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The phonon spectrum of metallic glasses is analyzed for the case of an icosahedral crystal on a
three-dimensional sphere: a regular {3; 3; 5} polyhedron in four-dimensional space. A dynamic
operator is shown to be determined unambiguously by the symmetry and by the conditions that
the energy remains constant under rotations and translations of the system as a whole. The
eigenfunctions and the associated frequencies of the normal modes of atoms are found by
projection onto irreducible representations of the symmetry group. The spectrum found agrees
with that calculated by a recursion method for a numerical model of amorphous iron.

1.INTRODUCTION

A study of the short-range order in metallic glasses
shows that a significant number of atoms have icosahedral
surroundings, which lead to an energy lower than that for
other groupings of 13 atoms. We know that an ideal crystal
cannot be constructed from icosahedra because the point
symmetry group, Y, is incompatible with lattice transla-
tions. The local surroundings of individual atoms, in con-
trast, can exhibit such a symmetry. This situation is encoun-
tered not only in amorphous metal but also in certain alloys
of transition metals with tetrahedral close packing of atoms
(Frank-Kasper phases) and in quasicrystals of the Al-Mn
type. On this basis we might expect that many properties of
such systems (especially those which depend on the local
configuration of atoms) would be determined by the icosa-
hedral symmetry, among other things.

The icosahedral short-range order in metallic glasses
can be studied by considering a hypothetical system of atoms
each of which is surrounded by 12 nearest neighbors, which
form an icosahedron. In ordinary three-dimensional space
R 3, such a configuration would not be possible, but it can be
realized on a three-dimensional sphere S3. As a result we
obtain a regular polyhedron in four-dimensional space,
which is customarily designated {3; 3; 5}, which indicates
that there are five tetrahedra around each edge, and three
trihedral faces converge at each vertex of these tetrahedra.

A polyhedron of this sort has been proposed'? as a
model of an amorphous metal in a curved space. A theory
has been derived for an icosahedral order in glasses.® That
theory treats the glasses as a result of the projection of a {3;
3; 5} polyhedron from a sphere S 3 onto a plane three-dimen-
sional space R . The result is an icosahedral structure pene-
trated by a large number of defect lines, disclinations.* The
structure factor calculated on this basis reproduces the ex-
perimentally observed structure factor well.> Calculations
carried out for various properties also yield encouraging re-
sults.

In the present paper we study the dynamic properties of
anicosahedral crystal. In Sec. 2 we briefly describe the struc-
ture of the polyhedron, its symmetry group G, and its irredu-
cible representations. In Sec. 3 we determine the action G in
the vibrational representation F, its nature, and the expan-
sion of Fin irreducible representations of group G. In Sec. 4
we examine the structure of the dynamic operator and the
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conditions which are imposed on it by the symmetry of the
polyhedron. The frequencies of the normal modes are calcu-
lated in Sec. 5.

2.THE {3; 3; 5} POLYHEDRON, ITS SYMMETRY GROUP, AND
ITSIRREDUCIBLE REPRESENTATIONS

The polyhedron (or polytope) of interest here has 120
vertices, which lie on the three-dimensional sphere S 3. If we
make use of the well-known isomorphism between S* and
the group SU(2) of 2X2 complex unitary matrices with a
unit determinant, we can show? that the {3; 3; 5} vertices
correspond to the elements of a discrete subgroup of SU(2):
the icosahedral spinor group Y, which is the inverse trans-
form of the ordinary icosahedral group under the mapping

S*=SU(2) +~S0(3)=SU (2)/Z,.

The positions of the atoms of the icosahedral crystal on
S? can then be specified by means of the parameters of the
group SU(2) (the angle @ and the unit vector n), on the
basis of the well-known formulas:

v=exp {!/,in.0Qy},

where @, and n, are the angle and direction of the rotation
axis on which v falls due to the projection SU(2) -SO(3),
and o is a formal vector constructed from Pauli matrices.
As the distance on the sphere we should use the arc
length along a great circle. The distance from an atom corre-
sponding to the element (n, @) to the unit element 1. of the
Y' group is then equal to the angle . The arc length between
the atoms corresponding to elements w and v is
o=y 1,=2 arccos( cos %"— cos %” + n,n, sin % sin %) .
The 120 elements of group Y’ form nine conjugate
classes V;, which are characterized by an identical angle @
and by equivalent directions of the vectors n (i.e., they are
coupled by a symmetry transformation from Y) to the ver-
tices, to the centers of the faces, or to the middles of edges of
the icosahedron.? The nearest neighbors of each atom are the
12 vertices of the icosahedron which correspond to the con-
jugate class Vi, with an angle @ equal to 277/5 (Fig. 1).
The symmetry group of the S sphere is

SO (4) =S*XS0 (3) =SU (2) XSU (2)/Z,.
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FIG. 1. Icosahedral arrangement of nearest neighbors of a central atom.

