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Theoretical and experimental investigations are made of a motion of fluxons in long Josephson 
junctions with a spatially varying distribution of the critical current density. A possibility of 
resonances between soliton and plasma oscillation modes is predicted and conditions for such 
resonances are formulated. Numerical calculations of the current-voltage characteristics predict 
steps corresponding to soliton-plasma resonances. The positions of the steps as a function of the 
contact parameters are studied. Predicted features are supported by the experimental current- 
voltage characteristics of Nb-Nb0,-Pb junctions with inhomogeneities introduced deliberately 
in the insulating spacer. A comparison is made of the experimental results with calculations 
carried out using perturbation theory and numerical simulation. 

1. INTRODUCTION 
Gal'pern and Filippov7 investigated static bound states 

Nonlinear effects in distributed Josephson junctions are of fluxons that appear at individual structural inhomogene- 
being investigated intensively both theoretically and experi- ities. ~h~~ also demonstrated that in a ~ ~ ~ ~ ~ ~ ~ ~ ~ j ~ ~ ~ t i ~ ~  of 
mentally. Under weak dissipation conditions, Josephson finite length a change in the external magnetic field may 
fluxons (solitons) may exhibit oscillatory motion inside a alter the and number of different bound states of 
long junction and be reflected from its edges Such shuttle fluxon at inhomogeneities and this should be 
motion of fluxons is manifested in the current-voltage char- manifested experimentally in the dependence of the critical 
acteristic of a junction by steps at multiples of the voltage current of such a junction on the magnetic field. 8 

where n is the number of fluxons in a junction, Q0 is a mag- 
netic flux quantum, Z is the Swihart velocity, and L is the 
length of the junction. In contrast to the Fiske steps,3 which 
appear in the current-voltage characteristics of short junc- 
tions subjected to an external magnetic field, the steps in the 
characteristics of long junctions at voltages described by Eq. 
( 1 ) are observed also in the absence of a magnetic field, so 
that they are usually called zero-field steps. 

We shall consider the processes which occur in a long 
junction with structural inhomogeneities and which have a 
considerable influence on the current-voltage characteristic. 
By inhomogeneities in a real Josephson junction we mean 
the regions inside the junction where there may be variations 
of the critical current density j,, the Swihart velocity Z, the 
dissipation parameter a, or the distribution of the external 
current j. Aslamazov and Gurovich4 also considered the in- 
teraction of solitons with special features in the form of a 
local magnetic field in the junction. This interaction differs 
for solitons of opposite signs. Cirillo e t  al. 5.6 investigated the 
motion of fluxons in the presence of an inhomogeneity of the 
form of an inductive region connecting parts of a long junc- 
tion of finite length. Such a system may exhibit very complex 
dynamic modes representing sequences of reflections and 
transmissions of a soliton across an inhomogeneity. The 
most typical and simplest type of inhomogeneity, which is 
the one we will consider below, is a region with a local 
change in j,. Depending on the sign of the change in j, such a 
region represents either a potential barrier (Aj, > 0)  or po- 
tential well (Aj, < 0)  for a soliton in a junction. In the for- 
mer case the inhomogeneity is called a microshort and in the 
latter it is called a microresistance. 

The motion of a soliton in a long Josephson junction 
with a periodically modulated (as a function of position) 
value of j, was investigated using perturbation theory by 
McLaughlin and S ~ o t t , ~  and Mkrtchyan and Shmidt." It 
was found that plasma waves, of a frequency which depends 
on the velocity of a fluxon and on the distance a between 
inhomogeneities, are emitted in the course of the motion of a 
fluxon in such a junction with a lattice of inhomogeneities. A 
calculation of the deceleration length of a soliton because of 
radiation losses during its motion across a lattice of inhomo- 
geneities was calculated in Ref. 11. However, up to now the 
calculations have not been continued long enough to obtain 
an experimentally observed current-voltage junction char- 
acteristic. Moreover, as shown below, the most interesting 
processes in a junction which are manifested experimentally 
in the current-voltage characteristic may occur when the 
interaction of a soliton with inhomogeneities is not weak 
and, consequently, is no longer described by perturbation 
theory. In this case even a qualitative theoretical description 
requires numerical modeling. The absence of model calcula- 
tions is the reason why until now there have been no experi- 
mental investigations of the characteristics of long Joseph- 
son junctions with inhomogeneities, which would have made 
it possible to compare the theoretical conclusions with ex- 
periments. 

