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By subjecting single-crystal alloys of Bi, - , Sb, (0.2(x(0.3) to uniaxial compression along the 
twofold and bisector axes up to a deformation of - 0.3%, we have observed electronic topological 
transitions consisting of ( 1 ) pairwise coalescence of the two identical isoenergetic ellipsoidal 
surfaces at the L-point into a single dumbbell-shaped surface ( x  < 0.25), and (2) disruption of the 
"neck" of a normally dumbbell-shaped Fermi surface (x  > 0.25). In the neighborhood of these 
transitions we observe anomalies in the thermoelectric power and resistivity; in a magnetic field, 
we observe the phenomenon of intraband magnetic breakdown. The data we have obtained point 
to the existence of a saddle point in the energy spectrum of Bi, - , Sb, alloys with ~ 2 0 . 2  and to a 
spectrum of inverted character in the range of antimony concentrations x > 0.04. 

1. INTRODUCTION 

The alloys Bi, - ,Sb, form substitutional solid solu- 
tions over the whole range of concentrations x; as x in- 
creases, the energy spectra of these alloys continuously 
transform from the spectrum of Bi to the spectrum of Sb. 
The semimetallic properties of Bi, - , Sb, in the interval 
0 ~ ~ ~ 0 . 6 5  are connected with a slight overlap of the three 
band extrema at the L-points of the Brillouin zone, corre- 
sponding to three isoenergetic surfaces in the form of triaxial 
ellipsoids, with a hole-band extremum at the T-point. The 
magnitude of this overlap decreases with increasing x, and 
for 0.065<x<0.22 the alloy Bi, - , Sb, is a semiconductor 
with a direct gap EgL. For concentrations ~ 2 0 . 2 2 ,  the L- 
extrema overlap with a new hole-band term, which accord- 
ing to the data of Ref. 1 corresponds to the term at the H- 
point in pure antimony. At x = 0.04 the electron and hole 
terms at the L-point cross in energy (i.e., EgL = 0).  

Up until recently the prevailing band-structure models 
for these suggested that the spectra of Bi and the 
alloys Bi, - , Sb, for x < 0.04 are inverted (EgL < O), while 
the spectrum of Sb is direct (EgL > 0).  There is no direct 
experimental evidence for these assertions, " although sever- 
al papers have reported positive values of EEL obtained from 
band-structure calculations of Bi.'v6 

Not long ago, Refs. 7, 8 reported data indicating that a 
saddle point is present in the energy spectrum of Bi, - , Sb, 
for x > 0.15; such a point qualitatively changes the picture of 
the band structure, in particular the character of the band 
inversion at the L-point for x = 0.04. According to these 
data, the function E(K)  for x > 0.15 acquires a two-humped 
form (Fig. la) ,  while in the semimetallic regionx > 0.22 the 
isoenergetic surfaces at the L-point assume a dumbbell shape 
at the instant when the Fermi level passes through the saddle 
point in the spectrum. This happens for a certain critical 
concentration x,, ~ 0 . 2 5 . '  

There is considerable interest in subjecting samples of 
Bi, - , Sb, alloys with x > 0.2 to uniaxial strain in order to 
investigate the topology of their isoenergetic surfaces in de- 
tail at the L-point; strain makes it possible to observe the 
change in the shape of the isoenergetic surfaces at the L- 
point as the Fermi energy is monotonically varied, without 
changing the alloy composition. 

To this end, we investigated the Shubnikov-deHaas 
(SdH) effect in the course of this work; we also measured the 
thermoelectric power and resistivities of Bi, - , Sb, samples 
in the concentration interval 0.21 G x ~ 0 . 3  for uniaxial com- 
pression along the twofold (C,) and bisector (C, )  axes. For 
this type of strain, the previously equivalent band extrema 
diverge at a rate of 1.1 and 1.0 eV per unit strain for all C, and 
uIIC, respectively, where a is the direction of compre~sion.~ 
The character of this motion of the L-terms with strain is 
shown in Figs. lb; it leads to the unique possibility of passing 
the Fermi level in one (L,  ) or two (L ,,, ) equivalent extrema 
through the postulated saddle point in the course of a single 
experiment, and of observing the corresponding variation of 
the Fermi surface (FS). The formation (or disruption) of 
the dumbbell, which according to Ref. 7 we should expect to 
occur at a certain strain E = E,,, constitutes an electronic 
topological transformation (ETT) of Lifshits type'' and 
should be accompanied by anomalies in the thermolectric 
power and resistivity. "-I3 Therefore, investigations of these 
critical characteristics, together with study of the topology 
of the FS, give additional information about the presence or 
absence of a saddle point in the energy spectrum of a given 

FIG. 1 .  (a )  Variation of the energy spectrum at the L-point of Bi, , Sb, 
alloys with composition.' (b)  Relative shift of the L-terms for Bi, _ Sb, 
alloys (O<x<O. 1 ) under uniaxial compression along C, and C,. 
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alloy. Observation of anomalies in the thermoelectric power 
and resistivity as the "neck" of the dumbbell forms and is 
disrupted in the course of continuous elastic deformatiown 
of the sample is of interest in its own right, because in con- 
trast to ETTs of the "FS sheet generation" type14.15 this type 
of transition has been almost ~nstudied.~ '  Analysis of our 
results was carried out according to McClure's model of the 
energy spectra of Bi and Bi, -, Sb, alloys." 

