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The differential and total backscattering coefficients of the surface of a medium are found for
arbitrary angles of incidence and emission of particles from the medium. These coefficients are
obtained by solving the transport equation for the density matrix with account taken of multiple
incoherent scattering as well as the refraction and reflection of waves by the interface between two
media. It is shown that in the case of grazing angles of incidence a nonspecular peak can appear in

the angular spectrum of the backreflected particles.

INTRODUCTION

When a particle or a photon moves in a medium, the
wave function is formed as a result of interference between
waves scattered by different atoms in a substance. Coherent
or incoherent addition of waves may occur, depending on
the positions of the scattering centers.

Well inside a scattering medium with a random distri-
bution of atoms, when n4* <1 (n is the number of atoms per
unit volume and A is the wavelength of a particle), the waves
add up incoherently and the cross section for the scattering
by a small volume of the substance is proportional to the
number of atoms contained in such a volume. The exception
to this rule is only a small range of solid angles near the
“backward” direction, where the coherence effects are man-
ifested by waves that have traveled along the same paths in
the scattering medium in the forward and reverse direc-
tions.'”’

On the other hand, near the surface of the medium the
situation is very different, since the very existence of an in-
terface between a substance and vacuum alters the condition
for the interference of scattered waves. If this interface is
sufficiently abrupt compared with the mean free path / of the
particles or photons in the substance, the condition of quasi-
homogeneity of the wave field is no longer obeyed® and it is
generally not possible to go over from wave equations to the
transport equation for intensities.’ In other words, near an
abrupt vacuum-medium interface the mutual coherence
function of the wave field of particles or photons

p(r.x") =Cp(r) ¢ (r')>

cannot be represented in the form®
p(r,r')=0(r—1"; (r+r')/2),

where the characteristic scale of the change of ® in respect of
the difference variable r —r’ is considerably less than the
scale of its variation along (r +r’)/2 (Ref. 10). Conse-
quently, the angular distribution of particles scattered in a
randomly inhomogeneous medium with an abrupt boundary
differs greatly from the solution of the corresponding prob-
lem in transport theory.

The presence of an abrupt boundary of a medium re-
sults in specular reflection and in refraction of the incident
and scattered waves and, consequently, causes diffraction-
induced deformation of the angular spectrum of incoherent
scattered radiation emerging from the medium.
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A theoretical analysis of the angular distribution of
scattered particles, allowing for the reflection and refraction
at the boundary of a substance, is of interest in studies of the
interactions of neutrons with solids, '! in electron spectrosco-
py with angular resolution, > and in x-ray and y-ray optics of
surfaces.'*!?

We shall solve the transport equation for the density
matrix (mutual coherence function) to find the angular
spectrum of particles emerging from a medium. The solution
obtained allows both for reflection and refraction of waves at
the interface between the medium and vacuum, and for the
usual incoherent multiple scattering. It is assumed that the
wavelength of the incident particles (photons) is many
times greater than the characteristic size of the scattering
centers and that the differential cross section for single scat-
tering is isotropic. The case under discussion is realized in
practice in the interaction of neutrons with atomic nuclei, of
electromagnetic waves with atoms and molecules as well as
with small optical inhomogeneities of a medium, and of slow
electrons with impurity centers.

1. TRANSPORT EQUATION FOR MULTIPLE SCATTERING OF
WAVES INARANDOMLY INHOMOGENEOUS MEDIUM

We shall consider the motion of a nonrelativistic zero-
spin particle in a substance with a random distribution of
atoms (the results obtained below remain valid also in the
case of scattering of electromagnetic waves in randomly in-
homogeneous media). If we ignore the recoil of atoms collid-
ing with an incident particle, we can reduce the problem of
calculation of the angular distributions and other character-
istics of the wave field of the scattered particles to a deter-
mination of the average (over the distribution of atoms) so-
lution of the equation

h: 9*
(5-”7—0—'—2+E> p(r,r;R,...Ry)
h* 92

—(%—m-}-E)p(r,r ;Ry.LURY)

=(2Ua(r)—ZUav(r’) Jot,v iR Ry, (D)

where the averaging operation represents integration of the
density matrix from Eq. (1) using the coordinate function of
the distribution of atoms in matter:

p(r,r)= de, ARy (R RY) F(R L RY). (2)
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In Eq. (1), E = #°p}/2m is the total energy of the inci-
dent particle, the summationovera = 1,2, . . ., Nis carried
out over all the atoms in the medium, and U, is the operator
of the interaction of a particle with an individual atom. In
the case of uncorrelated positions of the scattering centers
the distribution function of Eq. (2) is