Our aim was to investigate theoretically and experi- 
mentally the dynamics of a soliton and the current-voltage 
characteristic of a long Josephson junction with periodic in- 
homogeneities of the critical current density. 

The paper is organized as follows. The investigated 
model of a junction with periodic inhomogeneities is formu- 
lated in Sec. 2. The solution of the problem obtained using 
perturbation theory is given in Sec. 3 and the radiation field 
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of a moving fluxon is calculated there. The conditions under 
which a soliton can interact resonantly with plasma waves 
are formulated. This interaction is analyzed in detail by nu- 
merical methods in Sec. 4, where the current-voltage charac- 
teristic of the junction is calculated and an analysis of the 
resultant singularities is made. The results of an experimen- 
tal investigation of tunnel junctions with deliberately in- 
duced periodic inhomogeneities are reported and compared 
with the theory in Sec. 5. 

2. MODEL OF A JUNCTION 

According to the one-dimensional model of a Joseph- 
son junction, the difference between the phases of the order 
parameter of electrons p(x,  t )  obeys a modified sine-Gor- 
don equation9: 

(~m-(~rt=f (I) sin cp+acpt+y, (2)  

where the spatial coordinate x is normalized to the Joseph- 
son penetration depth A, = (2epoAj, /fi) - ' I 2 ;  the time t is 
normalized to the reciprocal of the plasma frequency 
W; = (Cfi/2ejd) ) 'I2, where j, is the average critical cur- 
rent density per unit length of the junction; A = A ,  + A, + d 
is the magnetic thickness of the junction barrier; d is the 
thickness of the insulating spacer; A ,  and A,  are the depths 
of penetration of the magnetic field into the superconducting 
films; C = W/d is the capacitance of the junction per unit 
length; Wis the width ofthe junction in the direction perpen- 
dicular to thex axis. The function f (x)  = j, (x)/j, gives the 
distribution of the critical current density along the junc- 
tion, whereas the coefficient a = G(fi/2ej, C) ' I 2  is related 
to the dissipation of energy in the junction and is proportion- 
al to the quasiparticle conductance G per unit length. The 
last term in Eq. (2)  y = j/j, represents a uniformly distrib- 
uted external current j assumed to be independent of x. A 
uniform distribution of j  along the junction is possible in the 
first approximation only for a junction with a transverse ge- 
ometry of length L$Rj in the x direction and width 
WsAJ.12 

If a Josephson junction is not closed to form a ring, Eq. 
( 2 )  should be supplemented by the boundary conditions at 
the edges of the junction: 

where h is the external magnetic field normalized to 

In the case of a ring junction geometry the boundary 
conditions corresponding to one fluxon pinned in a junction 
are of the form" 

where r is the junction radius. 
We shall assume that the inhomogeneities are localized 

in comparison with A,. Then, if a junction contains a finite 
number N of inhomogeneities of the insulating barriers sepa- 
rated by equal distances, they can be modeled by the func- 
tion9 

The sign of the coefficient fa in front of the S function deter- 
mines the type of inhomogeneities: fa < 0 corresponds to mi- 
croresistances attracting a soliton, and fa > 0 corresponds to 
microshorts repelling it. 

3. PERTURBATION THEORY 

We can calculate the field of the radiation emitted by a 
fluxon traveling in an infinitely long junction when a#O and 
f (x)  is in the form of Eq. (5)  ( N  = UJ ) if we use perturba- 
tion theory developed in Refs. 9 and 10. We shall seek the 
solution of Eqs. (2 )  and (5)  in the form 

where 

c (x, t )  =arctg [ erp (?)I , 

and Y = ( 1 - p2) ' I 2  is a one-soliton solution of this equa- 
tion for& = 0. The soliton velocity f l  determined from the 
condition of energy balance between the external force y and 
the dissipation a ,  is given by9 

Substituting Eqs. (6a) and (6b) into Eq. (2),  we obtain a 
linear differential equation for the function p, (x, t )  which 
determines the radiation field of a fluxon: 

+ 00 

The solution of Eq. (8)  in a coordinate system linked to a 
moving soliton 

x-pt t-px g=- , Z = ,  
v v 

( 9 )  

can be represented in the form 
m 

X j G (an ,  I, gJ) sin qo ( I r )  exp (-iknl')dEt }. 
-- 

(10) 

where w ,  = unp /Y; k, = un/v; u = 2n-/a; G is the Green's 
function of the differential operator on the left-hand side of 
Eq. (8) ,  known from Ref. 14 and equal to 

where 
(11) 