2. EXPERIMENTAL METHODS. SAMPLES 

Single-crystal alloys of Bi, -, Sb, with antimony con- 
centrations in the range 0.2<x<0.3 were grown by the zone 
recrystallization method at the Humboldt University in Ber- 
lin. The antimony concentration in the alloys was controlled 
by radiography to an accuracy of 0.3% by measuring the 
spacing d between ( 11 1 ) lattice planes, using data on the 
function d(x)  given in Ref. 18. The samples were cut off 
using the electric-spark method from a bulk boule and were 
oriented according to the tracks of secondary cleavage 
planes in the basal plane with the help of a binocular micro- 
scope to an accuracy of - 1". 

Control of the size and shape of the FS was implemen- 
ted using the SdH effect, whose investigation was carried out 
by the standard method of low-frequency modulation of the 
magnetic field H a t  a frequency of 23 GHz under constant- 
current conditions in DC fields up to 56 kOe. The accuracy 
to which the FS cross-sectional area is determined depends 
on the complexity of the SdH oscillations and the field inter- 
val over which they are observed. For single-frequency SdH 
curves it amounts to 2-3%, while in the presence of beat 
frequencies it is 8-12%. 

The methods of producing the uniaxial strain and mea- 
suring the thermoelectric power and resistivity under defor- 
mation are analogous to those described in Ref. 15. The tem- 
perature difference (AT-0.2K) was measured with a Cu- 
CuFe thermocouple, whose copper junctions served as po- 
tential contacts. The thermoelectric power signals from the 
sample and from the thermocouples were amplified with an 
F 1 16/ 1 photomultiplier and recorded with a digital volt- 
meter. The measurement accuracy for the thermoelectric 
power signal amounted to - 2. v/K. 

3. EXPERIMENTAL RESULTS 

According to Ref. 7, the Fermi level passes through the 
saddle point of the spectrum E,, at a concentration 
x,, = 0.25. For this reason, we studied two groups of 
Bi, - , Sb, samples: group I with 0.2 l(x(0.23, i.e., x(x,, , 
and group I1 with 0.27(x,<0.3, i.e., x > x,, . In group I, the 
Fermi level is located below the saddle point, while for group 
I1 it is above; this allows us to observe the "bridge formation 
(or disruption)" type of ETT both as the Fermi surface in- 
creases and as it decreases. 

3.1. Bi,-,Sb, alloys with concentrations in the range 
0.21 sx~O.23 

Investigation of these alloys is most conveniently car- 
ried out by compressing them along the bisector axis, since 
their compositions put them in the immediate vicinity of a 
semiconductor ( x  < 0.22-metal (x > 0.22) transition. If this 
transition is induced using uniaxial strain along C, ,  then be- 
cause of the divergence of the L-terms (Fig. 1 b) ,  the makeup 
of the electronic FS is determined by the L ,  extremum alone. 

ZOO 
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FIG. 2. Angular dependence of the extremal cross sections of the electron 
FS in the (C,, C,) plane for compression of a Bi,,,, Sb, ,, sample along C,: 
I-& = - 1. lo-', 2-E = - 2. lo-', 3-E = - 2.6. The solid 
curves are calculations using the model of Ref. 17. The branches (and 
experimental points) which correspond to the formation of the neck of the 
dumbbell in cases 2 and 3 are presented only in the inset for case 3, i.e., 
when B = - 2.6.10-'. 

This considerably simplifies the interpretation of the results: 
in place of a FS consisting of six pairwise-equivalent ellip- 
soids which, according to Ref. 7, arise because of the overlap 
with the hole-band H-term, the FS is made up of only two 
ellipsoids in the strained crystal. Furthermore, only one 
branch of SdH frequencies is connected with them. 

Figure 2 shows the angular dependences of the extremal 
cross sections S(p) for samples of Bi,,, Sb,,, , where q, is 
the angle between H and C 3; the S(p) were observed in the 
trigonal bisector plane at various strains. For all ten investi- 
gated samples in group I the variation in the FS with strain 
could be characterized by the following well-defined and 
generic regularities: 

1. In the initial strain regime (i.e., immediately after 
electrons have overflowed the L ,,, extrema into the L,; for 
an initial carrier concentration n, - 10'5cm-3, this occurs at 
~ 5 0 . 2 . 1 0 - ~  for the group-I alloys), the SdH oscillation 
curves are single-frequency for any direction of magnetic 
field. The angular dependences of this single frequency F are 
described by a single branch (curve 1 in Fig. 2). 