F(R,...Ry)=V""8(R,) ...0(Ry), (3)

where 8(R) is equal to unity within a volume ¥ occupied by
the scattering medium and vanishes outside this volume.
When the condition (N /V)A * = nA 3«1, issatisfied and the
reflection into a narrow range of angles Ad~A // in the
“backward” direction is ignored, '’ the averaging of Eq. (1)
with the distribution function (3) yields for p(r,r') atrans-
port equation which has the following operator form'%!” [a
bar is used for the operation of averaging of Eq. (2), which
yields p = p(r, ')]

b:po+a<2§af—)ﬁa+>&+, (4)

a

where 7, is the matrix representing the scattering by a sin-
gle atom'®:

~

To=U,+0 ! g (5)

*E—K+i0 "
K= — (#/2m)3?/Jr*is the kinetic energy operator, and G
represents the solution of the equation

(E—[f—ﬁ)@:f. (6)

a

The quantity p, in Eq. (4) describes the wave field of parti-
cles which do not undergo incoherent scattering:

(G™")po—po (G™*) *=0. (7

At large distances from the boundary of the scattering medi-
um the field p,, is a superposition of the incident waves and of
the waves reflected coherently from the surface of the sub-
stance. ~ .

In the operators G ~' and (G ~') * are applied on the
left and right of Eq. (4), we obtain the differential form of
the transport equation:

GY o —p (GY*

ZZga5(1+gzz+é+)_2(1+aga)63a+v (8)

where E;(, = (E—K+i0)"".

. I/f on the right-hand side of Eq. (8) we assume that
G = G,, we obtain the transport equation of Migdal and Po-
lievktov-Nikoladze'® for fast particles. Physically, the
change from Eq. (8) to the equation derived in Ref. 19 repre-
sents neglect of the influence of the medium on the propaga-
tion of the scattered wave.

Equations of the type (4) and (8) make it possible to
describe multiple elastic scattering allowing for the influ-
ence of inelastic collisions. If we ignore the energy lost by the
particles, the only inelastic scattering channel is the absorp-
tion.

. Inthes-scattering case a matrix element of the operator
J . in the coordinate representation is
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~ onh?
|l = — =" f6 (1—R)5 ( —R.), (9)

where fis the scattering amplitude. The total scattering cross
section is o,,, = (47/p,) Im f; the elastic cross section is
0. =4m| f|* and the difference between them o, = o,
— 0, is the cross section for the absorption of particles by a
single center.

Substituting Eq. (9) into Egs. (4) and (6), we obtain
respectively an equation for the density matrix (2) averaged
over the distribution of the atoms

o (r, 1) =pq (r,x') +n (2nA*/m)*| f|*
X J.dr” 0(x")G (r,x")p (x",*")G* (', ") (10)

and an equation for the Green function G(r, r’)

2};’:‘5(%:'). (11)

r

(i + p*+bnnfo (r) )G (r,r') =

If the quantum-mechanical state of the particles inci-
dent on a medium is a pure state,?® we can represent p, (r, ')
by a product of wave functions

po(r, 1) =W, (r) ¥y (r'), (12)

each of which satisfies according to Eq. (7), the equation
0* ‘

( P + po*t4nnfo (r))‘Po(r)=0. (13)
For a plane wave exp(ip,r) incident on a substance from
z = — oo the boundary condition for Eq. (13) is of the form

Wy ()ine |:=—w=6Xp (ipol). (14)

Equations (10), (11), and (13) together with the boundary
condition (14) determine completely the density matrix p (r,
r') both inside the medium and outside it, and can be used to
calculate the distribution of scattered particles for arbitrary
angles of incidence and escape from the medium.

2. COHERENT WAVE FIELD AND GREEN FUNCTION

Before we solve the equation for the density matrix
(10), we must calculate the Green function G and find the
coherent wave field.

We shall consider the case when the scattering medium
occupies the region in space where z > 0. Then Eq. (13) can
be rewritten in the form of the Schrodinger equation

h* 0t
" om or = 15
( om Ir + U (l')) ¥ (r)=EW,(r) (15)

using the optical potential

_ 2nhnf

U,= . [=fitife (16)
m .