Substituting Eqs. ( 1 1 ) and ( 12) into Eq. ( 10) and inte- 
grating, we obtain the following expression for the radiation 
field far from a soliton (i.e., when 16 / $1 ): 
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where 6, = (ap /2v)  Q, and 6 ,  = - ik, + 6,. The up- 
per signs in Eqs. ( 11) and ( 13) correspond to 6% 1, i.e., to 
the emission of q, ,+ ahead of a fluxon, whereas the lower 
signs correspond to 6< - 1, i.e., to the emission of q, ; be- 
hind a fluxon. 

Adopting a system of coordinates at rest ( x ,  t ) ,  we can 
write down Eq. ( 13) in the form of a superposition of oscilla- 
tions traveling in a junction 

which obey the plasma dispersion law 

where 

The expressions represented by Eqs. ( 15b) and ( 15c) reduce 
for n = 1 to those obtained earlier in Ref. 10 in the case when 
a = y = 0 and the critical current density j, (x )  is subject to 
sinusoidal modulation. 

According to Eq. ( 13), the amplitudes A,, of plasma 
oscillations in Eq. ( 14) decrease exponentially as n increases 
for un% 1, so that the sum over n is dominated only by the 
terms for which we have un =. 1. In the most typical case of 
u=. 1, which will be discussed below (i.e., when the period 
ah, = 2 ~ h ,  /u of lattice inhomogeneities is of the order of 
the Josephson length A,) the sum is determined by the term 
n = 1, i.e., by the first Fourier harmonic of the function 
f(x) .  However, we can easily show that the term with n = 0 
in Eq. ( 13) vanishes for I f  I > 1, i.e., the constant component 
of the function f ( x )  makes no contribution to the radiation. 

It also follows from Eq. ( 13) that the radiation energy 
losses Sexperienced by a fluxon are proportional to the elec- 
tric q, I t  and magnetic q, ,, fields, and depend nonmonotoni- 
cally on the soliton velocity P (Ref. 10). The losses are maxi- 
mal when p = 0, = (1 + u ~ > - ~ ' ~  and then as p increases 
the value of S vanishes when Po = l/u (provided u > 1 ). In 
the interval& <fl< 1 the function S (  8) has a smooth max- 
imum and in the limit 0- 1, because q,, (x,t) - 0, we have 
S-0. Here, p, denotes the threshold velocity of a soliton 
such that forp <p,  the radiation is not propagated in a junc- 
tion, but is localized near a vortex in a region of dimensions 
of the order of [ 1 - u2O2/( 1 - B 2 )  ] - ' I 2  [the quantities o,, 
and k,, in Eq. ( 15) are then complex]. For p > B t  and 
a = 0, a wave travels in a junction, but for a #O, it decays in 
a distance I,, which in a system of coordinates at rest (x, t )  is 

Using the system ( 15) we can readily show that 8, is equal 
to the soliton velocity at which the group velocity of the 

radiation behind it is v, = dw,, ( P)/dk,, ( P )  = 0. We shall 
ignore here the radiation ahead of a fluxon gl ;t (when 
6 + co ) because it follows from Eq. ( 13) that in the interval 
or <P < 1 the inequality lq, ; 1 % lq, ,+ 1 is obeyed (with the 
exception of the region where P=.P, ).I0 

Therefore, an analysis carried out using perturbation 
theory shows that a fluxon moving in an inhomogeneous 
infinitely long junction emits plasma waves the decay 
(damping) length of which is governed by the dissipation a 
and by the fluxon velocity 8. The expressions obtained for 
the radiation field make it possible to calculate, in principle, 
the relevant losses and the corrections to the current-voltage 
characteristic of a contact. However, in the case of a real 
Josephson junction of finite length we can assume also a dif- 
ferent mechanism of energy losses by a soliton, which in- 
volves transfer of energy to plasma oscillations. In a ring 
junction of radius r the frequency of a soliton oscillation 
mode is given by 

Oscillations of frequency w,,, can interact in a junction 
with plasma oscillations of frequency a,, given by Eq. ( 15). 
The condition for the appearance of resonances between 
these two oscillation modes can be written as follows: 

where m and m' are integers. 
Bearing in mind that in the case of a sufficiently long 

junction we have w,,, <a,, , we shall consider mainly the 
case when m' = 1. The opposite case m' > 1 corresponds to 
resonances implying the interaction of a soliton with a plas- 
ma mode after the soliton repeatedly goes back and forth in 
the junction, during which process the plasma oscillations 
decay if the dissipation a is not too small. If m' = 1, Eq. ( 18) 
becomes 

