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Relaxation ofa positron beam in an electron gas moving in a magnetic field is investigated. The 
case when the electron longitudinal temperature is low compared with the transverse is 
considered. Expressions are obtained for the friction force and for the scattering coefficients of 
positron momenta in the case of a low-density electron beam, when the time of passage through 
the electron-cooling system is shorter than the plasma-oscillation period. It is shown that in a 
strong magnetic field the effective cross section of cooling the longitudinal motion of the positrons 
is determined by their longitudinal velocity relative to the electron gas. The proximity of the 
electron and positron Larmor-rotation frequencies, in turn, increases greatly the intensity of the 
cooling of the positron transverse degree of freedom. These circumstances, taken jointly, can be 
used to enhance by many times of the cooling of high-temperature positron beams. 

Beam cooling by electrons, a method that was reported 
more than 20 years ago and increased the proton- and anti- 
proton-beam intensities to a new level, is universally 
known.' The experimental verification of the cooling effect 
led to the possibility of producing colliding proton-anti-pro- 
ton beams, one of the main sources of information in high- 
energy 

A timely subject of study is the possibility of electron 
cooling of other particle species. We investigate positron- 
beam cooling, which can be used for effective injection of 
moderately relativistic positrons into a storage ring. A possi- 
ble interesting and highly promising possibility is the use of 
electron cooling of intense anti-hydrogen beams for a high 
precision experimental comparison of their properties with 
those of hydrogen  beam^.'^^^' No less interesting may be the 
use, as a research tool, of a monochromatic beam of exotic 
positronium atoms produced by electron cooling of posi- 
trons. "'9" 

1. QUALITATIVE DESCRIPTION OF POSITRON COOLING BY 
AN ELECTRON GAS IN A LONGITUDINAL MAGNETIC FIELD 

Before proceeding to a direct calculation of the decel- 
eration and diffusion of positrons in an electron beam, we 
examine qualitatively the picture of electron-positron colli- 
sions in a strong magnetic field, in a reference frame comov- 
ing with the electron beam. An electron beam is assumed to 
move along the Z axis of a Cartesian XYZ frame and the 
vector of a uniform magnetic field B to be directed along the 
same axis. 

It is known that in Coulomb interaction the momentum 
and energy exchange of the colliding particles diverges lo- 
garithmically in the region of large impact parameters, and 
cutoff should take place at a certain parameter p, beyond 
which the interaction is effectively decreased. The value of 
this parameter is determined by the effective interaction 
time rf viz., p, = Vrf where V is the relative velocity of the 
particles and rf -min(w,', I /ypI ,  c ) .  Here we = (4.rre2n/ 
m)'I2 is the plasma frequency (e, m, and n are the charge, 
mass, and density of the electrons), I is the length of the 
electron-cooled section, pII c the electron velocity in the lab, 
and y the relativistic factor. 

If the particles are in a sufficiently strong field, such 

that their Larmor period T = 257/SZ is much shorter than r f ,  
there always exists an impact-parameter region p, > r >  uT 
(u is the relative velocity of the Larmor orbits) such that the 
collisions are slow relative to the Larmor rotation and span 
over many cycles. It is necessary then to take into account 
the influence of the magnetic field on the particle collision 
process. 

Let us estimate the contribution of the slow collisions to 
the rates of the squared longitudinal ( pf ) and transverse 
( p: ) momenta of a positron moving at a longitudinal veloc- 
ity u =p,/m relative to the cold electron gas and having a 
Larmor radius p = p, /mO. 

The electron transverse momentum is changed in a time 
t by the resonant force F = e2ei"t/p2, exerted on it by the 
positron by an amount on the order of e2tei"'/p2 (resonant 
interaction of the particles is ineffective if r > p ) ,  and the 
number of electrons effectively participating in the interac- 
tion is of the order of 2mp3. Hence 

Recognizing that the decisive contribution to the longi- 
tudinal-momentum exchange between the positron and the 
electrons is made by the uncompleted collisions with impact 
parameters r 2 ~ t , ~  it is easy to estimate the rate of change of 
p: under the influence of the longitudinal friction force: 

The electron-positron interaction time is actually re- 
stricted either by the time of flight t, = I /ypil  c through the 
electron-cooling system, or by the collision time t ,  = p/u, or 
else by the plasma screening times t !c, - w; ' and t ,',, - Clw 
for the longitudinal or transverse interactions (w%/2SZ is the 
Larmor-oscillation frequency shift by the Coulomb interac- 
tion of the electrons). We consequently have in Eqs. ( 1.1 ) 
and (1.2) 

It follows from ( 1.1 )-( 1.3) that in a sufficiently strong 
magnetic field the contribution of the slow collisions to the 
friction power is inversely proportional to the longitudinal 
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component of the positron velocity relative to the electron 
gas. At the same time, the contribution of the fast collisions, 
r < uT, is known to be inversely proportional to the total 
relative velocity of the particles. 

