.
We recall that here the integration over the angle of emission
of an accompanying gluon / of -channel origin is bounded by
the condition (30):

k<l<p, k,=p,'>l,. (45)

In the analysis of the anomalous emission the preferred cell
turns out to be the first one (as one goes up the ladder of Fig.
3), with respect to which the momentum / can no longer be
regarded as soft.

In the anomalous situation the momentum k always
belongs to a gluon line, whereas at the basis of the cell (p, p')
there can be a parton of either kind a =g, g.

The analytical expression corresponding to Fig. 6 has
the form

anN 1 4

dln o j'

.? a.(lc 2)jdpzj'dk®6( )

k2
d dL? o, (12
XD, (~ k2 pe )jT : 11_4_;_)*

R
o A an 2
X[TDG (*’ x)] ( Qk). @)
In the soft approximation

©.5(k/p)=4Cuplk+t ...

(47)

it is possible, by changing the order of integration over the
energies, to make use of the evolution equations

{ikk 4N [%DG" (—% &k )]

flodGes)]
Y 2y, [—IfiD:- (%,h ,m)]
(48b)
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and to bring (46) to the following representation:

P

Q
dnNe» 1 dk,? ( di 0

= B -Lz 5‘_‘[ DGB(_Q—vozak_Lz)]
dlno D k', UL oy, .

ol
dlnk.? “\'p’

a? e, (l?) (m lL)
x L %) 5l mt) (49)
j Do\

Adding (43) to (49) and integrating by parts, we finally

obtain
aven 4 fal per( o )
= 0k
“dlne D" ‘2 T 08, De l’Q’ +
;. 2
l dl,* a, (l ) D I,
xD, (ke ) f 2 (2w, 0
A \prhes W 1 45! Dg l In A

It should be noted that the formula (43) for the struc-
ture fragmentation contains an element of double counting,
since it incorporates not only the products of the decay of the
gluons and the internal ¢g pairs but also a contribution that
mimics the fragmentation of the quark-parton k;, which
has already been taken into account in dN'V . Therefore,
from the derivative of the upper D-function:
el o)
& D, —l— s Q kL

in (43) one ought, strictly speaking, to subtract a constant—
the contribution of the Born diagram:

g()—>q(ka)+g (k).

This remark also pertains to the formula (49). However, the
final expression (50) no longer contains anything superflu-
ous [the integrated term arising in the integration by parts
cancels the parasitic contributions to (43) and (49) that
correspond to the situation when the upper D-function “col-
lapses” (£, — £, I~Q@)]. The expressions (40), (41), and
(50), when summed, determine the complete energy spec-
trum of the final particles in the region of fragmentation of
the target:

dN(III)
dlno

dNan
dln e

dN dN®D
dlno

— 51
dlnow 51

Figure 7 shows the structure of the individual terms in (51)
for certain specific values of In(1/x) and In(Q /A ). The con-
tributions II and III, which are negligibly small for x~1,
increase with decrease of x.

The transverse momenta of the partons—the sources of
the jets II and III—are bounded from above by k. With
decrease of x the average number of cells in the structure
ladder increases, and with it the characteristic angle of emis-
sion of the antiquark & /,. Therefore, the degree of develop-
ment of the secondary cascades also increases, on the aver-
age: The contribution of III increases with increase of
In(1/x). The smooth decrease of the plateau density with
increase of the energy of the particles (o > xP) is explained
by the fact that the more energetic partons are genetically
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0 5 17
y=ln(w/A)

FIG. 7. Contributions to the energy spectrum of particles from the region
of fragmentation of the target for In(Q/A) =5 and In(1/x) =5. The
dotted line is the quark contribution I, the dashed line is the coherent ¢-
channel emission II, the dashed-dotted line corresponds to the fragmenta-
tion of the structure partons (III), and the solid line is the total spectrum.

related to the earlier stage of development of the parton fluc-
tuation (the lower part of the ladder of Fig. 3), where the
k.., and consequently the cascading effects as well, are
smaller.

It is important to stress that the decay products of the
partons determining the wavefunction of the target (III)
practically do not fall into the energy region @ < xP. This is
the chromodynamic realization of the general physical co-
herent phenomenon predicted by V. N. Gribov in the frame-
work of the orthodox parton picture.® At the same time we
see that, besides the direct products of the structure partons,
which are described by the contribution III displaying the
“Gribov hole” phenomenon, in the target-fragmentation re-
gion bremsstrahlung particles saturating the region o < xP
also appear. They carry information about the general struc-
ture of the color transfer in the DIS process—about the fact
that the-total color of the parton system corresponds to the
representation 3 (the contribution I), and about the gluon
nature of the sea distribution (an octet 8 distributed over the
momenta—the contribution II).