Substituting in Eq. ( 19) the expression for o,, from Eq. 
( 15b), and then using Eq. ( 17), we obtain an expression for 
the fluxon velocity 8, at which resonances may appear: 

Near resonances fi-8, the amplitude of a plasma os- 
cillation mode should increase and then the perturbation 
theory approximation corresponding to /p, / < /pol becomes 
invalid. Therefore, perturbation theory can be used to esti- 
mate only the positions of resonances P,  in accordance with 
Eq. (20). In studies of resonance profiles we have to use 
other methods. 

4. NUMERICAL MODELING 

The influence of soliton-plasma resonances on the cur- 
rent-voltage characteristic of a ring junction with regularly 
distributed inhomogeneities was investigated by solving nu- 
merically the sine-Gordon equation (2) .  The function f(x)  
was written in the form 

N 
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FIG. 1. Current-voltage characteristic in the region of the first zero-field 
step calculated for homogeneous (dotted curve) and inhomogeneous 
(continuous curves) ring Josephson junctions. The values of the param- 
eters are given in the text. 

A stabilized explicit difference scheme was used in this 
numerical m~del ing . '~  The steps along x and t were 0.05. 
The accuracy was controlled by halving and doubling the 
step. The continuous curves in Fig. 1 represent the numeri- 
cally calculated part of the current-voltage characteristic in 
the region of the first zero-field step (i.e., the soliton velocity 
as a function of the external current y )  for a ring junction 
with the following parameters: 27~r = 10, a = 0.01, N = 5, 
a = 2, fo = - 0.4. The dotted curve in the same figure repre- 
sents the current-voltage characteristic of a homogeneous 
junction calculated by the same method by substituting 
f ( x )  = 1 in Eq. (2 ) ,  but assuming the same values of the 
parameters rand a as before. We can see that the two calcu- 
lated current-voltage characteristics are quite different. The 
characteristic of a junction with inh~nio~eneities has addi- 
tional steps at almost fixed voltages and, as identified by 
arrows in Fig. 1, hysteresis is observed. If we move along one 
of the branches of the current-voltage characteristic in the 
direction of decreasing current y, then at some value y = y, 
the voltage decreases abruptly and a transition takes place to 
a different branch. As we move along this branch, an upward 

FIG. 2. Dependences of the numerically calculated voltage p,(O, t )  on 
time t. Curves A, B, C, and D correspond to the points A ,  B, C, and D in the 
current-voltage characteristic shown in Fig. 1. The arrows identify the 
times at which a soliton passes the point x = 0. 

abrupt transition to the initial branch occurs at y = y, > y, . 
The reasons for the appearance of these discontinuities 

in the current-voltage characteristic of a junction with inho- 
mogeneities were identified by investigating the time depen- 
dence of the voltage p, (x,,t) calculated at a fixed point of 
the junction and shown for the point x, = 0 in Fig. 2. The 
characteristics A,  B, C, and D correspond to the points A,  B, 
C, and D of the calculated current-voltage characteristics 
shown in Fig. 1. The arrows in Fig. 2 identify when a soliton 
undergoing cyclic motion in the junction passes. We can see 
from this figure that in the case of an inhomogeneous junc- 
tion there are oscillations of p, with time at a frequency 
which is an exact multiple of the soliton reversal frequency. 
Therefore, the condition for a soliton-plasma resonance of 
Eq. (19), considered in the preceding section, is satisfied. 
The branches with the points B, C, and D correspond to 
rn = 3, 4, and 6. 

It is clear from curve A in Fig. 2 that at the point A on 
the current-voltage characteristic the amplitude of the plas- 
ma oscillations is small. In this region the current-voltage 
characteristic of a junction with inhomogeneities differs lit- 
tle from the characteristic of a homogeneous junction. The 
amplitude of plasma oscillations increases with the voltage 
across the junction as the resonance branch with m = 3 is 
approached. A further increase of the current y across the 
junction does not increase the average fluxon velocity and 
the energy goes into increasing further the amplitude of plas- 
ma oscillations without contributing to the average voltage 
across the junction. Perturbation theory is invalid in this 
part of the current-voltage characteristic. In the part of the 
characteristic where the amplitude of plasma oscillations ap- 
proaches the amplitude of a soliton mode, an instability ap- 
pears at some point and a transition takes place to a different 
branch of the current-voltage characteristic located at high- 
er voltages. 

