
Spatial and temporal characteristics of signals representing transient Raman 
scattering and photon echo under two-photon excitation conditions 

S. M. Zakharov and E. A. Manykin 

Engineering-Physics Institute, Moscow 
(Submitted 12 March 1987) 
Zh. Eksp. Teor. Fiz. 93,1630-1641 (November 1987) 

An analysis is made of the correlation characteristics of signals representing transient Raman 
scattering and Raman photon echo in the case of a two-photon resonance. It is shown that 
frequency conversion is possible in the case of an arbitrary time profile of a biharmonic pump 
pulse and that a correlation analysis can be carried out on slow envelopes of the fields which can 
be of the same or different frequencies. The feasibility of using Raman photon echo signals for the 
formation and transformation of transient optical images is considered. It is shown that photon 
echo signals at the anti-Stokes and Stokes frequencies make it possible to form simultaneously real 
and virtual images and time may be traversed in the forward and mirror-reversed directions. 

INTRODUCTION 

Nonlinear optical spectroscopy is a relatively young 
and rapidly developing branch of the physics of interaction 
of optical radiation with matter.' Transient coherent spec- 
troscopy is gaining in popularity2-" particularly in studies of 
electron spectra of atoms and ions in gaseous and solid-state 
phases. The photon echo, first observed in ruby under one- 
photon resonance conditions almost 25 years ago,5 occupies 
the central position among coherent processes. 

The power of coherent light sources used in nonlinear 
optics has recently increased considerably, making it possi- 
ble to observe multiphoton resonance effects. The ability to 
create coherent quantum states by a two-photon resonance 
has been discussed in the literature sometime ago. '.' Consid- 
erable progress has been made in theoretical understanding 
of nonlinear coherent transient processes occurring in the 
course of a two-photon resonance in te rac t i~n .~- '~  For exam- 
ple, a lucid vector model, which provides a simple descrip- 
tion of the processes of two-photon excitation of a resonant 
medium, was proposed in Ref. 1 1 and can be used to describe 
also the appearance of the photon echo. l 2  The conditions for 
the observation of photon echo and the conditions for spatial 
phase matching were formulated in Refs. 10, 13, and 16. 
Coherent transient effects were considered in Refs. 17-1 9 
under conditions of energy level degeneracy. 

Undoubtedly the physical understanding has been im- 
proved by the results of experimental investigations of tran- 
sient processes under two-photon excitation  condition^.^^-^^ 
The Raman echo in n-type CdS was discovered experimen- 
tally in 1976 (Ref. 20). Two years later a two-photon echo 
was observed in sodium ~ a p o r . ~ '  The Raman echo had sub- 
sequently been investigated in atomic thallium vapor22,23 
and also in molecular nitrogen.24925 This provided founda- 
tion of transient band scattering echo spectroscopy. 

The photon echo is known to exhibit a great variety of 
time characteristics. They include reproduction of a com- 
plex temporal profile of a coding pulse along forward and 
reversed directions on the time pair correlations in 
time, time convolutions of signal envelopes,33 etc. These 
characteristics of formation of a complex temporal structure 
of coherent optical echo signals are due to the Fourier-trans- 
forming properties of multilevel resonance systems, 34 which 
are of practical interest in optical data processing. 

Equally important are linear properties of quantum sys- 
tems capable of generating echo responses in spatial trans- 
formations of wave front^,^^-^^ when the amplitude of the re- 
sponse is directly proportional to one of the fields of the 
exciting pulses. However, up to now these properties have 
been considered in the literature only in the specific case of 
one-photon resonance conditions. When two-photon excita- 
tion takes place, a one-photon transition between resonant 
energy levels is usually electric-dipole-forbidden or even 
completely forbidden. This increases the radiative lifetime 
and facilitates the appearance of a long-term (slow) stimu- 
lated photon echo. 

It would therefore be of interest to generalize the results 
for a one-photon resonance to two-photon resonant interac- 
tion processes (two-photon absorption and Raman scatter- 
ing of light) and identify the conditions under which such 
nonlinear systems exhibit linear properties in the sense de- 
fined above. 