2. All cross sections of the isoenergetic surfaces = (e f i /  
c)Frapidly increase with strain (Fig. 2). 

3. For those orientations of the magnetic field corre- 
sponding to the regions of minimal cross-section 
(q,=:90" f 30" in Fig. 2),  a new, lower frequency appears in 
the oscillation curves as the strain increases. The angular 
dependence of this frequency is shown in the inset of Fig. 2. 
Its appearance indicates the formation of a second extremal 
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FIG. 3. Dependence of the minimum FS cross sections on strain in the 
alloy Bi, ,, Sb, ,, for u((C,: O-the body cross section S :A, @-the neck 
cross section Sf,1,. The solid curvecomes from the model in Ref. 17 for the 
experimental dependence of Sgb (E). In the inset we show a sketch of the 
shift in the L-terms near the Fermi level. 

cross section for directions of magnetic field close to the di- 
rection of elongation of the isoenergetic surface. The lower 
frequency must be connected with S:i!, (K, = 0 )  for the 
central extremum of the dumbell surface, while the higher 
frequency is connected with Sgi;  for the non-central extre- 
mum (K, # 0) .  These extrema arise when the two electronic 
sheets coalesce: S:ib is for the "neck" of the dumbbell and 
S 2,; is for the "belly" (see the inset in Fig. 5).  The depen- 
dences of S Ei; amd S 2; on strain are shown in Fig. 3. It is 
clear that both the "belly" and the "neck" of the dumbbell 

FIG. 4. Fermi energy dependence of the anisotropy in the cross sections of 
isoenergetic surfaces at L ,  in the (C,, C,) plane for the alloys: 0- 
Bi, ,, Sb, ,,, 0-Bi, 78 Sb, ,, , A-Bi, ,, Sb, ,, , *Bi0 ,, Sb, ,, ( E F  

changes under the compression ul lc ,) .  The dashed and dot-dashed lines 
are calculated using the model of Ref. 17 for Bi, ,, Sb, ,, and Bi, ,, Sb, ,, , 
respectively. 

FIG. 5. Dependence of the SdH frequencies observed in the direction of 
maximum FS cross section on strain in the plane ( C , ,  C,) for the alloy 
Bi, ,, Sb,,,, ( u ( ( C ,  ):@-frequencies from the maximum FS cross section, 
0-magnetic-breakdown frequencies. In the inset are shown cross section 
contours of the FS in the wave-vector plane (k, , k, ), calculated using the 
model in Ref. 17 for E,: 1-19 meV, 2-21.5 meV, 3-23 meV, 4-30 
meV. 

grow at the same rate in the interval of strain under study, 
while the ratio S /S decreases. 

4 .  As the magnetic field is rotated in the ( C , ,  C,) plane, 
the anisotropy in the cross-sections of each of the two isoen- 
ergetic surfaces up to their point of coalescence (the small- 
deformation portion of curve 1 in Fig. 2) has the value 
A = Sin, /S  2,; = 1 1, where Sin, is the maximum cross sec- 
tion for a quasiellipsoidal surface in this plane. This anisot- 
ropy is close to the corresponding value ofA for pure Bi. At a 
certain strain E = E,, , which depends on the antimony con- 
centration and is determined by the value of Ec,, the anisot- 
ropy A discontinuously increases by a factor of 2, and then 
decreases for subsequent values of the deformation. In Fig. 4 
we show the quantity A as a function of E, at the L,  extre- 
mum for a series of samples with x = 0.21, 0.22, 0.23. The 
sharp increase in the anisotropy with strain can also be seen 
if we compare curves 1 and 2 in Fig. 2. 

5. The strain dependence of those oscillation frequen- 
cies which correspond to the maximum cross section Sin, in 
the (C,,  C,) plane has a complicated form (Fig. 5). At a 
deformation E=: - 0.8. lo-', the single-frequency oscilla- 

FIG. 6. Oscillations in the magnetoresistance corresponding to the data of 
Fig. 5: 1-E = - 0.05%, 2-E = - 0.08%, 3-& = - 0.15%, 4- 
E = - 0.19%, 5-E = - 0.25%. 
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tions in the region of small loads (curve 1 in Fig. 6 )  and high 
magnetic fields change over to an oscillatory function con- 
sisting of two frequencies which differ in size by a factor of 
two (curve 2 in Fig. 6 ) .  In the strain interval 
1.2. l op3<  I & / <  1.6.10-3 (Fig. 5 ) ,  the doubled frequency 
disappears, and in its place there appear higher harmonics 
(curve 3 in Fig. 6 ) .  For a further increase in strain, there 
again appear two frequencies which differ by a factor of two 
(curve 5 in Fig. 6);  in contrast to curve 2 in Fig. 6, thecontri- 
bution of the lower frequency is apparent only for high mag- 
netic fields. This variation in the overall picture of the oscil- 
lations with strain can be explained by intraband magnetic 
breakdown, which will be investigated below. As a conse- 
quence of this, a portion of the observed frequencies (de- 
noted by the light points in Fig. 5 )  is related to magnetic 
breakdown, whereas only the function F (E) ,  denoted in Fig. 
5 by thesolidline, is associated with the FS cross section S,,, . 
The jump which this function undergoes at the point E,, is 
connected with the coalescence of the two quasiellipsoidal 
sheets at L into a single dumbbell, and with the formation of 
an electron orbit with twice the area as a result of this. 

In our investigations of the thermoelectric power, we 
observed that as the strain increased the initially negative 
value of the signal decreased in absolute value. Against a 
background of monotonically-increasing values of the ther- 
moelectric power with strain, we observed a marked nega- 
tive-polarity peak in the neighborhood of E=. - 1.11. loW3. 