The calculated current-voltage characteristic is valid in 
the range of junction parameters with a small dissipation a 
satisfying the condition al< 1. An increase in a reduces the 
height of the steps and hysteresis disappears for az0.06- 
0.08. Then, the theory predicts that the positions of the cal- 
culated voltage discontinuities should be practically unaf- 
fected. Moreover, it follows from the calculations that an 
increase in the parameter f, from 0.1 to 0.4 also has little 
effect on the step positions. 

We shall now compare the results of this numerical cal- 
culation with Eq. (19) obtained in the perturbation theory 
approximation. Figure 3 shows the positions of the steps cor- 
responding to soliton-plasma resonances in the current-vol- 
tage characteristics of ring junctions of length 2 r r  = 10 and 
with different numbers of inhomogeneities. The triangles in 
this figure represent the perturbation theory results of Eq. 
(20) and the circles are the positions of the steps found by 
numerical calculation of the current-voltage characteristics 
on the assumption that fo = - 0.4 and a = 0.01. The inte- 
gers in Fig. 3 are the resonance numbers rn. 

It is clear from Fig. 3 that Eq. (20) is in quantitative 
agreement with the results of numerical calculations of the 
positions of steps on the current-voltage characteristic. The 
discrepancies are of order 10-20% and they depend on the 
values of a and m. The numerically calculated steps corre- 
sponding to given values of rn are located at lower voltages 
than those calculated from Eq. (20). We may assume that 
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FIG. 3. Comparison of the positions of the steps of the current-voltage 
characteristics due to soliton-plasma resonances in the case of a ring junc- 
tion of length I = 10 plotted as a function of the period a of a lattice of 
inhomogeneities: A )  results calculated using Eq. (20);  0) results of a 
numerical analysis; 1 ) P = Po(a) ;  2 )  fi = P, ( a ) .  

this difference is associated with the deviations of the plasma 
wave frequency from that given by Eq. (15) when the radi- 
ation amplitude is high and also due to deceleration of a 
soliton under the action of radiation, which can be included 
in the next 'order of perturbation theory. It should also be 
mentioned that in the case of the numerically calculated cur- 
rent-voltage characteristic shown in Fig. l there is no reso- 
nance with the number m = 5 (see also the points at a = 2.0 
in Fig. 3).  This may be due to the fact that the postulated 
position of the resonance with m = 5 lies in a region where 
P--,&. In this region the energy transferred by radiation is 
close to zero, so that the amplitude of the resonance is also 
small. Therefore, there is a good agreement between the ex- 
act numerical results and the simple estimates obtained us- 
ing perturbation theory. 

The results reported above apply to the case of a ring 
junction in which there is no reflection of a fluxon from the 
edges. In a linear junction the edges also act as inhomogene- 
ities and this complicates the picture. Numerical calcula- 
tions for a linear junction carried out by the method de- 
scribed above demonstrate that the fine structure of the 
current-voltage characteristics is retained. l 6  This case is dis- 
cussed in greater detail in Sec. 6 below where the experimen- 
tal results are compared with the calculations. 

FIG. 4. Schematic diagram showing the experimentally investigated ho- 
mogeneous ( a )  and inhomogeneous (b)  Josephson junctions with the 
transverse geometry (w <A, <L) .  

FIG. 5. Configuration of deliberately formed inhomogeneities in the in- 
vestigated junctions (all the dimensions are in microns). 