Consequently, the positron-cooling decrement should 
increase in strong magnetic fields at low longitudinal posi- 
tron velocities relative to the electron beam (v l l  4 v, ). 

2. KINETIC EQUATION 

We proceed now directly to calculate the positron cool- 
ing in an electron beam in a magnetic field. We use a repre- 
sentation in which the physical quantities that evolve in ac- 
cordance with exact equations are averaged over the initial 
microscopic conditions with a distribution (T, O).' We 
examine the evolution of the positron density in six-dimen- 
sional phase space; this distribution satisfies, in accord with 
the laws of motion, the Liouville equation 

Averaging this equation, we get 

wheref is the positron-distribution probability density, also 
called the single-particle distribution function, F, is the reg- 
ular part of the force exerted by the external fields, F,  is the 
regular part of the force due to the positron-electron interac- 
tion, S f  = f -3 S F F  = Fs - F s ;  the superior bar denotes 
averaging over the initial electron velocities and coordi- 
nates. An expression for the right-hand side of (2.1 ) can be 
obtained by assuming that the force F, is weak enough to be 
able to account for its effect on the positron motion by per- 
turbation theory. We get then in first-order approximation 

and the right-hand side of (2.1 ) takes the form 

a a - 
=- GFSi ( t )  G9F8 ( t - T )  - 

d ~ i  [ dPj ( t -T )  
f ( t - r ) d r ] .  

dpP.(t) 

If the single-particle distribution function f depends only on 
conservative integrals of the unperturbed motion, the colli- 
sion integral is found to be 

Dij=  j ( t )  GFai( t )  BF.' ( t - r )  d r .  
d ~ k ( t - - T )  

It follows then from the kinetic equation that the rates 
of change of the integrals of motion pt and p: + p :  -pi of 
the "probing" particles interacting with the electron beam in 
the magnetic field are 

where 

We shall refer hereafter to Ff, ,  F p ,  d,, and d, as the 
friction force, the fluctuation force, and the diffusion coeffi- 
cients, respectively. Knowledge of these quantities, the anal- 
ysis of which is the subject of the present paper, provides a 
rather complete picture of the rate of positron relaxation to 
some stationary state whose properties will be discussed be- 
low. 

In a nonrelativistic approximation of the weak interac- 
tion and neglecting electron-electron collisions, the expres- 
sions for the friction force Ff,  and for the force correlation 
tensor SF: (?)SF', ( t  - T) can be written in the form3: 

F,r=zeE [ r  ( t )  ] =ze  ik(% ( t )  )e"r(t) d k ,  

6F.' ( t )  BF.' ( t - T )  

x e x p { i k [ r ( t )  - r ( t - r )  ] ) d k .  

Here 

is the spatial Fourier transform of the potential induced by a 
probing particle having a charge z e  in the electron beam 
( Z  = - 1 for positrons); 

is the same for an individual electron; 

1 L=-j d z  exp ( i k r  ( T )  + i o t )  ; 
2n 0 

r ( t )  and ra ( t )  are the trajectories, unperturbed by the inter- 
action, of the particles in the magnetic field; E, (0, k )  is the 
dielectric constant of a one-component electron plasma3."; 

rn 

exp  { i ( a - k , l v , l a )  T }  ) , 
the angle brackets denote averaging over the distributions of 
the longitudinal and transverse electron velocities v i  and vy . 

We restrict hereafter the analysis of the expressions for 
the friction force and for the diffusion coefficients to the case 
of a short ( w e  t 4 1 ) electron-electron and positron-electron 
interaction time, assuming the two interactions to be 
"turned on" simultaneously. The electron-electron interac- 
tion is actually turned on somewhat earlier, but this isimma- 
terial for a stable electron beam, so that a simpler situation 
can be theoretically considered. 