3.2. Bi,-,Sb, alloys with concentrations in the range 
0 . 2 7 ~ ~ ~ 0 . 3  

Our most complete results for the group-I1 samples are 
obtained for alloys with x = 0.27. We investigated eight 
samples with this composition under compression along the 
C, and C, axes. According to the picture in Ref. 7, the FS of 
electrons for Bi, , Sb, with x > 0.25 consists of three 
dumbbell-shaped surfaces at the L-points of the Brillouin 
zone. Uniaxial compression along the bisector axis must 
cause a decrease in the Fermi energy for two of the three 
previously equivalent L-extrema; in the same way, compres- 
sion along the twofold axis decreases the Fermi energy for 
one of the extrema (see Fig. l b ) .  Therefore, we can expect 
that at a certain well-defined strain along one of these axes 
the Fermi level in the corresponding extrema decreases so 
much that it crosses the saddle point in the spectrum, i.e., 
E, = ECr. As a result, each of the dumbbell-shaped surfaces 
splits into two quasiellipsoids. 

We studied the angular dependence of the extremal 
cross section of the FS for a sample compressed along C ,  as 
H was rotated in the (C, ,  C,) plane. This dependence is 
shown in Fig. 7 for an unstrained sample of Bi, ,, Sb, ,, : 
curve 1 corresponds to the two surfaces at L ,,, , which are 
decreasing as the strain along C,  increases, while curve 2 is 
for the increasing part of the FS at I,.  

The distinctive feature of the oscillatory magnetoresis- 
tance functions in samples with concentrations x >0.25 
compared to what is observed in pure bismuth is their in- 
creasing complexity, involving beating among the curves 
corresponding to the regions of minimum cross section. The 
difference manifests itself in the presence of a new low-fre- 
quency component which in group I samples appeared only 
under load (Fig. 3 ) .  In  Fig. 7 we illustrate the angular de- 
pendence of this frequency (branch 2* of curve 2 ) ,  while in 

FIG. 7. Angular dependence of the extremal FS cross sections for the alloy 
Bi, ,,Sb,,,, in the plane (C, ,  C,) for E = 0. The dashed curve is a plot of 
the experimental points, the solid curve (branches 2, 2*) is calculated 
using the model in Ref. 17. The arrows show the shift of the corresponding 
branches for a compression u I I  C,. 

Fig. 8 we show the characteristic SdH oscillations originat- 
ing from the minimum cross sections. The presence of the 
new low-frequency component and the character of its angu- 
lar dependence indicate that in type-I1 alloys the isoenerge- 
tic surfaces at  L are dumbbell-shaped in the undeformed 
state (E, > E,, ). The low frequency corresponds to the 
"neck" of the dumbbell-shaped surface at  L , :  the experimen- 
tal points lie on the theoretical function S(p), which was 
calculated using the model of Ref. 17 for this portion of the 
FS (Fig. 7, curves 2, 2*). In the region of minimal cross 
section there should be present a fourth frequency arising 
from the "necks" of the surfaces at  L ,,, ; however, it is close 
to the oscillation frequency for the "belly" at L ,  and thus 
was not resolved. 

FIG. 8. SdH oscillations for Bi,,,, Sb, ,, at q, = 100" (Fig. 7 ) ;  the part of 
the curve for low fields is described with a higher sensitivity. In the inset 
we show the Fourier spectrum of the curve. 
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FIG. 9. (a )  Dependence on strain of the mlnimum FS cross sections for 
uIIC, in the alloy Bi, ,, Sb, ,, (q, = 90" in Fig. 7 ) .  (b)-Dependence on 
strain of the thermoelectric power signal in this sample. 

The dependence of the FS cross-section on strain for 
g, = 90" is shown in Fig. 9a. The "belly" and "neck" cross 
sections of the dumbbell at L ,  (curves 2 and 2*) increase 
with strain, while for those at L 2.3 the "belly" cross section 
decreases (curve 1 ). The disruption of the dumbbell at the 
L ,,, extrema should be accompanied by a discontinuous de- 
crease in its maximum cross section by a factor of two. How- 
ever, for a given orientation of the sample, observation of 
this effect is hindered by that fact that curves 1 and 2 in Fig. 7 
are shifted towards one another under strain. This compli- 
cates the resolution of the oscillatory dependences of the 
magnetoresistance from two neighboring and varying fre- 
quencies. The clearly marked negative-polarity peak which 
is observed in the dependence of the thermoelectric power 
signal on strain at E Z  - 10-"Fig. 9b) indicates that such a 
disruption does take place. When the magnitude of the strain 
is further increased, the thermoelectric power signal passes 
through zero and becomes positive. 

For compression along the C, axis we studied the angu- 
lar dependence of the extremal cross sections of the Fermi 
surface as the magnetic field was rotated in the plane defined 
by the trigonal and twofold axes. In this orientation the os- 
cillations from the increasing (L,,, ) and decreasing (L , )  
parts of the Fermi surface are strongly separated in frequen- 
cy over a rather wide range of angles, which makes it possible 
to observe the dependence of the decreasing maximal cross- 
section on strain without any particular difficulty. It should 
be pointed out that for a given orientation the minimum 
cross section of the decreasing FS is not observed, because 
the direction of the magnetic field is always practically per- 

FIG. 10. Strain dependences of the FS cross sections for the alloy 
Bi, ,, Sb, ,, in the direction H l C , ;  the angle between H and C, = 30"; 
uIIC2. In the inset we show the positions ofthe L-extrema at the instant the 
Fermi level passes through the saddle point at the L,  extremum. 