The present paper is a theoretical analysis of the tempo- 
ral and spatial characteristics of the Raman scattering sig- 
nals and of the Raman photon echo associated with the 
Fourier-transforming properties of resonant systems in the 
case of two-photon transitions. We shall investigate in detail 
the transient radiation emitted at Raman frequencies under 
the influence of biharmonic pumping and also the photon 
echo. We shall show that frequency transformation of an 
arbitrary temporal profile of a coding pulse and its reproduc- 
tion in the forward and time-reversed directions are possible, 
and that a correlation analysis of slow envelopes of the am- 
plitudes of the excitation pulses can be carried out. We shall 
formulate the conditions for utilization of a resonant medi- 
um, in which two-photon transitions take place, as spectral- 
ly selective holograms for the reconstruction of transient op- 
tical images in the forward and time-reversed directions. 

1. PRINCIPAL EQUATIONS 

We shall consider a resonant medium subjected simul- 
taneously to two ultrashort light pulses (for the sake of sim- 
plicity we shall assume that they are of the same duration 
S ,  = 6 , )  representing biharmonic pumping: 

E (r, t )  = x ~ e  {E. (r, t )  eap (ik.r-iw.t) 1. (1.1) 
a= 1 
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Here, E, ( r , t )  is a slowly varying amplitude of the electric 
field of a light wave; w, and k, are the frequency and the 
wave vector. We shall consider the specific case when 
a, = w, f w, (the plus sign corresponds to two-photon ab- 
sorption and the minus sign corresponds to Raman scatter- 
ing) is close to the atomic frequency w,, = (E, - E, ) / A  of 
a forbidden transition. 

The interaction of light pulses with a medium will be 
allowed-for in the dipole approximation, and quantum-me- 
chanical properties of a resonant medium of a system will be 
described by components of the density matrix. Then, in the 
interaction representation the main equations become 

where 

0% 

(the summation is carried out over positive and negative 
values of w, ) , where 

and the matrix elements V,, satisfy the relationships 
V m n ( - w a ) = V *  nrn ( ma). 

Equation ( 1.2) is simplified by dropping the terms de- 
scribing relaxation processes, which implies that 6, < T2, 
where 6, are the durations of the exciting light pulses and T, 
is the characteristic time governing the homogeneous width 
of a spectral line. 

The initial system of equations (1.2) for the density 
matrix with the interaction Hamiltonian described by Eqs. 
( 1.3) and ( 1.4) together with the wave equation for E(r,t), 
represents a complete and sufficiently general description of 
nonlinear dynamics of the parameters of matter (population 
of energy levels, macroscopic dipole moment) and of optical 
fields (phase and amplitude). Under some resonance condi- 
tions this system usually simplifies: for example, in the case 
of a one-photon resonance it simplifies to the reduced system 
of Maxwell-Bloch equatiom2 

A powerful method is available for simplifying the ini- 
tial system in the case of various resonance interactions and 
an arbitrary degeneracy of the energy levels: this is the uni- 
tary transformation method.' This method was used in Ref. 
17 in an investigation of the polarization properties of opti- 
cal pulses interacting with a medium under two-photon res- 
onance conditions and the relevant reduced Maxwell-Bloch 
equations were derived; these equations describe the interac- 
tion with degenerate atomic and molecular energy levels 
when the degeneracy is due to the different orientations of 
the total angular momentum of a quantum object. In the 
present study we shall concentrate entirely on the derivation 
of the temporal profiles of optical pulses. In this case the 
polarization properties of the pulses are of secondary impor- 
tance so that we shall consider the case of a nondegenerate 
quantum system. This case is often encountered in crystals 
with paramagnetic impurities if a very specific polarization 
ofoptical pulses transmitted by a crystal is selected. It is then 
simpler and more convenient to apply the familiar averaging 
method developed by Bogolyubov and Mitropol'skii and 
then used in Ref. 40 to deal with a resonant interaction of 
light with matter. According to this method, the steady-state 
"fast" parts of the density matrix are described by 

Substituting these expressions on the right-hand side of 
Eq. ( 1.2) and averaging in a time interval w, - ' < T<Si, we 
find that the slowly varying parts of the density matrix are 
described by the equations 

pb,=iApb,-iu e s p  (irp) n, (1.6) 
n=4 Im [pbou' exp (-icp) 1. 