The imaginary part of U, is related to the total scattering
cross section of a single atom by the optical theorem

Im U,=— (nfl:po/Zm) Oiot-

Allowing for the continuity of W, (r) and its derivatives at
z = 0, and also using the boundary condition (14 ), we readi-
ly obtain
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Po (r) =@o(2) exp (ipour.), r.=(,¥),

ko
@0 (2) =exp (ikoz) + L exp(—ikoz), 2<<0, (17)
ko+%0
(2) ko exp (i%o2) z>0
= X , \
P kot AT '

where k, = (p,), = Polto and x, = (k3 + 4mnf )"/ The
second term in Eq. (17) in the z <0 case describes a wave
reflected specularly by the surface of the scattering medium.

The solution of Eq. (11) for the Green function can be
found using the Fourier transform with respect to coordi-
nates parallel to the surface:

G(r,v)= | (2m) = dgexpig(r.—1.) ) ga(z, 2).

The function g, (z, z') satisfies the equation

9* 2
( + poP—q*+4nnfo(z) )g., (2,2") = —ﬁ—":cS(z—z’), 2'>0.

oz
(18)
The conditions of continuity at z = 0 yield®
2i 1
g.(2,2")=— -E;-rrf-m exp(ixz'—ikz), 2<0,
(19)
g4(2,2") =;—’:;{ ’;;:c eXP(ix(z+Z’))—eXP(iulz-Z'I)},
z>0,
where
k=(p’—q¢*)", w=(k*+4nnf)", Rex>0.

Comparing Eq. (19) with the Green function of an infinite
medium

m

Gine(r—1") = — S To—r |

exp (i (po*+4nnf) " |r—1']),
we can easily show that the presence of a surface has a strong
influence on the motion of a particle at depths

< (4anlf|) " (20)
only at grazing angles of incidence or emission from a medi-
um when

[ul, wosS (4anlf])*/po<t. (21)

In Eq. (21) we have u, = cost,and u = cos, where J, and
1 are, respectively, the angles between the inward normal to
the surface and the angles of incidence and emission of the
particles.

3.ANGULAR SPECTRUM OF BACKSCATTERED PARTICLES
AND TOTAL REFLECTION COEFFICIENT

The angular and energy distributions of particles
emerging from a medium are described in quantum mechan-
ics by the diagonal elements of the density matrix in the
momentum representation®’:

p(p,p’)=jdr dr’ exp{—ipr+ip'r'}p(r,x’). (22)

Calculation of these elements generally requires integration
of Eq. (2) over all three spatial coordinates. However, in the
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adopted formulation of the problem, when all the particles
emerging from a medium have the same energy E, the angu-
lar distribution can be determined if we know the distribu-
tion of particles between the components of the momentum
parallel to the surface q = (g,, g,) in the limitz— — 0:

p(q,2;q,2) | o0
— [ ar, dr. explig (e, —r))p(0 50y, 2) oo (23)

The diagonal elements of Eq. (23) are related simply to
the angular spectrum of the backscattered particles:

dq
0: =3 d|pl|deZ 24)
p(q,0;q,0) ) (n, @) d|p|de (
or
sw=J s erde="210(q,0,4,0), (25)
X ’ 2nX ’

where

lul=lcos &|=(1—¢"/ps*)"  (q<<po),

S(u) is the density of the flux of particles reaching an ele-
ment of a solid angle 277d |u|, and £ is a surface area.

Integrating Eq. (10) in accordance with Eq. (23), we
find that

p(q,0;q,0)=¥,(q,0) ¥, (q',0)
1112 (20) %8 (a—q') o (2ch/m)* | dz

ng(O»Z)P(z»z)gq'(O»z)~ (26)

Equation (26) readily yields the distribution of incoherently
scattered particles:

0in(q, 05 q, 0) =n (202%/m)?S|1]* | dz|g4(0,2) %0 (5, 2). (27)

It follows from Eq. (27) that to calculate the angular
distribution of particles emerging from a medium it is neces-
sary to find first the density of the particles p(z, z) = p(z) in
the scattering medium for z> 0. A closed equation for the
density p(z) can be obtained by substituting r =r’ in Eq.
(10):

2 le 2 <
p@ =%, [+n( Z) 112 f ara e, 28)
where
4G = - g @) (29)

(2q)*

An explicit expression for the kernel 4(z, z') is readily ob-
tained by substituting Eq. (19) into the integral (29).