FIG. 11. SdH oscillations in the neighborhood of the jump in frequency 
(curve 1 in Fig. 10); 1-E = 0, 2-E = - 0.065%, 3-E = - 0.13%. 

pendicular to the axis of its maximum elongation.3' This lat- 
ter circumstance, however, makes this orientation particu- 
larly convenient for studying the behavior of the maximum 
cross-sections during the process of disruption of the elec- 
tronic dumbbell. 

The best separation of the increasing and decreasing 
frequencies of oscillation for rather large amplitudes of the 
latter took place in the vicinity of q, = 30" (the angle is mea- 
sured from the C3 axis). The corresponding dependence of 
the extremal cross section on strain is shown in Fig. 10. For 
E Z  - we observed a discontinuous decrease in the os- 
cillation frequency by a factor of two, connected with the 
maximal cross section of the decreasing part of the FS (curve 
1 ). The increasing part of the FS varied monotonically in 
this case (curve 2) .  

The SdH oscillations in the region of the singularity in 
curve 1 of Fig. 10 are shown in Fig. 11. The oscillatory de- 
pendence of the magnetoresistance is a superposition of two 
components: the low frequency corresponds to the increas- 
ing part of the FS, while the high frequency is from the de- 
creasing part (curve 1 in Fig. 10). For small variations in the 
strain, e.g., for A ~ z 0 . 5 .  the high frequency decreases 
by a factor of two in the vicinity of&= - while the low 
frequency remains almost unchanged. 

On all samples with this orientation, we observed an 
irregularity in the behavior of R(E)  in the vicinity of the 
strain E,, z - lop3, taking the form of a washing-out of the 
step (Fig. 12a). As for the thermoelectric power signal in the 
neighborhood of E,, , we observed a negative-polarity peak, 
which was small but clearly marked and reversible with de- 
formation (Fig. 12b). Just as for deformations along the C ,  
axis, the signal passed through zero, changing its polarity to 
positive. 

For Bi, - , Sb, samples with x z 0.3, in which according 
to our SdH data the Fermi level was located 20 meV above 
the saddle point, no ETT of "broken-bridge" type was ob- 
served in the range of strains we studied, and no anomalies 
were observed in the quantities under discussion for these 
samples. 
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FIG. 12. Behavior ofthe thermoelectric power and resistivity in the neigh- 
borhood of the "broken bridge" type of ETT. 

4. DISCUSSION OF RESULTS 

4.1. Structure of the spectrum of Bi,-,Sb, alloys with 
concentrations 0 . 2 ~ ~ ~ 0 . 3  

The totality of our experimental data agrees with the 
picture given in Ref. 7 of an energy spectrum of inverted 
(EgL < 0 )  character in Bi, -, Sb, alloys with x20.04 
( X  = 0.04 is the point where the bands cross each other); 
this results in the appearance of a saddle point at L in the 
spectrum of electrons and holes. The clearest experimental 
evidence for the existence of such a saddle point is the ob- 
served formation (in the group I samples) and disruptioon 
(in the group I1 samples) of a dumbbell-shaped isoenergetic 
surface which occurs under uniaxial strain, as observed in 
this work. 

We call attention to the fact that the low-frequency 
component in the SdH oscillation spectrum, which is asso- 
ciated with the "neck" of the dumbbell-shaped surface 
(Figs. 2,3,7-9), cannot be connected with the hole part of 
the FS which arises from the semiconductor-metal transi- 
tion for ~ 2 0 . 2 2 .  In Refs. 1 and 19, in which the energy spec- 
tra of Bi, _, Sb, alloys were studied in the concentration 
region 0 . 2 5 ~ ~ ~ 1 ,  it was shown that the hole isoenergetic 
surfaces for bismuth-antimony alloys in this concentration 
region4' are genetically related to the hole surfaces of anti- 
mony, which are determined by the terms at H. The cross 
sections of these surfaces, just as those of antimony, have a 
sharp angular dependence for magnetic field orientations 
close to the bisector direction, while the experimentally ob- 
served low frequency is almost independent of angle in this 
region. The low-frequency component also cannot be related 
to the hole surface at L, since the magnitude of the gap EgL 
considerably exceeds the magnitude of the shift in the L 
terms with uniaxial compression. 

4.2. Calculations based on the McClure model and 
experimental data 

The following is a simplified form of the McClure dis- 
persion law ": 

where k is the wave vector measured from the L-point and 
EgL is the direct gap at the L-point. The energy E is mea- 
sured from the middle of the gap E,, ; the x-axis is along C 2 
while the y-axis corresponds to the axis of elongation of the 
FS and the z-axis deviates from C, by a small angle $ which 
depends on the antimony concentration in the alloy.2 The 
parameters Q,, characterize the k . p  interaction of the va- 
lence band with the conduction band; a, and a, are inverse 
effective masses which take into account the influence of 
four more distant bands on the curvatures of the valence and 
conduction bands at the L-point. The contentration depend- 
ence of these parameters was determined in Ref. 2 and made 
more precise in Ref. 7 (Qii and ai are given in atomic units): 

The choice of the sign of the gap parameter EgL is fun- 
damental; for the parameter set (2) ,  this sign is negative for 
x > 0.04. In this case, the dispersion law ( 1 ) implies that for 
Q :,/a,, < lEgL 1/2 and Q :,/a, < IEgL 1/2, a saddle point 
must be present at the L point along k,, both in the conduc- 
tion band and in the valence band. For the parameter set (2 )  
this situation obtains for x 2 0.15. For smaller values of 
lEgL I the saddle point is absent, and the inverted character 
of the spectrum is manifested only by a flattening of the bot- 
tom of the conduction band (or the top of the valence band). 