In the system (1.6) the quantity n is the population inver- 
sion equal to p,, -pa,; the quantity A is the difference 
between the Stark shifts of the resonant energy levels under 
the influence of all the fields: 

2 

the coefficients xmn (w, ) are components of the polarizabil- 
ity of an atom or an ion which is in the n-th energy state, at a 
frequency w, : 

where u is a matrix element of the energy operator for the 
average motion: 

where 

represents the second-order polarizability; the phase q, in the 
phase exponent exp(iq,) occurring in Eq. ( 1.6) is governed 
by the detuning E of the frequency of a two-photon transition 
and by the wave vector of biharmonic pumping: 

It should be noted that Eq. ( 1.10) is subject to the con- 
ditions 

o , , ~ + o , = o , , - ~ ~ ~ + w ~ x o ~ ~ - o ~ ,  

0 1 L ( 1 + ~ ) 2 = 0 , a - ~ b a + 0 ? X ~ P D - ~ 1 .  

Moreover, Eqs. ( 1.9)-( 1.11 ) apply to the case of two-pho- 
ton absorption (in all the subsequent treatment an allowance 
for the excitation in the Raman scattering case has to be 
made by the substitutions w,- - w,, E, - E T). 

Separating the rapidly oscillating factors of the spatial 
variables in the density matrix 

pba (r, t )  exp (-icp) =ab, (r, t )  =a, 

we find that in the case of the slowly varying part of a we 
obtain equations which are fundamental in the theory of a 
two-photon resonance: 

6f i ( E - A )  o=-ivn, li=4 Im (ou'). (1.12) 
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The macroscopic dipole moment in a medium is gov- 
erned by the average value of the dipole moment operator 

k," 

However, since in a two-photon resonance a one-photon 
transition can be completely forbidden, the best conditions 
for the observation of a coherent response are obtained when 
the resonant medium is subjected to a probe field. We shall 
now determine the macroscopic dipole moment of the medi- 
um in the presence of an additional illumination field 

E (r ,  t )  = R e [ E p ( r ,  t ) e x p ( i k p r - i o p t ] .  

It should be noted that during the action of a bihar- 
monic pump field on a resonant medium the role of the probe 
field is played directly by the field of frequencies w, and w,. 
In the calculation of the macroscopic dipole moment we 
have to allow for nonresonance and resonance contribu- 
tions. We shall give only the final result, omitting cumber- 
some intermediate steps: 

Pa(r ,  t )  = N o ( ~ " ' ( o p )  ( O , ) + X ~ ~ ( O ~ )  (ebb)) 

x Ye [E , ( r ,  t )  exp ( i k p r - i w p t ) ] ,  

P ( r ,  t )  =Re { N o x a b ( o p )  (ob , ( r ,  t )  ) E p ( r ,  t )  ( 1.14) 

x cxp [ z ( k p + K ) r - i ( o , + o o ) t ] f  Nor ."(op)  (o ,a(r ,  t ) )  

X E , ( r ,  t )  exp [ i ( k p - K ) r - i ( o p - o o )  t ]  1, (1.15) 

where the angular brackets on the right-hand side of the 
expression denote, as usual, averaging over the scatter of the 
frequencies of the corresponding transitions with a charac- 
teristic distribution function g ( ~ )  describing the profile of 
an inhomogeneously broadened line (...) = J ( ... ) g ( ~ ) d ~  
and the quantities ?tab represent the second-order polariza- 
bility 

which satisfy the following symmetry relationships: 
?tba ( - W )  = ?tab (w)*.  We note that when the frequency w 
is equal to w, or w,, the polarizability coefficients become 
identical and equal to the value given by Eq. ( 1.10) : ?tba (w, ) 
= ?tba ((,l2) = ?tbo. 

It follows from Eqs. ( 1.14) and ( 1.15 ) that the macro- 
scopic dipole moment of nonresonance type appears always 
at the frequency of the additional illumination field a,. The 
macroscopic dipole moment of resonance type, including 
that creating a photon echo signal, appears at the Raman 
frequencies: the Stokes frequency w, = w, - wo and the 
anti-Stokes frequency w, = w, + w,. 

