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We find all 18 Landau energy extrema for the phase transition of He? into the superfluid state.

It is well known that the transition of He? into the su-
perfluid state is described satisfactorily in the framework of
Landau’s general second-order phase transition theory. The
superfluidity of He® is caused by the Bose-Einstein conden-
sation of Cooper pairs with spin § = 1 and angular momen-
tum L = 1. The order parameter is therefore a y¥-function
which has spin (Greek) and orbital (Roman) vector in-
dexes ¢,, . If one neglects the dipole-dipole interaction of the
nuclear spins, the Landau energy is equal to

F=— T¢x‘a¢ia.+‘/2 {Bi¢ia¢m¢jﬂ‘¢jﬂ‘+ Bz ( wfalpm') 2+Bs'lpfa1piﬂ‘¢ja¢jﬁ‘
FBePiais $ia Pist BsiaPinia $is” } (n

(see Refs. 1,2). The equilibrium equations
OF 8¢, =0 (2)

have solutions with a continuous degeneracy with respect to
rotations of the spin and orbital spaces and to gauge trans-
formations. As a consequence of this there are difficulties of
analytically solving the equations. Three solutions, corre-
sponding to the 4-, and B-phases of He® and to the planar
phase have been known from the microscopic theory.** An-
other three were found analytically in Refs.1, 2, 6. Barton
and Moore’ analyzing the problem numerically found six
new solutions. Finally, Jones® discovered a thirteenth, very
complicated solution. Although there can no longer be any
doubts about the structure of the superfluid phases of He” it
would nonetheless be desirable to know all extrema of the

energy (1).
1. We introduce new variables ¢; and f;;:

Qi=Piajn, [i=Puia’ 3)
In those variables the energy is equal to
F=—1/+'/,{Bio@ +Baf*+Bopuy" T BufufstBfufi},  (4)
where f = f,,, ¢ = @,;. Multiplying Eq. (2) by ¢}, and sum-
ming over the spin index we get
Vi OF [0 i =—fi5HB1p@i" + Boffist Baunprs”
+Bufufut Bsfuifus=0. (5)
Repeating this procedure with the function ¥;, we get
Y F [0 =—TQsBrpfiit B put Papupin
+BefinpritBofuipn=0. (6)

Evaluating the trace of Eq. (5) with respect of the orbital
index y* 8F /8y, = 0, we can check that for the solutions of
Egs. (5), (6) the energy (4) is equal to

F=—1f/2. (N

We separate the real and imaginary parts of the symmetric
matrix @;
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@i =A;TiB,;. (8)

Using the freedom of choice of the phase of the y-function,
weput B; = 0. The real part y,; of the matrix f;; is symmetric
and the imaginary part antisymmetric. Introducing an ap-
propriate dual vector b, we have

fi=itiegbn. €))

We separate in Egs. (5) and (6) the real and imaginary, and
the symmetric and anti-symmetric parts:"
T (Box—7) it BsiAAs+B:s(Andut+BauB)
+( ﬁa"'ﬂs)Xu’kaz ( [5’.—55) (b«‘bJ‘Giibz)7
11 BlABij=BS(inekjn+ijehin) ba,
M1 (B:X-T)Aij+B|AXij+'Y(XikAU+X.ikAM)
=M(eikthj+e_rkthl’)bn’
IV (Bax—1) Bity (XanBrtxinBui) =W (€imnArit€innA i) ba,
V (Beyx—71) butPsisnBundni=0:i(Ynibi—%bn),
VI veynxindu+nb;B;jn=0,

VII BiAbn+veianjABhi=n(bnA_bjAnj). (10)

Here y = y;s A=4;, b>=bb; , v = (Bs + B4 +B5)/2,
M= (B3 +B4 —Bs)/2, v= (B4 +B;s —B3)/2, n=(B,
— Bs — B5)/2. We choose Cartesian coordinates in the or-
bital x,y,z-space such that the matrix y; is diagonal. Thus,
changing to new variables 4, B, y;, b; we are completely
rid of the continuous degeneracy. The price of this simplifi-
cation are redundant solutions which may appear in connec-
tion with the multiplication when we changed from (2) to
(5) and (6). In fact, one can easily identify the redundant
solutions thanks to the following fact. One can perform a
similar transformation to introduce a set of equations for the
traces with respect to the orbital indexes ¥, ¥ 5, ¥, ¥ 5. The
corresponding set of equations then differs from (5) and (6)
only through the substitution 3, 5. It is thus clear that
those solutions of the set (10) which do not have a partner
with an energy differing through the substitution 3, <8
must be dropped.
Bearing this selection rule in mind we first find all possi-
ble values of the quantity y. This can be done even without a
complete analysis of all equations of the set (10). After drop-
ping the clearly redundant values of y there remain 18 solu-
tions. Of them 13 correspond to earlier known extrema; we
shall analyze the other 5 in more detail—we shall see that all
of them are extrema of the energy (1).
Let A #0; it then follows from (10.II) that B,, = B,,
=B,, =0and
B;,bz 55b:

= — — B = = y #79X1
B, W (Xu Ywv)s v B.A (=2 )
B.’)by
Bzx= ( 2z xx)- (11)
B.A Xzz— XK
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Substituting these values of the B,, components into (10.VI)
we find