In analyzing the experimental data using the McClure 
model and the parameters (2)  from Refs. 7 and 8, we were 
obliged to take into account the fact that the dependence on 
antimony concentration of the minimum cross section of the 
FS S gi;, ( x )  in the region ~ 2 0 . 1 5  which we obtained differs 
somewhat both from the data in Ref. 2 and from the later, 
more precise data of Refs. 7 and 8 (Fig. 13). Therefore, in 
our calculations we used the choice of parameters (2 )  with 
corrected values of x chosen to fit our data;, e.g., we were 
able to match our data at x = 0.27 if we used the parameters 

FIG. 13. Dependence of the non-central minimium cross sections in 
Bi, , Sb, alloys (x>0 .22 )  on antimony concentration: 0-data from 
Ref. 2, .-from Refs. 7, 8, A-from the present work. 
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of (2 )  with x = 0.29. The function E,, (x )  was taken to be 
the same as in Ref. 7 without any corrections, because it was 
derived from results given in several papers by various auth- 
ors. 

Equation ( 1 ) allows us to calculate the angular depen- 
dences of the extremal cross sections of isoenergetic surfaces 
at L for various Fermi energies (Figs. 2, 7 ) ,  and also the 
variation with strain of the cross section S2ij, of the "neck" 
of the dumbbell, once we have found the variation Sz,: of 
the "body" of the dumbbell (Figs. 3, 9 )  from experiment. 
Calculations show that for a certain value EF = E,, the an- 
gular dependence of the cross section, which previously was 
characteristic of a convex (ellipsoidal) isoenergetic surface 
(curve 1 in Fig. 2),  splits into two sheets (theinset to Fig. 2) ;  
this implies a transition to the dumbbell-shaped FS. The 
calculated angular dependences of the FS cross sections are 
in good agreement with the experimental data, and describe 
both the variation of the FS with strain, including the transi- 
tion to the dumbbell (Figs. 2,3, and 9 ) ,  and the fact that it is 
dumbbell-shaped under normal conditions in the alloy 
Bi,,, Sb,.,, (Fig. 7 1. 

Especially worthy of attention is the good agreement 
between the theoretical and experimental dependences on 
the Fermi energy of the magnitude of the anisotropy in the 
group-I samples. Thejump in the anisotropy in Fig. 4 occurs 
at the point Ecr , where two identical quasiellipsoids coalesce 
into one dumbbell-shaped isoenergetic surface, as a result of 
which the maximum cross section decreases by a factor of 
two. The process of coalescence is accompanied by the phe- 
nomenon of intraband magnetic breakdown (IB),  which is 
observed for orientations of the magnetic field correspond- 
ing to the regions of maximum cross section. 

4.3. lntraband magnetic breakdown 

In contrast to interband magnetic breakdown (MB), 
the phenomenon of intraband magnetic breakdown (IB) is 
rare, and has been observed previously (besides in BI-Sb 
 alloy^'^^^') only in the valence band of tellurium.' IB occurs 
when two or more isolated sheets of the FS belonging to a 
single band coalesce, in the process of which a conical point 
forms on the FS. The essential differences between MB and 
IB were discussed in Ref. 23, and consist of the following: 
( 1 ) For IB, unlike for MB, there is always a variation in the 
direction ofelectron motion; ( 2 )  In IB, the breakdown prob- 
ability satisfies W -  1/2 as the magnetic field increases, 
whereas in MB we have W -  + as H t  oo ; ( 3 ) It is signifi- 
cant that the characteristic fields for breakdown are differ- 
ent in the two cases: in the case of IB we have HE = AE /p, 
where AE is the magnitude of the potential barrier and 
p = efi/mc is the effective Bohr magneton, whereas MB oc- 
curs at considerably smaller magnetic fields: 

In the process of formation of a dumbbell-shaped FS, 
there are two types of momentum-space paths which are lo- 
cated close enough to one another to admit the possibility of 
IB. One involves breakdown between the isolated quasiellip- 
soids for EF 5 E,, , while the other involves breakdown 
through the neck of the dumbbell as H-EF>E, , ,  (see, e.g., 
the inset in Fig. 5 ) . In the first case, the primary indication of 

IB should be doubling of the SdH oscillation frequencies 
from the maximum extremal cross sections of the FS quasiel- 
lipsoids in the region of high magnetic fields, while in the 
second case breakdown frequencies should appear against 
the background of high frequencies connected with the max- 
imum cross sections of the dumbbell; these breakdown fre- 
quencies should be half as large as the background frequen- 
cies. 