We shall solve the system (1.12) by the method of 
successive approximations, which is equivalent to the case of 
"small areas" in the theory of a one-photon r e s ~ n a n c e . ~ ~ . ~ ~ , ~ ~  
We can easily show2 that in the case of a two-ptoton reso- 
nance the approximation of small areas implies the inequali- 
ty 

1 1 u ( r ,  t' j dt f  1 < '12, (1.16) 

where integration is carried out during a biharmonic pump 
pulse. When the inequality of Eq. ( 1.16) is satisfied, the first 
equation in the system ( 1.6) becomes bilinear: 

Since the coefficients that determine the Stark shift of reso- 
nant energy levels and the second-order polarizability of Eq. 
(1.10) are of the same order of magnitude, it follows that 
when the inequality of Eq. ( 1.16) is obeyed, we can also 
ignore the quantity A compared with the spectral width of a 
pulse, i.e., we can assume that also the following inequality is 
obeyed: 

Under these conditions, when the inequalities of Eqs. ( 1.16) 
and ( 1.18) are obeyed, Eq. ( 1.17) becomes a linear analog of 
the corresponding equations from the theory of a one-pho- 
ton resonance Therefore, many results of this theory can be 
applied to a two-photon resonance provided we make the 
substitution d,, E /2f is  v in the formulas. I t  should be noted 
that this substitution is valid only in the case of partial lifting 
of the forbiddeness of a quantum transition dipole approxi- 
mation, such as that observed in a ruby crystal. Then, in- 
stead of one of the biharmonic pump pulses we can use a 
conventional excitation pulse at a frequency close to a reso- 
nance. We shall consider in detail the various special cases in 
the theory of a two-photon resonance using the approxima- 
tion corresponding to Eqs. ( 1.16) and ( 1.18). 

2. TEMPORAL CHARACTERISTICS OF RAMAN SCATTERING 
SIGNALS UNDER BlHARMONlC PUMPING CONDITIONS 

As pointed out already, a biharmonic pump pulse 
creates quantum incoherence in a resonant medium (near- 
diagonal elements cr,, = cr of the density matrix become 
nonzero). In accordance with Eqs. ( 1.14) and ( 1.15), a po- 
larization is excited in the medium and its components at the 
Stokes frequencies w,,, - w, contribute to the field at the 
frequencies of the excitation fields w, and w, (we shall dis- 
cuss the specific case of two-photon absorption). 

A more important effect is the appearance of a micro- 
scopic dipole moment and of an associated field at the anti- 
Stokes frequencies w,,, + wo: 

x csp  [i(kl+2k,)r-i(ol+20?)t]). (2.1) 

In fact, Eq. ( 1.12) considered in the approximation of 
Eqs. ( 1.16) and ( 1.18) admits a solution for an arbitrary 
time dependence of the slow amplitudes of the fields at fre- 
quencies w , and w2: 

m 

o ( t ) = i J  ~(t-t~)erp[-i(t-t~)elu(t~)dt~. (2.2) 
- - 

and also 

where O(t) is a unit function. In Eq. (2.3) it is assumed that 
the duration of a biharmonic pulse exceeds the time T T char- 
acterizing an inhomogeneous broadening of a resonance 
line. 

It  therefore follows that a resonant medium performs a 
nonlinear functional transformation of slow envelopes of the 
fields El ( t )  and E 2 ( t )  characterized by different frequencies 
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w ,  and w, into a field at the Raman frequencies 2w, + o, and 
w ,  + 2w2 with an envelope which is a product of the type 
E :  ( t ) E , ( t )  or E l ( t ) E  ( t ) .  In the specific case when the 
duration of one of the pulsed fields of biharmonic pumping 
exceeds the duration of the other, for example, if S ,  > S,, the 
temporal profile of the Raman scattering signal at the fre- 
quency 2w1 + w, repeats the slow envelope of the field am- 
plitude at the frequency w,. Consequently, the process of 
nonlinear resonant interaction of light with matter has some 
features of linear effect. Similarly, when the opposite in- 
equality S ,  <S,  is obeyed, the temporal profile of the func- 
tion E l  ( t )  is manifested in the slow envelope at the Raman 
scattering frequency w ,  + 2w2. 