Correspondingly, for the polyhedron we have

G=YXY'=Y'XY'[Z,. (2.1)

The elements of G are then specified by a pair of elements of
Y’; (I,r)eG sends veY "’ into lvr~" for I and reY’. Further-
more, the actions of (/,#) and ( — /, — ) are equivalent. If
anelement /€Y’ corresponds to (¢;,n; ), then (/,/)eGacts on
veY ' as a rotation of n, through an angle ¢, around the axis
n,. We thus find a natural splitting of G into “‘rotations” of
thetype (/,/) and “displacements” (1y.,r~"'). The order of G
is 7200.

It is clear from (2.1) that the irreducible representa-
tions of the group G are the product of two irreducible repre-
sentations of the group Y, which we denote by I'}, @ = 1,
...,9 (TableI). The character (/,r)eG in the representation
I'; is equal to the product of the characters of ¥:

Yo’ (1, 1) =% (D)3 (r1).

The equivalence of (/,#) and ( — /, — r) means that the
following relation must hold

(2.2)

XM’G (lv r) =Xapa(—l, _r) .
Since the characters of Y’ are real, we find from (2.2)

X (D)%™ (1) =% (=)xs™ (—7).

The irreducible representations of group G are thus formed
by a pair of irreducible representations of group Y’ of identi-
cal parity:

3. VIBRATIONAL REPRESENTATION OF FAND ACTION OF
GROUPGONIT

The vibrational-representation space consists of all pos-
sible sets of small displacements of atoms from their equilib-
rium positions. To find the degree of degeneracy of the fre-
quencies of the normal vibration modes, we need to expand F
in the irreducible representations of group G (Ref. 6).

In our case, the displacement of each atom, w, is a vec-
tor in the space tangent to the sphere 7,5 >. By virtue of the
group structure of Y, the basis of the tangent spaces to .S > at
all vertices {3; 3; 5} can be specified in a consistent way, in
such a way that under displacements g, €G:w— vw the basis
vectors T, S * would be converted into the basis 7,,,S>.

Let us examine the action of an arbitrary element of G,
of the form (u,v™'u), on the representation F. An element w
transforms into #wu ™ 'v, and the tangent space to the sphere
at the corresponding point, T, S 3, rotates through an angle
@, around n, and is then displaced by v.

If we represent this by a 360 X 360 matrix, it turns out to
be of block form with 3 3 cells. In the block row corre-
sponding to w, only a single block is nonzero: that at the
intersection with the block column of the element uwu = 'v.

The character of the element (/,7) in the F representa-
tion is the trace of a matrix of this sort. It is clear that only
those blocks which lie on the diagonals, i.e., only those for
which the relations

wrt=w, w'lw=r

hold will contribute to it.

We thus see that / and r lie in the same conjugate class.
The characters of G are constant on its conjugate classes,
which are formed by a pair of conjugate classes of Y. This
means that the characters of the elements (/,7) and (/,/) are
identical, and since (/,/) specifies a rotation through an an-
gle @, around the n, axis they are equal to the product of the
number of fixed atoms and the trace of the matrix
A, = T'Y' (1) which performs this rotation:

Y’ .

10" 0,1 =8 e .
Here |Y'| = 120 is the order of Y'; |[{/}| is the number of
elements in the conjugate class containing /; we have

(3.1)

%o (D =xa¥' (=), xs¥ (1) =xs"" (- 1) (2.3) 8y =1 if I and r lie in the same conjugate class or
8.4 = Ointheopposite case; and | Y'|/|{/}| is the number
or of fixed points under the action of (/,/). The irreducible rep-
X' (D) ==%""(=1), %7 (})=—%""(=1). resentation I'Y (/) specifies a natural representation of Y’ by
TABLE I. Characters of the Y’ group.
Class
¢ iv, 1V, 30Vs 20V, 20V 12V, 12V, 12V, 12V,
1 1 1 1 1 1 1 1 1 1
2 2 | -2 0 1 -1 T -1 71 -t
3 2 -2 0 1 -1 -t! ! -7 T
4 3 3 -1 0 0 T T —-t! -1t
5 3 3 -1 0 0 —-t~! —t—! T T
6 4 ~4 0 -1 1 1 -1 -1 1
7 4 4 0 1 1 -1 -1 -1 -1
8 5 5 1 -1 -1 0 0 0 0
9 6 -6 0 0 0 -1 1 1 1

Note: 7= ({5 + 1)/2.
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rotations of the three-dimensional space. The multiplicity
with which the irreducible representation of the group G,
'S, =TY ®T}, enters the expansion of the representation
of Fin irreducible terms is®

(o, B) = T 2”2 ).