By invoking the dynamic variation of the FS with strain 
represented in the inset of Fig. 5, we can explain the strain 
dependence of the SdH oscillations originating from the 
maximum cross sections (see Fig. 6 )  as follows. The single 
frequency in curve 1 of Fig. 6 can be explained by the fact 
that the cross sections in the k ,  k, plane of two isolated iden- 
tical quasiellipsoids at the point L, are identically shaped. 
As the strain increases the Fermi level at L ,  rises, which 
leads to the approach of these two surfaces in wave vector 
space. When the spacing between the surfaces becomes suffi- 
ciently small, it becomes possible for an electron to tunnel 
through the potential barrier separating them when a mag- 
netic field is present. The magnetic-breakdown trajectories 
formed in this way enclose approximately twice as large an 
area as the isolated trajectories, which leads to doubling of 
the frequency; this is apparent in curve 2 of Fig. 6 for fields 
H > 30 kOe, Curve 2 shows that the SdH frequency for low 
fields corresponds to isolated quasiclassical orbits, just as the 
oscillations in curve 1 of Fig. 6 do, while for high fields it 
corresponds to doubled magnetic-breakdown orbits. The 
doubled frequencies cannot be interpreted in terms of second 
harmonics or spin splittings, because in the large-strain re- 
gion the experimental picture is reversed; in low magnetic 
fields the oscillations are determined by high-frequency 
components which come fron the maximum cross-section of 
the dumbbell, whereas a lower frequency appears in the 
large-H region (curve 5 in Fig. 6 )  because of breakdown 
through the neck of the dumbbell. 

Under strain (which increases the neck of the dumb- 
bell) the breakdown field HE shifts to larger fields (see 
curves 4 and 5 in Fig. 6) .  An estimate of AE and ,u based on 
the McClure model for a strain E = - 2.5. gives a val- 
ue HE =: 35 kOe for the breakdown field through the neck of 
the dumbbell, which agrees with the form of the correspond- 
ing dependence of aR / aH(H)  in curve 5 of Fig. 6. In the 
strain region (0.11 < E  < 0.17) %, for which the FS closely 
resembles a surface with a conical point, the quantization 
condition for the orbit in the direction of maximum cross 
section has the f ~ r m ' ~ . ' ~  

where S = S, + S, is the total area, S, = S2 is the area of 
each of the two individual regions after their coalescence 
( E  < E,, ), and y,,, is a correction to the quasiclassical ener- 
gy levels. For EF <E,, , y,,, = 0, while for EF % E,,, 
y,,, = + 1/4, and for EF = Ec,, y,,, = & 1/8. In the re- 
gion of the conical point, i.e., EF = E,, , the Landau levels are 
pairwise equivalent, and in the general case the spacing be- 
tween them in a magnetic field has an oscillatory correc- 
t i ~ n . , ~  This can cause high harmonics to appear in the inter- 
val of strains mentioned earlier (Fig. 5 ) .  

The strain E,, determines the onset of a change in the 
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connectivity of the FS; in Fig. 5 it is chosen to lie within a 
region where a conical point should exist. Although the val- 
ueE,, = 0.12% is found at the lower boundary of this region, 
it is somewhat larger than the value of strain where, accord- 
ing to the McClure model, the neck of the dumbbell should 
form for this particular sample of Bi,,, Sb,,, when H = 0 
(Fig. 3).  In terms of energy (estimated using the model of 
Ref. 17) this lack of agreement as to the value of the critical 
strain is equivalent to an indeterminacy in the position of the 
saddle point of AE- 3 meV, and most likely can be connect- 
ed with the variation of the spectrum and shift of the Fermi 
level in a magnetic field, i.e., the maximum cross sections in 
Fig. 5 were investigated at higher magnetic fields than the 
minimum cross sections in Fig. 3. Precise calculation of 
these effects is impossible because a model of the spectrum 
for Bi, -, Sb, alloys with saddle points ( x  > 0.15) in a mag- 
netic field does not exist. However, in this work, just as in the 
earlier work of Ref. 2, no frequency modulation effects were 
observed in the SdH oscillations for these alloys over a rather 
wide interval of magnetic fields. This indicates that the Fer- 
mi level shift in a magnetic field is small in this case. 

From purely geometric considerations, IB between two 
isoenergetic surfaces can be observed in a range of angles 
bounded by those directions in which the planes perpendi- 
cualr to H are tangent to the conical portions of the surfaces; 
for the dumbbell-shaped surface, IB is observed up to the 
onset ofdisruption ofthe central cross section into two parts, 
corresponding to the body and neck of the dumbbell (see the 
inset to Fig. 5) .  In the case of a dumbbell-shaped FS which 
has just formed a neck (E, - E,, -2 meV) the region of 
existence of IB is small and amounts to pz  + 2" near the 
direction corresponding to maximum cross section of the 
dumbbell. As the neck of the dumbbell grows, the angular 
region in which IB exists widens, while the magnetic-break- 
down frequencies become more than twice as small as the 
corresponding central cross-section frequencies. This is ex- 
plained by the fact that as the cross section of the neck in- 
creases the breakdown field HB grows, as a result of which a 
thin neck with small curvature breaks up into points increas- 
ingly far from k, = 0. This effect is reflected in the bending 
down (in the direction of saturation) of the low-frequency 
branch in Fig. 5 for E > E,, . 

All the oscillatory dependence of the magnetoresist- 
ance was measured using longitudinal or  transverse modula- 
tion of the magnetic field, and no special analysis of the oscil- 
lation amplitude under magnetic breakdown conditions was 
carried out. The absence of any noticeable falloff in ampli- 
tude as the magnetic field increases is apparently also char- 
acteristic of IB, and reflects the fact that for extremely large 
magnetic fields the "exit probability" for an electron onto 
the magnetic-breakdown orbit equals 1/2. 