3. TEMPORAL AND CORRELATION CHARACTERISTICS OF 
RAMAN PHOTON ECHO SIGNALS 

We shall now consider the excitation of photon echo 
signals by a sequence of biharmonic pump pulses. Using the 
analogy of Eqs. ( 1.17) with the equations from the theory of 
a one-Photon resonance,34 we find that in the case of near- 
diagonal elements of the density matrix a at the instants of 
appearance of a two-pulse photon echo signal we have 

where re is the instant of appearance of a photon echo, de- 
fined by 2r + 6 ,  + Kr/w,; K  is the wave vector defined by a 
sequence of biharmonic pump pulses: K  = 2 ~ ' ~ '  - K'", 
K(" = kio f kit); Vi ( E )  is the Fourier transform of the time 
dependence ui ( t )  which describes the ith biharmonic pulse 

As in the case of a one-photon resonance, the resonating 
atoms transform the time dependence of the product of slow 
envelopes at frequencies w ,  and w,  into a Fourier tramsform, 
and the Fourier spectrum of a sequence of two biharmonic 
pulses in a photon echo signal is a product of the Fourier 
transforms of the individual pulses. 

It follows from Eq. (3.1 ) that in the case of spectrally 
wide biharmonic excitation pulses, where we can ignore the 
dependence on the detuning E in the functions V I  ( E )  and 
V2 ( E )  (or assume that the inequalities Si 4 T:  are satisfied, 
where i = 1 or 2 ) ,  the average value of the near-diagonal 
element of the density matrix simplifies to 

where 

and the function G ( t )  is the Fourier transform of a function 
g ( ~ )  representing the distribution of elementary emitters in 
respect of the detuning within the limits of an inhomogen- 
eously broadened line. 

If only the second biharmonic pulse is spectrally wide, 
the temporal profile ( u ( t ) )  and the photon echo signal are 
described by expressions of the type 

However if the characteristic duration of the first coding 
biharmonic pulse exceeds the characteristic relaxation time 
T: of the polarization, but is less than the duration of the 
probe pulse, a mirror-like reproduction of the time profile of 
the first recording pulse appears in the Raman photon echo 
signal: 

where the time profile of the coding pulse [one of the factors 
E l  ( t )  or E, ( t )  occurring in v ( t )  and representing slow enve- 
lopes of the fields at different frequencies w ,  and w, ] can be 
reconstructed at the Stokes and anti-Stokes Raman scatter- 
ing frequencies. 

We can similarly consider the case when a second bihar- 
monic pulse plays the role of the coding pulse. As in the 
theory of a one-photon resonance,34 the time profile of the 
coding pulse is not reproduced in the signal of a two-pulse 
photon echo, but is governed by an expression which is of the 
convolution integral type: 

( o  ( t )  )=-2nig(0) V,'(O) F ( t ) ,  

F ( t )  = 1 u, (t-tf+bZ-5) u2 ( 5 )  dF. 

The opportunities for using the photon echo effect in 
time processing of optical signals can be greatly extended by 
the use of a three-pulse regime for the excitation of a reso- 
nant medium. In calculating the macroscopic dipole mo- 
ment responsible for the formation of a stimulated photon 
echo signal in a medium we must bear in mind that the sec- 
ond biharmonic pulse transfers the "coherence" created by 
the first biharmonic pump pulse to the diagonal elements of 
the density matrix, i.e., to the population. The quantity 
( u ( t )  ) governing the Raman stimulated photon echo signal 
at the Stokes and anti-Stokes frequencies can then be de- 
scribed by 

(3 .8)  
where 

We shall now consider various special cases of the gen- 
eral relationship (3 .8) .  If durations of all three biharmonic 
pulses are less than the relaxation time T:, then 

< o ( t )  >=-4xiVl*(0) V Z ( 0 )  V,(O) F ( t ) ,  
(3 .9)  . , 

F( t )=G( t - t " ) ,  t"=~e-6r+G,+6,. 