5. EXPERIMENTS 

The effect of a resonant interaction of a soliton with 
plasma modes was investigated experimentally in 
Nb-Nb0,-Pb tunnel junctions with deliberately introduced 
inhomogeneities in the insulating barrier spacer. The junc- 
tions were made employing the conventional thin-film tech- 
nology in which niobium was oxidized in a glow-discharge 
plasma." Photolithography was used to form 12 junctions 
with the transverse geometry (of the overlap type) and with 
500X 20pm dimensions on a silicon substrate of 15 X 24 mm 
size (Fig. 4) .  Inhomogeneities were produced by explosive 
photolithography in the form of strips of silicon monoxide 
oriented across the junctions. The width of the inhomogene- 
ities along ajunction was 10pm and their thickness was - 80 
nm. Four junctions on the substrate had no inhomogeneities 
and acted as controls, whereas in the others there were 3, 5, 
or 9 equidistant inhomogeneities (Fig. 5).  Very stringent 
requirements had to be satisfied during measurements in or- 
der to protect a sample from external sources of strays and 
noise. Measurements were made in a screened cryostat 
where the residual magnetic field was - 10 - 4  G. A current 
was set using a stable mercury-zinc device, whereas current 
and potential contacts were formed by two screened twisted 
pairs of wires 0.2 mm in diameter for each of the junctions. 
The sensitivity of the dc measurements was limited by the 
induced thermo-emf in the measuring wires and in the con- 
tacts; this emf was of the order of 0.5 pV. When the fine- 
structure branches of the current-voltage characteristics 
were investigated, this sensitivity could be increased further 
by a factor of 2-3 by accumulating and averaging the mea- 
surements. 

The experimental results discussed below were ob- 
tained by investigating a substrate with junctions labeled 
with the batch number 49. We prepared six substrates for 
junctions with inhomogeneities and only in the case of the 
last of them were we able to produce junctions with the pa- 
rameters needed for a comparison between theory and ex- 
periment. 

We investigated experimentally the profiles of the first 
zero-steps of the current-voltage characteristic correspond- 
ing to the motion of one soliton in each junction. The voltage 
corresponding to these steps was V ,  ~ 2 7  pV at T = 4.2 K 
and did not vary from junction to junction by more than 2- 
3%. The parameters of the investigated junctions are listed 
in Table I. 

Figure 6 shows the general appearance of the current- 
voltage characteristic of a homogeneous control junction 
No. 49.13 obtained at low voltages. I t  is known',2 that the 
number of steps observed in the current-voltage characteris- 
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TABLE I. Parameters of investigated Nb-Nb0,-Pb Josephson junctions at  T = 4.2 K. 

*The characteristics of the junction No. 49.14 were determined after a cycle of heating and 
cooling of the substrate in the temperature range 4.2-300 K. This was the reason for the some- 
what lower value ofj, for this junction compared with otherjunctions for which the parameters 
are given in the above table. 

tic in zero external magnetic field should be approximately 
equal to the length of the junction in dimensionless units 
I = L /A, .  It is clear from Table I that in our case such an 
estimate agrees with the experimental results: the current- 
voltage characteristic of junction No. 49.13 has 1 1 zero-field 
steps (Fig. 6) and an estimate of I,,, from the experimental 
parameters gives z 13.6. A calculation ofj, from the experi- 
mental data was made using a current jump AI, near a gap 
singularity in the current-voltage characteristic at a voltage 
of -3 mV: j, z 0 . 7 A I g / S  (Ref. 2) ,  where S  is the junction 
area. The magnetic thickness of the barrier was calculated 
allowing for the Swihart velocity F deduced from the voltage 
V, and amounting for these junctions to about 1/45 of the 
velocity of light in vacuum. The dissipation factor a was 
deduced from the slope of the lower part of the first zero- 
field step.' 

Figure 7 demonstrates the main experimental result of 
the present investigation: we determined the first steps of the 
current-voltage characteristics of Nb-Nb0,-Pb junctions. 
In the case of junctions with deliberately formed inhomo- 
geneities we found additional branches in the current-vol- 
tage characteristic at voltages V * lower than the voltage of 
the first zero-step V, and which had profiles and positions 
along the voltage axis that depended on the parameters of 
the junction and on the number of inhomogeneities in the 
junction.I8 These features were not exhibited by the current- 
voltage characteristics of homogeneous junctions. 

The fine-structure branches of the current-voltage 
characteristic exhibited hysteresis which decreased and dis- 

FIG. 6.Zero-field steps in the current-voltage characteristic of a homoge- 
neous NbNb0,-Pb junction No. 49.13 at T = 5.1 K. 

appeared on increase in temperature (Fig. 8) .  The tempera- 
ture dependences of I,,, and a,,, were also determined (Fig. 
9).  Aging of the samples after several cooling and heating 
cycles in the range 4.2-300 K altered not only the critical 
current density j,, but also the positions of the fine-structure 
branches. 