An analysis shows that an allowance for the refraction
and reflection of noncoherently scattered waves [i.e., the
first term in Eq. (19) for g, (2, z') when z > 0] changes little
the solution of Eq. (28). The corresponding corrections are
of the order of the ratio of the width of the angular region
where the diffraction effects are important [Eq. (21)] to 4m:

AY/bm~ (n|f|N?) "<,
Consequently, the solution of Eq. (28) can be found in
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the form of an expansion in terms of a small parameter

= (n|fIA)":
p(2)=p (2)+EpM (2)+ . ... (30)

The expression for the angular spectrum of the back-
scattered waves given by Eq. (27) is also in the form of a
series in terms of the parameter §. Then, in the leading (in
respect to £) approximation, the angular spectrum is simply
expressed in terms of p@ (z).

Neglecting in the calculation of the integral (29) terms
ofthe order of (n| f|A4?)'/2 €1, we find that the kernel of Eq.
(28) becomes

n(m\* dq { |z—2"| }
1e=(5) | el el

X(pi=a) = o ) Ey(noul D), (31)

where
Ei(e)=] (@t/t)exp(~at)

is the exponential integral.?'

Using Eq. (31), we can reduce Eq. (28) to

P (2) =0 (2) | +—'§°’—’ J 4z B, (nowts—2 e ), (32)

where

NG 16:1ZPo }
Re xo)

4k? {
2 -

[ 9o (2) | R exp (33)
Equation (32) differs from the equation for the density of
particles in the usual transport theory? only by the source
function |, (2)|*

The solution of Eq. (32) p,(z, ) with the source func-
tion

I, (z) =exp [—notoiz/p-(]]

is well known.?* The angular spectrum of backscattered par-
ticles is then given by the expression®

a1 NGi0iZ
f10e: |P«l jdzexp{— o }po(z1llo)

SO(IP" MO) |P«|
e o),
- H , I\ p, (35)
2 O |M|+Ho lu[ Oto ho G Oiot

and the total reflection coefficient (ratio of the number of
the backscattered particles to the number of the incident
particles) is

Ro(us) =& Sarul 1ulso(lul)

=1-(1— Oet )V' H( o, 22 ) (36)

Oiot Oiot

InEgs. (35) and (36) the quantity H(u, ») is the Chandra-
sekhar function (Ref. 23)." In the classical transport theory
the coherent reflection of radiation from the surface is ig-
nored. Therefore, Eqs. (34) and (35) describe the angular
spectrum and the backscattering coefficient of an incoherent
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wave field under conditions when the refraction and reflec-
tion effects can be ignored.

The solution of Eq. (32) with the source function (33)
can easily be expressed in terms of the solution p,(z, ) of
the transport theory:

4k
(0)(Z) mp"( ,Be-:—o). (37)

0

Substituting now Eq. (37) into Eq. (27) for the angular
spectrum of backscattered particles, we find that

- R2pon|f|2kiks [ nc,o,zp‘,]
SUeD =T e |2§dz Re %,
Re
xoo 2 20%). (38)

The integral (38) is readily calculated using the equality
(35). Consequently, the angular distribution of incoherent-
ly scattered particles is given by the expression

1 O 4k 2 4k1 Re o Re Ay
2 Oot 'k +x0l2 |k +%1l Re %0+Be 1
Re %, , Ce: )H( Rex.; Get )’
Do Crot Po Oiot

S(p) =

xA( (39)

where the indices 0 and 1 represent, respectively, the inci-
dent and emitted (by the medium) particles

kazpou‘)’ k1=polu|, Hi= (ki2+4nnf)'lz,
A 1 4nnfi )
Re—_—‘z_‘/'z [(u'2+ e

2 2y 'hh
n 4nnf‘ ) +< 43’1’,71,:2 ) } ] ,
Po Do

|;‘0tl =[(uiz+43;:’:fx)z+(4n;zaf:)2]v, .

At large incidence and emission angles [u,,
|e|> (n] £]A?)"?1 Eq. (39) reduces to the classical result of
Eq. (35). At grazing angles (u, €1 or |u| 1) thedifference
between S(u) and S, () is of the order of the quantity .S,
() itself.