However, if in a sequence of three biharmonic pulses, two 
are of considerable spectral width and the duration of the 
coding pulse exceeds the time T :, then ( a ( t )  ) is described 
by the expression 

where the indices i, k, and I satisfies the cyclic transposition 
conditions, and the function F, ( t )  represents possible tem- 
poral profiles stimulated photon echo signals: 

F, ( t )  =~?( t - t r '+6, ) ,  

F , ( t )  =uz(t- t") ,  (3.11) 

F , ( t )  = ~ ~ ' ( t " - 6 , - t ) .  
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Finally, when the spectral width ofjust one of the bihar- 
monic pump pulses exceeds the spectral width of a line and 
the inequality Si > T: is obeyed by the two biharmonic 
pulses, a stimulated photon echo signal can be subjected to a 
correlation analysis and the time profile of the photon echo 
envelope is described by one of the functions 

Therefore, in the case of stimulated Raman photon 
echo signals it is found, as in a one-photon resonance, that a 
correlation analysis is possible in the case of envelope fields 
of the same frequency and of different frequencies when 
these fields satisfy the condition for a two-photon resonance. 
In this sense the potential applications of the stimulated pho- 
ton echo in temporal processing of optical signals are greater 
in the case of two-photon excitation. In contrast to three- 
level systems, the correlation function due to different-fre- 
quency envelope fields does not contain a characteristic 
scale factor.34 

4. DYNAMIC FORMATION AND TRANSFORMATION OF 
OPTICAL IMAGES, PERFORMED BY RAMAN PHOTON ECHO 
SIGNALS 

Manifestation of linear properties in the case of nonlin- 
ear interactions of biharmonic light pulses with a resonant 
medium can be used in the formation and transformation of 
dynamic optical images by Raman photon echo signals un- 
der two-photon excitation conditions. A resonant medium 
then acts as a characteristic phase hologram, which has se- 
lective properties in respect of the Fourier spectrum of cod- 
ing light pulses. However, the situation is significantly dif- 
ferent from conventional holography because there is no 
need for a time overlap of optical pulses in order to create an 
interference pattern, in view of the coherent nature of the 
interaction of light pulses with a resonant medium and due 
to the phase memory properties. 

We shall consider in greater detail the formation and 
transformation of transient optical images which can be per- 
formed by Raman photon echo signals. Let us assume that a 
plane optical wave with an electric field of amplitude E, illu- 
minates a plane transparency Twith an amplitude transmis- 
sion T(r,t), located in thez = 0 plane (r  is the radius vector 
at right-angles to the z axis). A resonant medium of short 
length /is located at a distance L from the transparency and 
it acts as a dynamic hologram The field in the region of the 
hologram can be determined using the parabolic diffraction 
theory eq~at ion ,~ '  the solution of which can be represented 
conveniently by a Green function 

E (r, z. I-) =Eo (r-rr, z )  T (r', T) drf ,  (4.1) 

where 
ik0 ( 2 )  [ ik (r;;') '1 G (r-r', z )  = - - exP 

2nz 

In the last expression the symbol 6(z) denotes a unit 
function, k is the wave number of a coding light pulse, and 
the time T = t - L /c (cis the velocity oflight) demonstrates 
that it is possible to consider transient object scenes. 

We shall find it convenient to apply to the Green func- 
tion, the "impulse representation," which gives 

TF (q, T) = J drfT (r', T) exp (-iqrr) . (4.4) 

Similarly the amplitude of the electric field of the signal 
representing the Raman photon echo with an arbitrary coor- 
dinate z can be described by the expression 

where E; ( q , ~ )  is the Fourier transform of the photon echo 
signal at z = L the exit from a resonant medium (we shall 
assume that the thickness of the resonance layer of the medi- 
um is considerably less than the characteristic distance L )  
and the wave number k, determines the photon echo signal 
at the Stokes and anti-Stokes frequencies. 

We shall ignore the reaction of the medium on the bi- 
harmonic pump field and assume that the inequality 
a,(E,,E,) < 1 isobeyed, wherea,(E,,E,) is the two-photon 
absorption coefficient dependent on the amplitudes of the 
fields E, and E,. In the case of small thicknesses of the reso- 
nant medium we shall also ignore the diffraction of light 
inside the resonant medium on the assumption that 
(max k)af / l<  1, where a, are the characteristic dimensions 
of the resonant medium and (max k)  is the maximum value 
of all the possible wave numbers, including that of an addi- 
tional illumination wave. Under these conditions the ampli- 
tude of the electric field of an echo signal at the exit from the 
resonant medium can be represented by 

where n is the refractive index of the nonresonance type and 
(P,,, ) are the slow amplitudes of the polarization in a medi- 
um at the Stokes and anti-Stokes frequencies: 

( P . > = N o ~ b " ( o p )  (oab(r, a )  )E,., 

< P , > = N , X ~ * ( Q ~ )  (ob,(r, a)  )Ep.  
(4.7) 

and E, is the amplitude of the electric field of the additional 
illumination wave (it is assumed that the duration of this 
wave exceeds the duration of the photon echo response). 