Asine™e™ annihiation, coherence in DIS leads to hard-
ening of the energy spectra: The yield of particles with finite
(in the Breit frame) energies

In (@/A)~1

should remain practically constant with increase of the
hardness of the process. The evolution of the spectra of the
final particles with increase of In(Q /A) and In(1/x) is dis-
played in Figs. 8 and 9.

The distributions of Figs. 7-9 under discussion were
calculated using the formulas of the LLA for the structure
functions D (Ref. 2) and a modified LLA expression for the

a6 /6dy

TTTTTT T

I

0

It
15y

FIG. 8. Evolution of the energy distribution of the hadrons in the Breit
frame with variation of Q? [In(1/x)=5]: 1) In(Q/A)=3; 2)
In(Q/A) =5;3) In(Q/A) =
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-5 0 5 w15y

FIG. 9. Evolution of the spectrum with variation of x [In(Q/A) = 5]; 1)
In(1/x) =2;2) In(1/x) =5;3) In(1/x) =

fragmentation function D (Refs. 14, iO). Neglecting terms
of order O(j — 1) in (32), it is not difficult to obtain formu-
las expressing the parton distributions D5 (x, @2, Q3) for
small x in terms of modified Bessel functions. In particular,

De(z,8)= [ lf::licfz)]% 1, [( 16N & ln( —1—)) " ] e,

J 2 c
50 (@9~ DY), DzN—D (52)

The corrections to (52) are of order O[(In(1/z))~'/?]. This
rough approximation is not obligatory, since the standard
LLA makes it possible to monitor the x-dependence of the
functions D 4 (x, £) exactly. The approximation made, how-
ever, is fully adequate for a qualitative analysis of the charac-
ter of the spectra and makes it possible to get by without
numerical integration of the evolution equations, using the
analytical formulas (52).

The applicability of the LLA analysis is limited, strictly
speaking, by the condition

St (53)
11 X

The point is that, in our above discussion of the structure of a
parton fluctuation, we assumed that the k; of the ladder
cells are strongly ordered. It is this basic LLA region, in
which each power of e, is cancelled by a logarithm in k|,
that determines the terms ~ ¢, in the anomalous dimension

o, 4N, Os [(a,) c
(o) =—2 2l Zeap (22
v = w5

| +.... oo

The term in the square brackets corresponds to the situation
when the k;, of two cells are of the same order of magnitude.
The resulting correction to D(x) can be estimated as

QZ

bl (@) ) (L) w1 s
k* 4 G—12 7 z

where the characteristic moment ( j — 1) is determined by

(36).

Upon parametric decrease of x the regime of successive-
ly increasing values of k;, along the ladder should be re-
placed by a diffusion regime, when the ordering disappears
and the characteristic values of (k7 ) inside the ladder can
significantly exceed Q2. Physically, this implies a transition
from a DIS process to Regge scattering.'® For a real problem
this asymptotic behavior is inaccessible. Nevertheless, in the
realistic transition region

a‘(Qz) ln——1—<1 (56)
n x
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corrections of the type (55) from integration over values of
k;, of the same order in a group of cells can substantially
modify the x-dependence of the parton distributions. The
DIS structure functions D § (x, @2, u?) are in the transition
region (56) are in need of further theoretical analysis. How-
ever, it seems to us that the character of the distributions of
the final particles are not substantially affected by this modi-
fication of the D-functions, since *“‘clusterization” of the cells
with respect to k;, with preservation of the general ordering
of the fluctuations (monotonic increase of k;, with decreas-
ing f3; as we go up the ladder in Fig. 3) does not destroy the
strict ordering of the angles of emission of the structure par-
tons—a property that lies at the basis of our analysis of the
accompanying emission in Sec. 3. The reason for such an
extensive discussion of the applicability of our results in the
region (56) is that it is this parameter which determines the
relative magnitude of the contributions I-III to the spec-
trum. This can be seen intuitively from a calculation of the
total multiplicity of the particles. Integrating over the ener-
gy w of the detected hadron, we obtain

Nc(ln ) j'dk oa,(:nz) Ng(ln%—)

N(@z)=

[D4"(x, k2 p*) ]

© dh? o (k ) j a1’ a,(1,%)

D2 ) ks i
[D4”(z, Q% ph) 1"
Ne\ In—=- . (57)
x ( /\) .Aﬂ(xﬂ QZ, )

Here Ng [In(Q /A)] is the multiplicity of the particles in a
gluon jet with hardness parameter Q, and the prime denotes
the derivative with respect to £ Obviously, two of the three
terms correspond to (40) and (41). We shall clarify the ori-
gin of the third. After integration of (50) over In w (contri-
bution IIT) the dependence on ! of the factor involving D
disappears, since the total multiplicity of the particles in the
jet is determined entirely by the quantity /, . Therefore, the
integral over / can be taken using the completeness relation.
First we must replace d >/9€ % by d 2/3¢& 5, which is possible
owing to the fact that D 2 (x, @2, k?) depends, in the LLA,
on the difference £;, — &, -