The current-voltage characteristics of the homoge- 
neous junctions labeled Nos. 49.3 and 49.14 had two stable 
reproducible values of the critical current (Fig. 7 ) .  The low- 
er of these values I,, was assumed to be due to pinning of a 
soliton at one of the inhomogeneities in the junction. An 
increase in the distance between the inhomogeneities (Figs. 
7b-7d) increased I,, , which corresponded to an increase in 
the pinning force. At I  = I,,, the current-voltage character- 
istic exhibited a jump from a steady state in the first zero- 
field step, which corresponded to unpinning of a fluxon from 
an inhomogeneity and the onset of its motion along the junc- 
tion. 

6. DISCUSSION OF RESULTS 

We shall now compare the results of the theory with the 
experimental positions of the fine-structure steps in the cur- 
rent-voltage characteristics. In the case of junctions with a 
transverse geometry and inhomogeneities of the kind used in 
our experiments, Eq. (20a) is modified to 

The above expression allows for the fact that the spatial peri- 
od of the revolution of a soliton in the presence of reflections 
from the junction boundaries is 21. We shall ignore the phase 
shift of soliton oscillations associated with reflection of a 
soliton into an antisoliton and vice versa. If 1% 1, the time 
delay due to such a phase shift is small compared with the 
time period of the soliton revolution. 

We can use Eq. (22) to estimate the order of soliton- 
plasma resonances which appear in a real experimental situ- 
ation. In the case of deliberately formed inhomogeneities 
with a known distance between them the calculated posi- 
tions of the resonances are governed by the Josephson depth 
of penetration A, found from the experimental results (Ta- 
ble I ) .  A comparison of the experimental values of V*  with 
those calculated on the basis of Eq. (22) made it possible to 
estimate the order of the observed resonances, which gave 
m -- 11, 6, and 5 for the current-voltage characteristics in 
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Figs. 7b, 7c, and 7d, respectively. In all these characteristics 
there was only one fine-structure branch. We assumed that 
this was due to the fact that the other branches were not 
observed at lower voltages because of a strong instability of 
the lower parts of the current-voltage characteristics in the 
presence of external noise and strays during measurements. 
The range of voltages V in which it was possible to observe 
the first zero-field steps was at most 0.8Vs 5 V 5  l.OVs, 
which was true also of control homogeneous junctions. In 
the case ofjunction No. 49.3 we deduced from Eq. (22) that 
there were resonances with numbers m >6, where V , ~ 0 . 8 5 , ,  
V, ~ 0 . 6 3  V,, and V, ~ 0 . 4 7  V,.  The experimental value of the 
voltage for the additional branch was close to V,  and 
amounted to V * z 0.89 V, . Therefore, under our experimen- 
tal conditions the calculated branches for junction No. 49.3 
with m)7 should be outside the investigated part of the cur- 
rent-voltage characteristic. The discrepancy between the re- 
sults obtained by perturbation theory and the experimental 
data in the cases illustrated in Figs. 7b-7d was at most 5-8% 
at the above values of m. 

FIG. 7. First zero-field step on the current-voltage 
characteristic of the investigated Nb-Nb0,-Pb junc- 
tions: a)  No. 49.13 (homogeneous junction); b)  No. 
49.12 (nine inhomogeneities); c )  No. 49.3 (five inho- 
mogeneities); d )  No. 49.14 (three inhomogeneities); 
T = 4.2 K. 

In a detailed comparison of the theory and experiment 
it was interesting to follow the shifts of the fine-structure 
branches in the current-voltage characteristics when the dis- 
tance between the inhomogeneities (expressed in units of 
A,)was altered. In the experiments this could be done by 
altering the temperature. However, we can see from Fig. 9 
that an increase in A, with temperature was accompanied by 
a strong rise of the dissipation factor a of the junction. This 
had the effect of suppressing the hysteresis in the current- 
voltage characteristics and smearing out the fine-structure 
features with increasing temperature before the reduced 
junction length Ican change much. It was possible to observe 
the shifts of the features of the current-voltage characteristic 
only in a narrow range of A,. In Fig. 10 the plane of the 
parameters (I, 0) is used to demonstrate the results of per- 
turbation theory, of numerical calculations, and of experi- 
ments on the junction No. 49.14. Numerical calculations 
were carried out for the transverse geometry of the junction, 
of the kind used in our experiments. In the calculations the 
values of the parameters were selected from Table I and the 