8€G

(3.2)

Since the character yJs is real, and by virtue of (2.2),
we find

m(a, )= !

216] 4 LX‘,, O™ " (@)

Y
5(”.m ﬁ

1 o
=|T,|Zx‘ O™ O™ (1)

ley’

(3.3)

Consequently, m(a,3) is equal to the multiplicity with
which I’} enters the tensor product '} @ T} .

4. THE DYNAMIC MATRIX

A force matrix with elements

DY= 1 _0E

WM Azt ox)

acts on F'in the manner of the matrices of a representation of
G, and it decomposes in a corresponding way into 3X3
blocks: D( w,v), w, veY . By virtue of the homogeneity of our
system (invariance under displacements), the blocks de-
pend on the relative positions of the elements w and v; i.e.,

D(w, v)=D(1y., w'v) =D (w~'v). (4.1)

We adopt the customary assumption (Refs. 7 and 8, for ex-
ample) that the part of the force matrix which is not diag-
onal in the atoms is nonzero only at nearest neighbors. This
assumption means that we have D(v) #0 only ifv =1, or
vely.

Let us consider D(v) for veV,, @, = 2m/5. The vectors
n, for veV are directed to the vertices of the icosahedron.
The elements of G which leave 1, and v fixed must not
change D(v) Since we have D(v) - A,D(v) A, asv—lvl ~
by choosing as v an element v, with n, = (0,0,1) and by
considering rotations through angles which are multiples of
27/5 around the z axis (such rotations send the icosahedron
into itself), we find

e 00 A ~
D (UO) =10 ¢ O = ClE + (02 —_ Cl) pnvny
0 0 ¢

where E is the 3 X 3 unit matrix, and the projection operator
P, projects onto the direction of the vector n:

P,a=n(an).

To determine D(v) on an arbitrary ve ¥ we need to perform
a corresponding symmetry transformation (/,/) such that v,
is sent into v. We then find

D (v) =MD (vs) Al =c.E+(ca—c;) Pa,, (4.2)
The dynamic matrix must satisfy the condition that the
energy is constant under parallel translations:

Zl D (v)=0.

vey’

Under our assumptions this condition means

(4.3)
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D(1y)+3, D(v)=0,

vevV,

ie.,

Dty )=—{ 1268+ (@c) Y B, ).

vEV,

By virtue of the transformation law for a projection op-
erator under the action of Y, a sum over a conjugate class
commutes with any operator from I'}. From Shur’s
lemma,® we then have

PIENERLCN T
veVy (4'4)

A
where E is the identity operator. We can then write

D(iyi)=—4(261+62)E. (45)

This result corresponds to the situation in an ordinary crys-
tal with a point group of symmetry high enough to make the
three-dimensional representation A irreducible. A block of
the force matrix which is diagonal in the particle indices is
then a scalar:

1 0E
Mozt oz
5.CALCULATION OF THE NORMAL VIBRATION
FREQUENCIES

We need to find the eigenvalues of the force matrix. For
this purpose we should examine the effect of the dynamic
operator on the characteristic functions |af3 ), which trans-
form under an irreducible representation of group G (Ref.
6):

|ap>=

= }\,iﬁuv.

do
,—G—;Z: K () 2] @0,

geG

(5.1)

where d,; is the dimensionality of the representation I'Ss,
and |a) is an arbitrary function from Fof fairly general form.

As |a) we choose |n; 1. ): a state for which an atom at
the identity of the group is displaced a small distance along
the direction of the unit vector n, while the other atoms re-
main at rest. We can then write

Dlap>=curt|af, (5.2)

where w4 is the frequency which corresponds to I'S5. Using
(5.1) and (2.2), we find

ap>= ) 18 n; v,

vey’

where the operator

(u)Xp (u—‘V)A (5.3)
in R ? specifies the dlsplacement of atom v in the characteris-
tic function of the form |af3 ).