In the case most interesting, from the practical point of 
view, the dependence (u,, (7)  ) reproduces in the forward or 
time-reversed direction the time structure of the coding 
pulse. It follows from the results in $3 that physically this 
situation occurs in a resonant medium when it is excited with 
two spectrally wide biharmonic light pulses and in this case 
the spectral width of the coding pulse is less than the inho- 
mogeneous line width. Then, in the amplitude of the field of 
the Stokes and anti-Stokes wave of an echo response at the 
exit from a resonant medium is described by 

where y,,, are the coefficients dependent on the parameters 
of the resonant medium and of the interacting light pulses: 

In the last expression the quantity Oi represents 
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the "areas" under biharmonic excitation pulses [ai 
= $vi ( t ) d t ]  , which are plane waves, whereas E, and E ' are 

the amplitudes of the probe field and of a field additional to 
the coding pulse. It is assumed that the temporal profile of 
the coding pulse is "built into" the second biharmonic pulse. 

It should be pointed out that the relationships described 
by Eq. ( 4 . 8 )  apply to the case of two-photon absorption. 
Under Raman scattering conditions the complex-conjugate 
amplitude of the coding pulse will determine the field of the 
photon echo signal at the anti-Stokes frequency. 

Using Eqs. ( 4 . 3 ) - ( 4 . 5 )  and ( 4 . 8 ) ,  we obtain the Four- 
ier component of the response field at the exit from the reso- 
nant medium: 

EF"q, T )  =y,TFv (-q, a-7,) esp  ( iq2L/2k)  E,', 
( 4 . 1 0 )  

ERn(q,  . t )=y,TF(q,  a-7,) exp (- iqZL/2k)Eo.  

We can now readily obtain the conditions for the appearance 
of clear images: 

the corresponding condition for the coordinates z,,, 

The distribution of the field in the z , ,  plane is then 

Es (r, z , )  =y,Eo*T'(r, a-7,) , 
( 4 . 1 2 )  

E,(r ,  z , )=~yoEoT(r,  T -7 , ) .  

It follows thus that at the instant of appearance of the 
photon echo signal in the case of two-photon excitation we 
can expect formation of optical images at wavelengths corre- 
sponding to the Stokes and anti-Stokes Raman scattering 
signals. We can see from the relationships in Eq. ( 4 . 1 2 )  that 
the planes of the real and virtual images formed by the 
Stokes and anti-Stokes waves are located on opposite sides of 
the resonant layer at z = L. When a resonant medium is ex- 
cited so as to cause Raman scattering, the Raman photon 
echo signals at the Stokes and anti-Stokes frequencies are 
interchanged and a real image appears at the anti-Stokes 
frequency. If the time profile of a coding pulse is included in 
the first biharmonic pulse, the Raman photon echo signals at 
the anti-Stokes and Stokes frequencies form real and virtual 
images, and the time profile of each of the photon echo sig- 
nals is mirror-reversed. 

Therefore, Raman photon echo signals can be used to 
form simultaneously transient images one of which is real 
and the other virtual, and time can be traversed in the for- 
ward and mirror-reversed directions. 

The various temporal and spatial characteristics of the 
Raman photon echo signals considered above are related, as 
in the case of a one-photon resonance, to the Fourier-trans- 
forming properties of resonant systems. However, in the case 
of two-photon excitation the possibility of their manifesta- 
tion is higher, as indicated by the conditions for spatial phase 
matching and various transformations in the time domain. 
Consequently, depending on the relationships between the 
amplitudes of biharmonic pump pulses, their durations, and 
the time representing the processes of reversible and irre- 
versible relaxation of the polarization, the Raman photon 
echo signals can exhibit various time dependences. More- 

over, the linear Fourier-transforming properties of resonant 
systems manifested in the spatial frequency range may have 
various applications in dynamic holography. 
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