4.4. Anomalies in the thermoelectric power and resistivity 

Recently there have been a number of theoretical and 
experimental papers and 
anomalous behavior of the thermoelectric power and resis- 
tivity in the neighborhood of an ETT. A singularity in the 
thermoelectric power a manifests itself in the form of a peak 
in the function a ( z ) ,  where z = E - E,, parametrizes the 
nearness to the special point in the spectrum, i.e., the point 
where the connectivity of the FS changes. From the high- 

connectivity side oftheFS, we havea(z)  cc lzl - ' I 2  (Refs. 11, 
12); the resistivity has the appearance of a washed-out step. 

The ETT observed in this work is related to the "bridge 
disruption" type of ETT. I t  is less studied than the other type 
of ETT, i.e., the "new sheet generation" type. The anomalies 
in the thermoelectric power which are observed in those 
group-I alloys ( x  < x,, ) which are close to the semiconduc- 
tor-semimetal transition cannot be unequivocally related to 
the "bridge disruption" type of ETT. 

For samples of the second type ( ~ ~ 0 . 2 7 ,  E, = 36 
meV) the overlap of the L and H terms is rather large, while 
the interval of achievable strain ( -0.3%) is insufficient to 
cause the L terms to rise above the Fermi level. Therefore the 
negative-polarity peaks in the thermoelectric power which 
appear in Figs. 8b and 12 can only be related to passage of the 
Fermi level through a saddle point of the energy spectrum. 
In the case shown in Fig. 12, the position of the minimum as 
a function of a ( & )  coincides with the critical strain for dis- 
ruption of the dumbbell (Fig. l o ) ,  while in the case shown in 
Fig. 9b it agrees with the computed disappearance of the 
neck (Fig. 9a) .  

The sign of the anomaly in the thermoelectric power is 
of interest in its own right. In  Ref. 13 it was shown that this 
sign is always opposite to the sign of the background thermo- 
electric power for carriers of the same sign which are far 
from the special point. From calculations for the system 
Li, _, Mg, (Ref. 11 ) it also follows that the sign of the 
anomalies is positive for electrons and negative for holes for 
ETTs of both types. Although investigation of anomalies in 
the thermoelectric power for the "new sheet generation" 
type of ETT have confirmed this r ~ l e ' ~ , ' ~ , ~ ' ,  a recently-ob- 
served negative-polarity anomaly for disruption of an elec- 
tronic dumbbell does not agree with it. Apparently, in the 
general case the sign of the thermoelectric power anomaly is 
to a considerable degree determined by the scattering pro- 
cesses in a given system, as was pointed out in Ref. 28. 

The anomaly in the resistivity observed in this work for 
disruption of the neck of a dumbbell (Fig. 12a) has the form 
of a washed-out step, which is in complete agreement with 
the theoretical calculations,' 

5. CONCLUSION 

In the Bi, - , Sb, alloys under investigation here 
(0.2<x<0.3), the electronic FS which is close to the bottom 
of the L-extrema consists of two identical quasiellipsoids, 
which coalesce into a dumbbell for a certain critical value 
E,, . This process, which constitutes an ETT of "bridge for- 
mation" type, is accompanied by anomalies in the thermo- 
electric power and resistivity, and in a magnetic field by in- 
traband magnetic breakdown. The results obtained 
unequivocally attest to the presence of a saddle point in the 
spectrum of Bi, , Sb, alloys with x>0.2 and to a negative 
direct gap E,, in this region of antimony concentrations. 

Our conclusion concerning the inverted character of 
the spectrum of Bi, , Sb, alloys for ~ 2 0 . 0 4  allows us to 
explain a number of results which are not in agreement with 
previously-used models of the spectrum (E,, < 0 in Bi). For 
example, the strong increase in the maximum cyclotron 
mass at the bottom of the band in Bi, _,Sb, alloys for 
xzO.15,  as reported in Ref. 29, is not a consequence of a 
nonmomotonic dependence of the model parameters on 
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composition," as stated in Ref. 29, but rather is connected 
with flattening of the bottom of the conduction band in the 
region in which the saddle point appears. The nonmonotonic 
behavior of the magnetoresistivity observed in Ref. 30 for H 
11 C, in the alloys Bi,, Sb,, and Bi,,, Sbo,,Te0,,, can also 
be explained by assuming that the energy spectra of these 
compounds are inverted for this range of concentrations. 

In conclusion, we take this opportunity to thank M. I. 
Kaganov, G. McClure, Ya. G. Ponomarev and I. I. Farbsh- 
tein for useful discussions. 

"The data of Ref. 4 which suggest that a saddle point is present in the 
spectrum of pure bismuth under hydrostatic compression must be con- 
sidered erroneous. 

"The results of Ref. 16, in which the "bridge disruption" ETT identified in 
oscillations of the thermoelectric power was accompanied by a singular- 
ity in the resistivity, have been unique up until now. 

"In alloys of any given composition this deviation does not exceed 3.5" 
(Ref. 4). 

"In Ref. 2, oscillations from the hole FS in the alloy Bi, ,, Sb,, ,, appeared 
for HZ 80 kOe. Apparently, the high field explains why they were not 
observed in this work. 
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