Relation (5.2) must hold for all the | ) components,
i.e., for the displacements of all the atoms, including that
corresponding to unity. We then find

g) ly)
2 D) CY=owly Col’.

From the constancy of the characters on the conjugate
classes and (5.3) we find

(5.4)

M. A. Fradkin 824




e = Y@@ ) A

ACY usA

(5.5)

where A4 runs over all nine conjugate classes ¥’'. The sum
within a conjugate class in (5.5) commutes with all the A,.
Using Schur’s lemma, working by analogy with (4.4), and

comparing the traces of the matrices,” we find
Z Au= —" XAY (4)E.
uEA

We must then have

Y 4 @ @) A=iom (@, BB, (5.6)
which leads to the expression
ay)_ ded N
Cop 568 m (a, B) £.
Relation (5.4) then becomes
(5.7)

d.d,
ZD(U)Caa =wap’ 360 ——m(a, ﬁ)E

veY’

In the case of multiple terms in the expansion of F [i.e.,
in the case m(a, 7) > 1] the problem becomes slightly more
complicated, because |@f) is the sum of several different
functions, which transform in the same way but which corre-
spond to different eigenvalues. In this case (5.2) is replaced
by m(a,B)

D|ap>= Z @asciy | 2B, (5.8)
i=1
where
mo,B) m(a,B)
5.9
ap= X lapi= 1 X 1m0
i=1 vey’

For a sum operator of the type (5.1), relations (5.5) and
(5.7) again perform projections onto this representation.
The frequencies are found from an equation analogous to
(5.4):

m(e, B) Ay
AQy
2 bwt Z @ap) C b+
=Y’ (5.10)
where the operator
m(a,B)
(v) = (
Caﬁ = Z Crzau()n

i=1
is given by expression (5.3).

In order to solve Eq. (5.10) with several unknowns we
should act on |@f ) with a set of commuting operators {D* }
which have identical eigenfunctions corresponding to eigen-
values {025, }. If m(a, B) = 1, we find the following ex-
pressions for the frequencies:

1 i , _ ~
ou'B=rp Dy % @ (D)D) A

upaY’

(5.11)

The expansion of F includes two three-dimensional repre-
sentations I'S, and T'§,, which correspond to translations
and rotations of the entire polyhedron and which therefore
have vanishing frequencies.

For @ = 4, and 8 = 1 we find from (4.3)
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Z.D(v)x“’ (@)™ (') As

u ,vey’

70 Z.xfku)AlZ b(v)=0.

For a = 1 and 8 = 4 the following condition must hold:

LY by (@v) A=,

u, vy’

40

The change of variables w = 4~ 'v yields

Z D () Av=0

This result could be obtained by examining the change
in the energy upon a small rotation. With w—lw! ~', a dis-
placement with ¢, €1 gives us

(5.12)

Aw=g;sin guAs[nn].

Expanding the energy change in a series in the displace-
ments, and equating the terms for all powers of @, to zero, we
find condition(5.12).

Carrying out summation (5.12) for the D(v) given by
(4.20) and (4.5), we find

Z D (v) Av=—4(2c,+ o) E+4y.Y (Vo) E+4(c,—c))E.

rey’

We thus find 4¢, (7 — 3) =0, where 7= (/5 + 1)/2 is the
golden section. In order to obtain @, = 0, we must require
¢, =0.

Substituting (4.2), (4.5) and (5.6) into (5.11), we find
the following expressions for the frequencies of normal vi-
brations corresponding to simple terms:

0 B=D (1) + ] 00 Dy %7 @7 @ '0) A

upEY’

+(ca—cy) ZXJ'(u)mY'(u-*u)P.,UX
upey (5.13)

Introducing the notation

Y oy =B,w),

vEW,

2 %" (u™'v) Pa, =Qs(u),

- (5.14)
we can write
0t B=D(1y)F 1| ¢ Zxa () By(@) A
+(c,—cy) 2 XEY' (w) Oﬁ(u)]\u] (5.15)

uey’

It is easy to show (see the Appendix) that

12, ,
Bﬂ(u)=—‘XaY (Vo) ye™ (u),

ZQa(u)A = ZfTﬂXTY () l{u}l[j

ue{u}

Substituting these expressions into (5.15), transforming the
sum in the last term by analogy with (5.5), and using (5.6),
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TABLE II. The coefficients /% of the expansion of tr(@a (u)X,, ) in the charact

ers of group Y';

the dashed correspond to representations I'S; which do not appear in the expansion of the

vibrational representation.