If Eq. (39) is integrated with respect to the angles,
allowance for the inequality (n| f|4 ?)!/2«]1 yields the fol-
lowing expression for the total incoherent-reflection coeffi-
cient

4ko Re o [ ( Ce1 ) ( Re Ko Oey )]
Ryp=————11-\1- H , . (40)
l k0+%q l z Otot Do Oiot (

Bearing in mind also that the coherent reflection coefficient
of a surface is [see Eq. (17)]

Feo—2%o lz
— | T %o 41
R Fons | (41)

we can readily find the total reflection coefficient of parti-

cles:

Htot=Bcoh+Rin

ko Re %, ( Gt ) h (Re Mo Oa )
={-4——-—\1——) H —]J. 42
-4 |ko+7'€o|z ! Oiot Po ’ Otot (42)

If the scattering in the medium is purely elastic (o
=0, ), the number of backscattered particles is simply
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equal to the number of incident particles and we have
R =1

Since Egs. (39) and (40) are derived including only the
first term of the expansion (30), we are essentially assuming
that the refraction and reflection effects influence only the
transmission of the incident and backscattered particles by
the boundary of the medium and do not affect multiple scat-
tering inside the medium. This assumption is based on the
inequality (n| f|A ?)'/2«1. A correct calculation of the next
term of the expansion (30) in powers of (n| f|4 ?)"/? and of
the corresponding corrections in Egs. (39) and (40) will
generally be outside the framework of the initial transport
equation (4) [i.e., it is then necessary to include in Eq. (4)
additional terms of higher degree in (n| f|A2)'/2«<1].

4.DISCUSSION OF RESULTS

Equations (39) and (42) obtained above represent, re-
spectively, differential distribution of incoherently scattered
particles over the angles of emission and the total back-
scattering coefficient for arbitrary angles of incidence of the
initial flux on the surface of a medium and for any ratio of the
cross sections of the elastic and inelastic interactions with
single atoms.

The dependences (39) and (42) are of the greatest in-
terest at the grazing angles of incidence and emission when
|| ~ (4mn| £;])'"?/p,, and when the refraction and reflec-
tion effects alter radically the angular spectrum of the back-
scattered radiation.

We shall begin with an analysis of Eq. (42) for the total
backscattering coefficient. At very low grazing angles of in-
cidence when p, < (47n| £;|)"?/p, we find from Eq. (42)
that R ,,, = 1, which is identical with the familiar results ob-
tained in electrodynamics of continuous media.?* The value
of R reaches unity because at very low grazing angles practi-
cally all the particles are reflected coherently and the coher-
ent reflection coefficient itself tends to unity. The corre-
sponding value found from the classical theory of radiative
transfer®® ignores completely coherent reflection and, there-
fore, does not give an expression which is correct in the limit
Uo —0 (Ref. 23):

R(?}t I po-»o=1—' (1—Oel/olol) Il’<1-

If uo> (47n| £;])*po, Eq. (42) becomes identical with Eq.
(36) obtained earlier by solving the transport equation. The
dependence (42) of the total backscattering coefficient of
particles on the angle of incidence u, = cosd, is plotted in
Fig. 1. It follows from the above discussion that the value of
R,,, found by solving the transport equation (4) for the
range of low values of y, is several times greater than the
corresponding result obtained from the classical theory of
radiative transport. It is also clear from Fig. 1 that the back-
scattering is stronger for f; <0 than for f; > 0. This behavior
of R, (1, ) follows clearly from Egs. (15) and (16). In the
case when f] <O, the scattering medium is optically less
dense than vacuum [Re U, > Ois a potential “‘wall”’] and the
specular reflection coefficient of waves incident on a surface
[Eq. (41)] is higher than in the f; > 0 case.

We shall now consider the differential angular spec-
trum of particles leaving a medium as a result of multiple
collisions with atoms.

An analysis of the differential angular distribution is
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FIG. 1. Dependences of the total reflection coefficient on the direction of
incidence of particles on the surface of a substance. The parameters of the
scattering medium are n| f,|A ¥/m = 107*, n| f,|]A*/m=3X10"% 0,/
0. = 0.3; curves 1and 2 are calculated on the basis of Eq. (42) for f, <0
(curve 1) and £, >0 (curve 2); curve 3 is calculated using the theory of
radiative transfer.?

important because of the discovery in 1963 of the anomalous
reflection of x rays,?® the onset of an additional nonspecular
peak in the angular distribution of radiation scattered at
grazing angles from substances with a disturbed surface lay-
er. As pointed out in Refs. 14 and 15, this effect has not yet
been explained consistently.