3. SHORT INTERACTION TIMES (INTERACTION WITHOUT 
SCREENING) 

The expressions for (p, ( t )  ) and p ", t)  take in this case 
the form 
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e 
qr" ( t )  = 7 p ~ p  (-ikra ( t )  ) , 

2n k 
where 

QT 
x ( lo (2k,rLa sin -) 2 exp (-ik,v{r) ). 8e4n ik,vll dk kl12 k,' sin RT ) J J  n ( +  k2QT E ( T ) T  d ~ ,  

Note that p ",t) corresponds to the Coulomb potential of a 
free electron moving in a magnetic field, and (p, ( t ) )  to a 
potential produced by the electron "cloud" induced by a 
charge moving in the plasma at the instant t 4 w ;  '. Taking 
(2.4), (3.  I ) ,  and (3.2) into account, we get 

(zeo,) ik dk 
F,, a 2n" j WJ Tar{(!$+ k12sinPT) k 2 8 z  

0 ( T )  = ( J ~ ( Y L , ~ ~ ~  sin 2 exp { i k l l ~  (ul,-ulT)} 

Integrating the foregoing expressions with respect to dq, and 
dk , we get 

x 1.(2k,r,' s i n F )  L Io(2k,p sin- 2 x exp {ik, [r ,  ( t )  -r, (t-2) 1) 

d,=4ne4ri( dk,  [l+k,l ul r ]  
0 

X ( 1~(2k ,r ,~  sin 

Here M  and vll are the mass of the probing particles and its 
velocity along the magnetic field, m and v! are the same for 
the electrons, J , ( x )  is a Bessel function of zero index, and 
fi = mzfi /M.  

It is interesting to note that the ratio of the friction force 
to the fluctuation force turns out to be of the order of M  / m ,  
so that for heavy particles ( M 9  m )  the action of this force 
can be neglected. For positrons, on the other hand,, in the 
unscreened-interaction approximation these forces are sim- 
ple equal. Putting M = m and 6 = - R we obtain with the 
aid of (3.3)-(3.5) 

x ( j kL2dk,j ur sin Pr l0  
0 

2~,,=8nd+,~ ( j dk,  j o [ ( 1 + ?) 627 

x exp ( -k ,  / u I r) lo (2k,rp sin - 2 
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d 
- [J0 (2kLp  sin%)] T d r )  . 
dT 

Here p is the positron Larmor radius and u = ull - v i  . 
The entire region of impact parameters of the electron- 

positron collisions can obviously be subdivided into a region 
of fast collisions, for which the cyclic character of the posi- 
tron and electron motion in the magnetic field is immaterial, 
and a region of slow collisions, when the particles manage to 
execute many Larmor rotations during the collision time. 
The integration intervals corresponding to the first and sec- 
ond regions are k,,, 2 k, k R/ 1 u 1, and k, < R/ 1 u 1, respec- 
tively. 

In the fast-collision region the integrals with respect to 
time in Eqs. (3.6)-(3.9) converge over intervals 
r -(kl  IuI)-'<R-'. Putting in this case sinflr-RT and 
returning to the integral representation of the Bessel func- 
tions of zero order, we obtain for the friction force, for the 
fluctuating force, and for the diffusion tensor expressions 
that correspond to collisions of charged particles in the ab- 
sence of a magnetic field: 

Here V = v - v" is the velocity of the positrons relative to 
the electrons, 

(3.12) 
The upper integration limit in (3.11 ) can be set equal to 

a, since the characteristic convergence interval of the inte- 
gralis k; 5 l/lultgR/lul. Thesamecan bedonein (3.12) 
provided that the positron transverse velocities exceed the 
longitudinal substantially. The procedure for extending the 
integration in (3.1 1)  and (3.12) into the region of infinitesi- 
mal impact parameters is correct within the framework of 
perturbation theory if the resultant expressions are such that 
the changes of the squared transverse and longitudinal posi- 
tron momenta during the characteristic time 7' -min(t,p/ 
lu 1 ) of formation or action of the friction and diffusion turn 
out to be relatively small. 

I fp2%((J f )2)  it suffices toretainin (3.11) and (3.12) 
the terms with I = 0, putting J,( k, < ) z 1. 

The result is 

r,,,=min (V t ,  1 ul /Q) -- dp,' - - 8 e 4 n ( K [ ~  ( l+xZ)  
dt 1 u 1 (1+x2) "' ) for u , ~ l u l ,  

rmin is the minimum impact distance at which perturbation 
theory with allowance for a finite interaction time t is appli- dpLZ -=- ne4n(&) for v,< lul. 

dt 
(3.14) 

cable. Expressions (3.10) differ only by the upper and lower 
parameters of the Coulomb logarithm from those usually 
cited (see, e.g., Ref. 12), which have been determined for 
completed collisions in the absence of a magnetic field. 