1 2 3 4 5 6 7 8 9
1 - - - 4 - - - - -
2 - 2t - - - 27 - - -
3 - - - - - - - - -2t-t
4 4 - - 2t - - - .__21:: -
V5
5 - - — - - - -2t _41—1 —_
Vs
2t-5 2t
6 - 2t - - - — - - =
V5 Vs
0 R R e |- o (2w |
V5
8 _ _ _ 212 4t _ 2(2-1) —212 _
V5 V5 V5 V5
9 | - | - f-2| - - 2t _ _ 2(2-37)
E VE

we find expressions for the square of the frequency corre-
sponding to a simple term in the expansion of Fin irreducible
representations of group G:
12¢ '
=T (V) H (ec).
8
The values of /% are given in Table II; their meaning is dis-
cussed in the Appendix. Since ¢, =0, and since the force
matrix is positive definite, we can write ¢, = — w2 <0.
We finally find the following result for simple terms:
Wap=0, (4_fab) l/’-

(l)upz=—4(2ci+cz)+ (5.16)

In order to find two different frequencies of a unique multi-
ple term [m(9,9) = 2], we need to evaluate the sum (5.7)
with the square and cube of the dynamic operator.

As a result we find the system of four equations

Si+8,= (d9d9/360) m(9,9) =’/57 m:§(1)51+ﬁ)9;(2)sz=X1,

G):o(x)st+0)9‘9(2)sz=xz' 0):9(1)S1+(0:9(2)S2=X37
(5.17)

Y\vhere S, ar;\d S, are some matrix elements of the operators
C ;;{ 1')) and C ;;{2)) , and X, are the corresponding matrix ele-
ments of the sum on the left side of (5.7) for D*. It is easy to

derive
X1=‘/5(4—1/zf99). (518)

Tofind X, and X, wenneed to calculateﬁ 2(v) andﬁ 3(v) from

D (v)= 2 b(w)b’ (w—v),

weY'’

b“’(u)= 2 bz(w)b’(w“v);

veyY'’

(5.19)

as a result they are expressed in terms of E’, i’nv, and KU.
The system (5.17) can be solved easily by switching to
the new variables

d=£/z(ﬁ):9(1)+0):9(2))7 Ad=('0929(2)_'(‘)9"’(1)' (520)

Using (5.18), we then find

(3)

from which we easily find wge(;, and weg,) -

X,—5X.X,

Ad
T 2(X,—5X2) "

2

#*—10dX,+5X,,

6. RESULTS AND DISCUSSION

Table ITI shows the normal-vibration frequencies cal-
culated from (5.16) and (5.20), along with their degrees of
degeneracy. Also shown are the irreducible representations
to which they correspond. The state density is shown in Fig.
2, where each frequency corresponds to a peak, whose height
is equal to the degree of degeneracy.

Significantly, the condition ¢, = 0 leads to a twofold
degeneracy with respect to permutations; the effect is to dou-

TABLE III. Frequencies of the normal vibrations of the atoms of a polyhedron and degrees of

degeneracy.

FrEq'.]enCYY Irreducible repre- Degree of IFreqlf\ency, Irreducible repre- Degree of

:} ::"5 sentations (a, ) g::::;?;y :} z)r:ts sentations (a, B) g::::;?éy
0 (1.4) and (4.1) 6 1.913 (8.7) and (7.8) 40
0.874 (2.2), (2.6) and(6.2) 20 2.188 (6.6) 16
1.288 (8.4)and(4.8) 30 2236 (7.7) 16
1,598 (9.8) and (6,9) 48 2.288 (9.3) and (3.9) 24
1,663 (4.4) 9 2.518 (8.8) 25
1.701 (8.5) and (5.8) 30 2.669 (9.9). 36
1.851 (9.9)4 36 2.690 (5.7) and (7.5) 24
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FIG. 2. Spectrum of a dynamic operator on a {3; 3; 5} polyhedron in
comparison with the frequency density of the normal vibrations of atoms
in a numerical model of amorphous iron'’ (solid line). The frequencies
are expressed in arbitrary units w,. The height of each peak is proportional
to the degree of degeneracy of the corresponding frequency of the normal
mode of the polyhedron.

ble the weight of the frequencies corresponding to the non-
diagonal representations FfB, i.e., corresponding to repre-
sentations in which we have a #8.