The expression for the reflection function (or the num-
ber of particles crossing a unit surface area per unit time in
the direction u) J(u) = |u|S(u) can be deduced from Eq.
(39), which gives

4k,? 4k 2 _1_ 0 Re(%o/po) Re(%4/Do)
| kotato|® | Eitns|® 4ot 6600 Re(%o/po) +Re(%4/po)

xH(Reﬁ,"")H(Reﬁi,ﬂ). (43)
Po Ot Po  Ouot

J(p) =

The symmetry of Eq. (43) under transposition of i, and u,
is a consequence of the reciprocity theorem. Comparing Eq.
(43) with Jy(u) = |u|So(r) of Eq. (35), we note that
(apart from a factor) the formula for the angular spectrum
of Eq. (43) can be obtained from the classical expression
(35) if we replace the arguments of 1, and u by Re(x;/p,)
(i =0, 1). Such a transformation in the f, = 0 case can be
explained quite simply: along the direction |u| = |cosd? | we
observe waves in vacuum which had traveled in a medium in
the direction u = x,/p, and were refracted on crossing the
boundary of a substance. If f; < 0 (when the medium is
optically less dense than vacuum) the waves incident on the
interface from inside along the direction cos—0 emerge
from the investigated substance at a finite angle
[|ue| = |cosd, | = (47n| £;|)"/*/p,]. Since inside the medi-
um the flux density of backscattered particles always has a
peak in the direction u = 0 if o €1 [Eq. (35)], the refrac-
tion shifts this peak by an amount equal to the critical angle
¥, = cos™ 'u,. Consequently, in the case of the grazing inci-
dence of particles on a surface optically less dense than vacu-
um the scattering medium exhibits not only a specular peak
in the angular distribution of incoherently scattered radi-
ation, but also a maximum near the critical angle «#, (see the
Appendix).

On the other hand, if f; >0, this peak does not appear
because particles moving inside the medium along the direc-
tion z = O may not leave the investigated medium because of
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FIG. 2. Dependence of the reflection function on the direction of emission
of particles from a medium. Parameters of the scattering medium: | f, |12
/m=10"% n| f,lJA%/m=3X107%, 0,,/0,,, = 0.3. The direction of inci-
dence of particles when the medium is x, = 0.009; curves 1 and 2 are
calculated on the basis of Eq. (43) for f; <0 (curve 1) and f, >0 (curve
2); curve 3 is calculated using the radiative transfer theory.?

reflection by its boundary. Therefore, the angular spectrum
of incoherently scattered radiation depends monotonically
on the emission angle u if f; > 0.

The angular spectra of scattered particles calculated
from Egs. (39) and (43), confirming the pattern described
above, are shown in Fig. 2. In particular, the J(u) curve
corresponding to f, <0 shows clearly a peak near

pe=(4nn|fi[)"/po.

In spite of the fact that the model of isotropic scattering
discussed above is unsuitable for the description of the inter-
action of x rays with a disturbed layer of matter, the angular
distribution of the scattered particles described by Eq. (43)
for the case f, <0 is similar to that found experimental-
1y.26:13-15 It is quite possible that the anomalous reflection of

AT 4t

x rays and ¥ photons®® '*'* is due to the refraction and re-

flection of incoherently scattered waves on transition from a
material medium into vacuum.

It should be pointed out that the nature of the anoma-
lous reflection is an analog of the formation of the Kikuchi
patterns formed as a result of diffraction of inelastically scat-
tered electrons in thick crystals'® or of the Kossel lines
formed as a result of diffraction of ¥ photons and neutrons.?’

It follows from the above analysis that the anomalous
reflection effect is associated with the refraction and reflec-
tion of scattered waves at the interface between media and it
occurs quite commonly. Clearly, this effect can be observed
for radiations of any type (for example photons, neutrons,
and charged particles) in the case of grazing incidence on a
surface separating “transparent” and scattering media.