FIG. 8. Changes in the profile of the first zero- 
field step observed for the junction No. 49.14 
with increasing temperature: a)  T = 4.2 K; b) 
4.7 K; c )  5.4 K; d)  5.9 K; e )  6.3 K (junction No. 
49.14, three inhomogeneities). 
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FIG. 9. Temperature dependence of the length of the junction I = L /A, 
(0) and of the dissipation factor a ( A )  calculated from the experimental 
data for the junction No. 49.14. 

positions of inhomogeneities corresponded to the configura- 
tion shown in Fig. 5d. An example of one of the current- 
voltage characteristics calculated in this way is shown in Fig. 
11. When temperature was increased, the hysteresis in the 
region of fine structure of the experimental current-voltage 
characteristics disappeared in the range a,,, 2 0.05, but the 
fine-structure features of the characteristics remained dis- 
tinguishable even for a,,, ~ 0 . 1 .  Two steps of the fine struc- 
ture were observed (Fig. 8e) and their positions are shown in 
Fig. 10. It is clear from the latter figure that the theory and 
experiment agreed. A reduction in I shifted the features of 
the experimental current-voltage characteristics toward 
lower voltages, as deduced from perturbation theory and 
from numerical calculations. A negative differential resis- 
tance at resonances of the current-voltage characteristics 
predicted by numerical calculations (Figs. 1 and 11) was 
indeed observed experimentally. The additional branch of 
the first zero-field step of the junction No. 49.14 (Figs. 8a 
and 8b) had a clear negative slope, observed reliably after 
allowance for the experimental error in the determination of 
the voltage. 

We shall conclude this section by noting that the most 
direct comparison of the theory and experiment would in- 
volve experimental determination of the frequency of the 
radiation emitted by an inhomogeneous junction in the re- 
gion of the fine-structure features of the current-voltage 

FIG. 10. Comparison of the positions of the steps on the current-voltage 
characteristics corresponding to soliton-plasma resonances plotted for 
the junction No. 49.14 on the basis of Eq. (22) (dashed curves), on the 
basis of numerical calculations ( A , 0 )  (form = 5 and 6, respectively) and 
of experimental results (A,.); I = 4a. 

FIG. 1 1 .  Numerically calculated first zero-field step of the current-vol- 
tage characteristic of a junction with the transverse geometry and with the 
parameters found experimentally for the junction No. 49.14. 

characteristic. Then a soliton-plasma resonance of order m 
should correspond to generation of the mth harmonic of the 
fundamental frequency in the investigated junction. How- 
ever, such microwave radiation would be quite difficult to 
detect and this was not attempted in the present study. 

7. CONCLUSIONS 

Theoretical and experimental investigations were made 
of the motion of fluxons in Josephson junctions with regular- 
ly distributed inhomogeneities. Perturbation theory was 
used to obtain expressions for the harmonics of the radiation 
and for the decay length. The results predicted the possibil- 
ity of a resonance between soliton and plasma oscillation 
modes and the conditions for the appearance of such a reso- 
nance were found. In the region of a resonance the current- 
voltage characteristic should exhibit a step of almost con- 
stant voltage. The physical mechanism responsible for such 
a step was assumed to be as follows: an increase of the cur- 
rent across the junction should result in dissipation of the 
supplied energy not by an increase in the velocity of a fluxon 
in the junction, but by an increase in the amplitude of plasma 
oscillations that did not contribute to the average value of 
the voltage across the junction. This theoretical analysis was 
confirmed by the results of numerical modeling of the pro- 
cesses in Josephson junctions with inhomogeneities. The nu- 
merically calculated current-voltage characteristics exhibit- 
ed additional branches corresponding to soliton-plasma 
resonances. 

The theoretically predicted fine-structure features of 
the current-voltage characteristics were observed experi- 
mentally for Nb-Nb0,-Pb junctions with deliberately 
formed inhomogeneities in the insulating spacer. The posi- 
tion of the fine-structure branches, interpreted as manifesta- 
tion of soliton-plasma resonances, were in qualitative agree- 
ment with the results of perturbation theory and numerical 
calculations. 

The observed features of the current-voltage character- 
istics of the junctions with deliberately formed inhomogene- 
ities are, to the best of our knowledge, the first reliable ex- 
perimental results supporting the interaction of a soliton 
with other types of excitations in a Josephson junction. The 
appearance of such features may be of interest also in appli- 
cations in cryoelectronics. Soliton-plasma resonances corre- 
spond to narrow-band generation of harmonics of the funda- 
mental frequency in a Josephson junction, which may be 
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useful in the generation of oscillations in the submillimeter 
range of wavelengths. 
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