When an amorphous medium is constructed from ico-
sahedral blocks by means of “projections,” the low-frequen-
cy part of the spectrum should undergo the greatest change.
This part of the spectrum if formed primarily by long-wave
excitations of the acoustic-phonon type. On a polyhedron,
such excitations cannot be reproduced because of the finite
number of atoms, but they are totally insensitive to the struc-
ture. In the Debye model they are determined by the macro-
scopic elastic constants.

In contrast, the high-frequency part of the spectrum,
which includes most of the frequencies according to the esti-
mates of Ref. 10, depends on the short-range order, i.e., on
local atomic configurations, which are modeled quite well by
an icosahedral crystal. The considerations are supported by
a comparison of the calculated spectrum with the spectral
density of the vibrations of atoms which was obtained in Ref.
11 by the method of continued fractions for a numerical
model of amorphous iron (containing 500 atoms). The spec-
trum is shown in Fig. 2. Despite the diversity of spectra, we
see that the qualitative features are reproduced satisfactori-
ly.

After this work had been completed, I learned of Ref.
12, where similar results were obtained by another method:
an explicit construction of eigenstates from the basis func-
tions of irreducible representations of the SO(4) group, hy-
perspherical harmonics. The approach of the present paper
appears to be more physical, since it makes more extensive
use of the “crystallography” of a polyhedron. As a result, the
entire spectrum is determined by a single force parameter
and is calculated analytically. There is no need to resort to a
numerical solution of an equation like (5.2) for a binary
potential of a particular type. The quasimomentum concept
which was introduced by Widom'!? seems extraneous since
this quantity is conserved only in the long-wave region,
where the frequency is insensitive to the local structure,
upon a projection of the polytope onto R 3.

I sincerely thank A. Ya. Belen’kii and A. L. Roitburd
for useful discussions of these questions.
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APPENDIX
Calculation of Bg(u) and /Q\B (u). We will first show that

Bg (u) is a central function of group Y, i.e., that it is con-
stant on the conjugate classes:

By (wuw—)= Z xs” (wuw'v).

PEV,
Since the character yj is not changed by a cyclic per-
mutation of the factors (like the trace of the corresponding
matrix), we find

By(wuwr)= Yy 1" (u-tw-tvw). (AD)

eV,

Clearly, when v runs over ¥, w™ 'vw also runs over all of ¥,
and the sum does not change:

By (wuw')=DBy(u). (A2)

As a central function, Bg () can be expanded in a linear
combination of characters'> (a Fourier transformation):

A3l
Bﬂ(u)=2 by (u). (A3)
£=1

The expansion coefficients b £ are determined by the inverse
Fourier transformation:

1 ——
b = D Be(uT (@)

uey"’

== Z [T;,—l Z %’ @) nT (w) ] = Zl (™ 2271 (@),

vEV, usy' vEVy
(A4)

where the asterisk indicates convolution of functions.

The coefficients of a Fourier expansion of the convolu-
tion of two functions in the matrix elements of irreducible
representations of a group are known'* to be equal to the
product of the corresponding coefficients for the functions
being convolved. We can thus write

12 ,
b = A Sacs™ (Vo)

12
B = by ¥ =¥ (Vo)yu™ (u).
s (1) ; T (u) d, X8 (Ve)ye™ (1) (AS)

To evaluate the sum

Zéa(u)ﬁu= Z Z XBY'(H"V)”P..L.;\“

{u) ue{u} vev,

(A6)

we need to study how the terms transform upon conjugation.
It is easy to show that we have
Oy wuw) = Y, g7 (wumw-v) B, —AGy () Ay

vEV,

(A7)

Since A, transforms in the same way, the sum over the
conjugate class of the product @ (#) A, commutes with any
operator '}, and from Schur’s lemma® it is

Y dwio= 1w mant.

ues{u}

(A8)

By virtue of the transformation lay for QB (u) Xu under con-
jugations, the function tr (Qgz (#) A, ) is constant on the con-
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jugate classes and can be written as a linear combination of
characters:

w @ @A) = Jofix (@), (A9)
Yot

where the expansion coefficients

S WASCLAOIS

are the same, to within a factor ¢, — ¢, as the last term in the
sum in (5.15). R “

The central function tr(Qp (#)A, ) is found by direct
calculation from (5.14), with allowance for the symmetry of
the icosahedron; this symmetry facilitates the derivation of
Qﬁ(u). Expansion (A9) is found from the table of char-
acters of Y' (Table I).
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