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A chiral anomaly is shown to lead to several macroscopic effects for a rotating gravitating object. 
In particular, a "vacuum condensate" (EH) arises, where E and H are the electric and magnetic 
fields. The magnitude of this condensate falls off as a power of the distance from the object. The 
corresponding vacuum currents are also found. Arguments are presented to support the assertion 
that for rotating black holes the anomaly leads to the emission of massless particles: gravitons, 
photons, and neutrinos. As a result of this process, the black hole loses its angular momentum. 
Parametrically, the effect is comparable to the Hawking effect. 

The axial current a, of massless Weyl fermions is not 
conserved in an external gravitational fieldIs2: 

- 
where RpVup is the Riemann tensor, and RPvaB 
= EPvAo R $/2. The simplest physical entity for which this 
anomaly is nonzero, when even classical fields are substitut- 
ed in, is a rotating gravitating object. It is thus natural to ask 
what the macroscopic consequences of a chiral anomaly 
would be. We will discuss three such effects here: 1) the 
appearance of an ~2 condensate near even electrically neu- 
tral rotating - objects (F,, is the electromagnetic stress ten- 
sor, and F,, = ~,,~1;"8/2; 2) vacuum currents of a dipole 
type; and 3) the emission of massless particles, which results 
in a loss of angular momentum from rotating black holes. 

1. The existence of an FF condensate follows from the 
analog of Eq. ( 1 ) for photons3: 

where the current K = - E ~ " ~ ~ A , ~ , A ~  is an analog of the 
axial current ap in the sense that the expectation value over 
the single-particle state of the operator, J d 3 ~ K 0  is equal to 
+ 1 or - 1 for a left-hand or a right-hand photon (A, is its 

vector potential). By virtue of the operator identity 
d,Kw = FF/2 we find from ( 2 )  

1 FF = -- RH. 
48n2 

For a uniform rotating object of radius r, we find, in the 
weak-field approximation, 

RR= { 0, rcro 

36r t  (ra) r-', r>rO ' 

Here rg is the gravitational radius, and a = M/m, where M 
is the angular momentum of the object, and m is its mass. 
From the quantitative standpoint, of course, relation (3)  
could be important only for black holes of small radius, 
rg 5 lopL3 cm. 

A relation analogous to (3)  holds for a gluon conden- 
sate, leading to an induced 0 term. However, an external 
gravitational field with RE #O by itself leads to significant 
CP-violation effects. 

2. We move on to the next step: We calculate not the 
divergence but the vacuum current itself. We first note that 
Eqs. ( 1 ) and (2)  can be written in a common form: 

where the anomalous term A,,, ( r )  has the form 
A(,, = - s 2 ~ E  /967?, for neutrinos and photons, and s is 
the helicity of the particle. (This relation may not hold for 
other spins.) In the static case, Eq. ( 5 ) ,  div j(,, = A,,, (r) ,  
has precisely the same form as the electrostatic equation 
div E = p. 

The general solution of Eq. (5)  is 

1 J d3rr A(s) (r') 
j(s) ( r )  = - V 

4n 1 r-r' 1 - +  jo( r ) ,  

where j, is the conserved current, and div j, = 0. Ignoring a 
possible nonzero current j, for the time being, we find, in the 
case of the source (4), 

Vacuum currents thus arise around a rotating gravitating 
object and decay as rL3  with distance. We wish to stress, 
however, that this analogy with electrostatics is not com- 
plete, since there is no condition curl j := 0. In particular, 
there exists a solution of Eq. (2)  which falls off as r-2 at 
large r: 

This solution describes the emission of particles. Since j,,, is 
the difference between the currents of the left-hand and 
right-hand particles, more left-hand particles are emitted 
into the lower hemisphere (ra <0),  and more right-hand 
particles are emitted into the upper hemisphere (ra > 0).  

We thus see that Eq. (5)  by itself, without any addi- 
tional physical considerations, cannot answer the question 
about the emission of particles. In the case of a weak external 
field, there is apparently no such emission. The situation 
here is largely similar to pair creation in a Coulomb field. 
The corresponding instability arises in the solution of the 
Dirac equation only if Z a  > 1, regardless of the mass of the 
particles which are created. The physical meaning of this 
condition is simple: The energy Za//Z, which is the energy of 
the interaction of a wave packet localized near a Coulomb 
center in a region with a minimum size A, must be greater 
than the energy of a particle at infinity, w =: l/A. In precisely 
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the same way, the energy of the gravitational interaction of 
the spin of a particle with the rotation of a star, r,a/?, must 
be greater than 1/R here. In the case of a weak field, with 
rBr , ,  this condition clearly does not hold. 

3. We thus arrive at the problem of the physical mani- 
festations of the anomaly in the field of a rotating black hole, 
with a length scale ro which is equal to r,. We need to exam- 
ine problems involving the formulation of correct boundary 
conditions at r = r, and the more technical problem ofdeal- 
ing with the curvature of space-time in Eq. (5) .  We instead 
consider the following simplified model. We return to 
expression (7)  for the vacuum current. This expression es- 
sentially corresponds to the situation in which at each point 
in which the anomaly A(r) is nonzero there is an isotropic 
current source of intensity A(r) .  A vector addition of the 
currents flowing away from various points with A(r)  - (ar) 
leads to the dipole asymptotic behavior (7) or the absence of 
emission. 