In the slow-collision region k, < R/l u 1, and also under 
the condition Rt) 1 (in the opposite case the influence of the 
magnetic field on the collision kinetics becomes insignifi- 
cant ), the integrands in (3.6)-(3.9) can be averaged over 
the period of the Larmor rotations of the electrons and posi- 
trons in the magnetic field. The difference between the ex- 
pressions obtained in this manner and those in (3.1 1 ) and 
(2.12) turns out to be relatively small in the parameter re- 
gion k, g R/lul. Integrating next with respect to time and 
substituting the results in (2.2) and (2.3), we obtain the 
following expressions for the rates of change of the squares 
of the longitudinal and transverse momenta of a positron 
that experiences, on moving in the plasma, electron colli- 
sions that are slow relative to the Larmor rotation: 

Herex = 2p/I u I t, and K[x( 1 + x2) -'I2] is a complete ellip- 
tic integral of the first kind and is approximated with good 
accuracy by the expressiont3 

It was assumed so far that the Larmor frequencies of the 
electrons and positrons are equal; this is strictly speaking not 
true, in view of the difference between their energies. None- 
theless, the foregoing results remain in force provided that 
the characteristic difference AR between the Larmor fre- 
quencies of the electrons and positrons is relatively small, 
viz., ART'" g 1, where? zmin(t,p/luI, c / I u J )  istheelec- 
tron-positron interaction time. 

In the opposite case, the expressions for the cooling 
rates of the squares of the longitudinal and transverse posi- 
tron momenta take the form 

a 
1 + 2v -)<S dk,  erp (- k,] u I t )  Jo2 (kip) ~ , ' ( k , . r ~ ~ ) )  

d t  av II 
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Here 

(3.16) 

Comparison of expressions ( 3.13 ) and (3.14) with 
(3.15) and (3.16) shows that the difference between the 
Larmor-rotation frequencies of the electrons and positrons 
alters primarily the kinetics of the cooling of the transverse 
degrees of freedom of the latter. This is an obvious conse- 
quence of the violation of the resonant character of the inter- 
action of the electron and positron transverse degrees of free- 
dom. 

As applied to electron cooling of positrons in a storage 
ring, the case t, w, 4 1 considered here corresponds to a rela- 
tively short cooling section. The electron-positron interac- 
tion is turned on periodically for a time t,, the period being 
equal to that of the positron motion. With the particle mo- 
tion in the storage ring correctly organized, this interaction 
cools the hot positrons. 

If the longitudinal magnetic field is strong enough and 
the kinetics of this process is governed by slow collisions, 
and if there is no coupling between the longitudinal and 
transverse motions in the cooling section, the positron trans- 
verse degree of freedom will be cooled to the transverse tem- 
peratue of the electron beam. This follows from relation 
(3.12): dp:/dt-+O andp2-<. 

As to the equilibrium longitudinal positron tempera- 
ture T ,;, it follows from (3.13) that its order of magnitude 
is 

and is in general not equal to the longitudinal temperature of 
the electron beam. 

To implement the considered acceleration of the posi- 
tron relaxation in a magnetic field it is necessary that the 
magnetized electron beam have a small longitudinal-veloc- 

ity spread. It is known that the longitudinal temperatures of 
the electron beams used for cooling and obtained from elec- 
trostatic guns are so low that they are limited in fact only to 
the Coulomb-interaction energy fluctuations, i.e., to a value 
of order e2n"3. The transverse temperature remains in this 
case equal to the cathode temperature. This strong anisotro- 
py of the distribution in velocity in the electron-beam accel- 
eration section is maintained furthermore by the strong 
magnetic field and by the mutual repulsion of the electrons, 
which hinders energy exchange between the longitudinal 
and transverse degrees of f r e e d ~ m . ~ . ~ , : ~  

If m (u2) %e2/p, the positrons are cooled in such a beam 
in the manner described in this paper. This condition is vio- 
lated in a sufficiently strong magnetic field. A quantitative 
investigation of this situation calls for a more detailed exami- 
nation of the collision kinetics. It is clear, however, that even 
in this case the magnetic field accelerates strongly the relaxa- 
tion of the positron transverse degree of freedom, since the 
electron-positron (attractive) interaction does not hinder 
approach of the particles to within distances r-p at which 
effective resonant exchange of the particles' transverse de- 
grees of freedom takes place. 

We note also that a large initial spread of the longitudi- 
nal positron velocity does not prevent in principle the use of 
a magnetic field for the described enhancement of the cool- 
ing growth rates, for the "sweeping" can be used 
in this situation. 
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