CONCLUSIONS

We found the solution of the transport equation for
multiple scattering in a disordered substance allowing for
the reflection and refraction of waves at the boundary of a
substance. In the isotropic scattering case we calculated the
dependence of the total reflection coefficient on the angle of
incidence of radiation on the surface of a substance and the
angular spectrum of particles emitted by the substance. The
solution obtained demonstrates the possibility of anomalous
reflection of radiations of any type, for example, photons or
neutrons. In particular, we can expect the angular resolution
of the existing neutron spectrometers®?’ to be sufficient for
the observation of this effect.

APPENDIX

We shall analyze in detail Eq. (43). We consider first
the simplest case when f, = 0. The relationship (43) then
becomes

(o’ —pe®) " (WP—pc’) ™ ( y Oel y Oet
J . . HU (noP—pe®) o —— JH\ (WP—p’)",—), (A1)
(W) = lmcm (uo+(uo =)™ (] + (=) ™) (o —pe) "+ (0 —p’) * ’ Otot Otot
r
where theboundary. An allowance is made in Eq. (A.2) for the fact

(mo*—pe?) “=Re (%o/Po) | =0,  (W*—pc®) “=Re (%4/po) | samo.

From the physical point of view the limit f, —0 corre-
sponds to ignoring the processes of scattering during the pas-
sage of waves or particles across the medium-vacuum inter-
face.

The quantities

Dy=4p,(po*—pe?) "/ (pot (po—pet) *)?,
=4|p| (W—p) (|| + (W —pe) ™)

in Eq. (A.1) represent the transmission coefficients of a sur-
face for incident and backscattered waves. The quantity

4“02 (uoz_u 2) ¥

S n 2 2\ Y
o (W) = /mcm (ot (po®—pe) ™) (Ro®—pe”) "+ (W*—pc) ™

XH( (po®—pe’) ™, ;'—’) H( (W*—pe’) ™, —G—l—l:) (A.2)

is the density of the particle flux incident on a surface from
the interior of a scattering medium, but before refraction at
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that not all the incident particles penetrate the medium and
some are reflected coherently.

At grazing angles of incidence and scattering u,, || €1
the Chandrasekhar functions in Eq. (A.2) for S;, can be
assumed to be approximately unity.?>** Then,

(”oz_uc2) A
~ . A3
S (M) 4ﬂ0’m (Ho 2) "+ (MZ_P'CZ) " ( )
If |uo — p. | €. the particle density flux S;, governed

by Eq. (A.3) has asharp maximum at |u| = y.. The appear-
ance of a second maximum is due to a large number of parti-
cles which travel practically parallel to the surface before
they cross the boundary between the investigated medium
and vacuum.

The existence of a maximum of the reflection function
J(u) of Eq. (A.1) is due to competition between two factors:
a fall of the quantity S;, («) and an increase in the transmis-
sion coefficient D, (1) on increase in (u® — %) [D, (1)
is a  square-root  singularity  and 1| = pe
D, (u)~(u*—pu.2)""?]. It is then found that J(u) has a
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maximum only if |0 — el €tte [114] max
= o+ 1/4(ud — u2)'?]. For example, if po = 1.034,,
then || max =~1.0554..

Inclusion in Eq. (43) of the imaginary part of the scat-
tering amplitude does not alter the physical meaning of the
factors occurring in Eq. (43). In particular, the factor
D, = 4k,Re(x,/py)/ |k, + x,|* represents the transmission
coefficient of scattered waves crossing the boundary of the
investigated medium. In contrast to the above case, when f,
#0 the transmission coefficient D, does not vanish abruptly
at |u| = p. and the square-root singularity disappears [D,
(u.) #0]. Consequently, the behavior of the reflection func-
tion is governed mainly by the behavior of the function S;, at
|| ~p.. Consequently, the anomalous reflection peak is
sharper than for f, = 0. As f, is increased, the peak broad-
ens and it disappears for f, R |f; |.

It should be pointed out that if f, 70, the reflection
function J(u) does not vanish also it |g|, po S p, . With de-
crease of o (Ko <. ), the value of || ., tends to u..

The nonzero value of the reflection function in the f,
= O case for |u|, o S 1. is associated with the contribution
to J(u) made by barrier processes of crossing the boundary
of a medium by particles which have been scattered at dis-
tances of the order of A /. from the surface.

DFor H(u, o) in a square defined by 0<u<1, 0<w<1 we find that the
following approximate formula® is accurate to within 1%:
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H -
. @) 1+(3(1-0)) "

®
X[1 - T (1+0®)pu(n u+1.33-—1.458u°'°3)] .
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