Our simplified model of the black hole can be summar- 
ized by saying that we require total absorption of the current 
at the surface r = r,. In other words, in the integral in 
expression ( 6 )  we eliminate not only r < r, but also the shad- 
ow region (Fig. 1 ). Furthermore, at r >  r, we ignore the 
difference between the metric and a plane metric, incorpor- 
ating the curvature only in the anomaly itself. The exact 
expression for it in the Kerr metric is 

(In deriving this equation it is convenient to use the expres- 
sion from Ref. 4 for the components of the Riemann tensor 
in the tetrad formalism.) For simplicity, we also discard 
terms of higher order in a; i.e., we actually use expression 
(4)  at r > r,. The asymptotic current is then 

This expression tends asymptotically toward the following 
expression at large r: 

An important point is that both the left-hand particles 
emitted opposite the angular momentum of the hole and the 
right-hand particles emitted parallel to the angular momen- 
tum carry off spin angular momentum of the same sign. As a 
result of this emission, the rotation of the star slows down. 

The loss of angular momentum from a rotating black 
hole due to the emission of particles was studied in Refs. 5 
and 6. The phenomenon which we are analyzing here leads 
to an effect on the same order of magnitude, and the emission 
itself is parametrically the same as Hawking radiation. 
Nevertheless, it may be that these phenomena are physically 
different. At least in the approximation used here, the inten- 
sity at which the particles are created depends on their spin 
trivially, only through the coefficient s2 in expression (5) .  In 
the Hawking mechanism, the spin dependence is completely 
differenL7 The creation of particles due to the anomaly is 
also distinct from the known process of superradiation, since 
the latter does not occur for  neutrino^.^.' It should be noted 
in this connection that according to a numerical integration 
of the Dirac equation in the field of a Kerr black hole7 the 
emission of neutrinos does not vanish even in the limiting 
case a = r, / 2 ,  in which the surface temperature of the black 
hole goes to zero, and the Hawking radiation corresponding- 
ly vanishes. 

We believe that these results are a manifestation of the 
anomalous creation of neutrinos which we have been dis- 
cussing here. 

The relationship between a chiral anomaly in an elec- 
tromagnetic field and the emission of fermions was studied 
in Refs. 9 and 10 for the case of a dyon with an electric charge 
Q and a magnetic charge g. As a result of the emission, the 
dyon loses its electric charge, converting into a magnetic 
monopole. Analogously, in the model discussed above angu- 
lar momentum is emitted by a black hole. Let us pursue this 
analogy a bit further. 

An important consideration for the emission by a dyon 
is the circumstance that both the magnetic field H and the 
electric field E are nonzero, and the EH anomaly is nonzero. 
The interaction of a magnetic monopole with a fermion is 
strong because the magnetic charge g is large. For this rea- 
son, as we know, thes wave may contain only outgoing parti- 
cles or only incoming particles, depending on the orientation 
of the magnetic moment of the fermion with respect to the 
magnetic field of the dyon. There is no dependence on the 
electric charge, since particles with opposite charges and he- 

where we have retained only the terms which fall off as r-'. licities have an identical magnetic moment. This degeneracy 
This thus has a flux neutrinos and photons at infin- is lifted by the electric charge of the dyon. Corresponding]y, 
ity. The particles of right-hand helicity are emitted preferen- the Coulomb energy of the dyon falls off because of the emis- 
tially the momentum of the h01e9 and sion of charged particles A strong magnetic field is impor- 
those of left-hand helicity in the opposite direction. Clearly, tant for this process, since it is specifically the magnetic in- 
the same effect occurs for gravitons, although the coefficient teraction which couples the particle with the corresponding 
of the corresponding anomaly has yet to be calculated expli- direction of the magnetic moment near the  monopole^ 
citly by anybody. Looking at this problem from the anomaly point of 

view, we see that it disappears for the field of a monopole 
(since E = O), and it is nonzero and sign-definite for the 
field of a dyon. In the latter case, particles with a definite 
chirality are accordingly emitted. The anomaly is quadratic 

A in the charges of the fermions, however, and the assertion 
that particles with an electric charge of a definite sign are 
emitted follows from additional considerations. 

FIG. 1 .  Range of integration in expression ( 6 )  for the case of a black hole. In the case of a black hole, its strong gravitational field 
A is the observation point. is analogous to the magnetic interaction of a dyon, since it is 
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TABLE I. In addition to current ( 1 1 ), there are vacuum currents 

Dyon Kerr black hole 
- 

FF# o ~ A p o  
J FFd 'r#O J RRd'r = 0 
Magnetic interaction Gravitational interaction 
Fall to center Capture at horizon 
Coulomb interaction Interaction of the spin of the particle 

with the rotation of the black hole 

specifically the gravitational interaction which results in a 
capture of particles at the Schwarzschild sphere. The rela- 
tively weak gravitational interaction of the spin of the parti- 
cles with the angular momentum of the black hole makes the 
absorption of particles with a definite sign of the spin projec- 
tion onto the rotation axis of the black hole preferred from 
the energy standpoint. For a rotating black hole, the chiral 
anomaly is nonzero (RX #O) , but nothing can be concluded 
about emission solely from information on the anomaly, 
since the anomaly does not introduce any distinction 
between the emission and absorption of particles with oppo- 
site helicities. If, however, the conclusion that particles are 
created can be drawn on the basis of some additional phys- 
ical considerations, then a study of the anomaly might lead 
to the conclusion that the black hole loses angular momen- 
tum. The correspondence between a dyon and a Kerr black 
hole is illustrated by Table I. We might add that the anoma- 
lous nonconservation of the fermion number against a cos- 
mological background with RX #O was studied in Ref. 11. 

which arise in the succeeding orders in r , /r  and which are 
similar to (7 )  in that they do not emit particles. The effect is 
a sort of quantum "hair" on a rotating black hole, which falls 
off in a power-law fashion with distance. There are, of 
course, other physical phenomena which lead to a conden- 
sate of fields which also falls off as a power of r. In particular, 
the quantum corrections to the energy-momentum tensor of 
massless fields fall off as r-4 (Ref. 12, for example). The 
vacuum currents which we have been discussing here fall off 
as r-3 .  
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