Now we can estimate the magnitudes of the contribu-
tions to (57). The multiplicity in a cascade increases fairly
rapidly with increase of the transverse momentum. There-
fore, the integrals in (57) are determined by the interval
Alnk?~AlIn!%%[In(Q/A)]1"?nearthe upper limit. Tak-
ing into account the approximate asymptotic relations

@ 2
s (1)
SR NS
In(1/z) 1"

Bl/ — a B o~
D27) = 5 D8 ~ 4, | parev),

§

we obtain the following estimate for the multiplicity of the
particles in the region of fragmentation of the target:
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“(e*e” 2 Nc al(Qz) ln(l/x) h
NPO=N; ’(0){1+TF[TL TE ]
N, aa(Qz) In(1/z) 59)
rp 3 (

where N "7 is the multiplicity of the particles in one g-jet.
The total multiplicity of the hadrons in the DIS process is
obtained simply by replacing 1 by 2 in the curly brackets in
(59).

Thus, we see that the general scale of the multiplicity is
determined by the hardness of the process. At the same time,
the internal structure of the parton wavefunction determines
the natural logarithmic growth of N°' with decrease of x
(the contribution III from the fragmentation of the struc-
ture partons).

6.CONCLUSION

The question of the structure of the final states in deep
inelastic scattering acquires particular interest in connection
with the SSC and LHC collider projects involving the use of
proton beams (Q 2, = 10° GeV?) and with the new experi-
mental possibilities that will be realized on the HERA facili-
ty (the ep collider, with Q2 =10° GeV?). Experimental
investigations on this problem have already begun (the
EMC group).

In discussing the QCD picture of the formation of the
final hadronic states in DIS processes we have highlighted
the role of coherent phenomena, which are manifested most
sharply for small values of x. The fact that, under the condi-
tion of sea dominance, the scattering amplitude corresponds
to the transfer of gluon color in the z-channel makes the
accompanying bremsstrahlung emission in the region of
fragmentation of the target twice as intense as that in the
current fragmentation. '®

However, cascade effects substantially modify this sim-
ple picture. As in e*e™ annihilation, instead of a flat inclu-
sive distribution wdN /dw there appears a spectrum of the
humped-plateau type, the density of which decreases mono-
tonically with increase of the energy w of the particle from
o~ Q~xP tow = P. The shape of the spectrum evolves in the
predicted manner with change of Q ? and x. In particular, the
ratio of the heights of the two maxima (fragmentation/cur-
rent) should increase slightly with decrease of x.

It is not out of place to note that when the QCD predic-
tions are compared with experiment for moderately small
values of x it is necessary to take into account also the contri-
bution of the valence mechanism (the nonsinglet component
of the structure functions), allowance for which decreases
the pronounced difference between the target fragmentation
and current fragmentation.

Standard allowance for the contribution of weak inter-
actions, which has a substantial effect on the cross sections
for large values of Q 2 but should not modify the character of
the spectra of the particles produced, also does not present
any special difficulty.

The observation of the asymmetric two-humped energy
distribution of the hadrons in the Breit system and of the
evolution of the maxima with Q2 (and, in the region of frag-
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mentation of the target, with In(1/x) as well), and the verifi-
cation of the most important consequence of QCD-coher-
ence and the hypothesis of local parton-hadron duality—the
prediction of finiteness (or, more accurately, constancy with
Q? and x) of the number of particles with energies bounded
by In(w/m) <1 (the region of the “dip’’)—these are the
principal problems facing present-day and future experi-
menters in the physics of deep inelastic scattering.

The analysis performed in this paper is also completely
applicable to the structure of the regions of fragmentation of
the colliding hadrons in processes with large P,, and to any
hard interactions in which the problem of describing the de-
velopment of QCD cascades in the spacelike region of mo-
menta arises.

The authors are grateful to Ya. I. Azimov, V. N. Gri-
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sions.

"In recent years this question has been addressed in Refs. 4 and 5.

?We shall ignore the finite (not affecting the character of the asymptotic
picture of the hadron distributions) contribution of the spectators and
discuss henceforth deep inelastic scattering by a colored particle with
characteristic virtuality ~u® = R .4 [X=0%/2(QP,41ence parion ) 1-

¥The numerators of the Feynman amplitudes can also be represented in
terms of the variables 6; and f3;; the corresponding technique is devel-
oped in Ref. 9.

“Details on the essence and usefulness of the hypothesis of local parton-
hadron duality can be found in the bibliography to Ref. 13.
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