(Xxx—Yaw) (VAxv—nﬁabxby/BlA )=0,

(Xow—Xz2) (VAy:—nBsbyb./p:1A) =0, (12)
(Xn_X:.t) (VA zx_npsbzbz/BlA) =0
Hence follow three cases:
1) X13=XW=Xu,
nBs nPs (13)
= 1= 29 Azz = b:bzy
2) Xe=%ww» 4y vp.A byb vB A

3) XexT Xy ™ Az Vxxs

A= v*;[: biby, i),

Using the free rotation in the orbital space b, = b, =0 we
chooseincase 1),and forb, #0weobtain4,, = Othrougha
rotation around the z-axis. From the x,y components of Eq.
(10.VII) we see also that 4,, =4, =0. When b, =0 we
can diagonalize the 4, matrix. In case 2), using the free
rotation around the z-axis, we put b, = 0. Then, if b, #0, it
follows from the y-component of Eq.(10) that 4,, = 0; if,
however, b, = 0, we can achieve 4,, = 0 through rotation
around the z-axis. Thus, we may assume that Egs.(13) are
correct both in case 1) and in case 2) and we can therefore
consider them simultaneously with case 3). Substituting
Egs. (11) and (13) into Egs. (10.III) (for i#;) we find

bby {Bax— T+ (X —Xe2) =V (32—%) /m} =0,
byb: {Bax— Ty (¥ —Xex) =MV (3xze—x) /m} =0,
bub: Bax— Ty (X —%ww) =1V (3x—2x) /n} =0.

Hence we have two possibilities: either b, =b, =0, or b,
=0;b,,b, #0and

Bax =Ty (X—Xez) =1V (3y2—%) /n=0. (14)

We show that in the latter case the set of Egs. (10) is incom-
patible. To do that it is sufficient to consider only the follow-
ing 8 equations of the set (10): [—xy-component; ITI—xx,
¥, 2z; V—x, y; VII—x, y. Using Egs. (11), (13) we have
whenb, =0;b,,b, #0

n nps
I - + - A+ [ hats $7
y BrtBBeB] (A=) 20
t— B yv=%ze) (Ko Xxx)] 0,
B
2pPs
I (Bay—7+2¥%ax) AxxtBrd e = BA —— b  (Ner—Ysx) »
1
2uBs
IIT (Bax—T+2Y%ys) Ayy+Bidyyy = p.A x - ,
1
IV (Bax—7+27x) Aot Bidy..
_2ub
ﬁAﬁ [bz(XVV X”)—b (Xzz Xxx)]

Bsps
B4

V Bax— 1B (Ayytxa0) +

_ nBsBs’
vB,24?

(A..—A4 w) (Xw—Xzz)

bvz (Xu_x:x) )

VI Bax—1+p« (Xxx+Xu)+ ‘%ip‘s" (4:.— —4,,) (Xw—'Xu)
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"15 Bs?
"B, ZAZ by (X" Xvv)

vBs
VII 3,4 —
A=A

(Glow—tee) ™+ (A ued) + "BB; b,?=0,

1

55 2[35

A% IA_——— xx 2z 2+ AJT( A + 2= .
I 8 5.4 (ax—22) T ( )\ﬁ‘4 0
(15)
Adding Eqgs. II, III, IV of the set (15) we get
(QJX—T—'_Bix)AJ‘—gY (X.\'.\'A.\'.\'+Xy1/Aw+Z::A::) = ( 16)

Using (15.V,VI) we eliminate b, ,b, from (15.1V), and us-
ing (16) we reduce (15.IV) to the form

Azz [3355{ TI }
—3y: +—— (Buy—1+2vy..) 1 +2(B.y—
2 5, U 3 Snr (Buy—T+2yy::) (B.y—1)
+ B (Xt + g;’ (Bax—THBix+21) + 5 B’B : —%::=0.
1
(17)
We now use (15.VILVIII) to eliminate b, b, from
Eq.(15.1V). Using (16) and (15.1) we get
2 bt (a2 | BB
y =y 2% 2%z 1 (32—
+ (2% —5x.2) + ;—é (MBs+vBs—vBa) (X—3x:z)
+_(B2X T+51X)—EIIQ‘X::—O (18)

We have thus three Eqgs. (14), (17), (18) for three un-
knowns y, y.., 4,, /4. One easily checks that this set has a
unique solution. It turns out, however, that one can find the
ratio 4,, /4 independently. Indeed, we use (15.VILVIII) to
eliminate b, b, from (15.V,VI) and we find the difference
of the equations obtained

BimBs Vﬁs
ods B (Yee=%w) (ea— xu)}

) { B +
whence, since y,, #y,, (otherwise we could assume that b,
= 0) we find easily by using (15.1),
Azz ﬁ
=-—{(
AT
which contradicts the set of Eqgs. (14), (17), (18).
Let now b, =b, =0, b, #0. The zz-components of
Eqgs. (10.LII) then have the form

(BZX_T) X22+61AA zz+BSA “z+ ( Bk+ﬁ5)Xzz=0,
(BZX_T)AH-FBlA Xu+2'YXuA =0.

5) (ﬂh—BS) + ﬁaﬁf'}’

Adding and subtracting these equations we get

(Xzz:tAzz) {BZX_T-,.( Bi+ﬁ5)Xui(B1A+BﬂAu) } Ll ( 19)
whence we have three cases:
1) Xu=Au=O,
2) Bzx T+(BA+B§)X::=O, [31A+B:1Azz=0, (20)

3) Azz =Nzzs ﬁzx"'[-l_(BA+BS)X::+§1A+BSAH=O

(we note here that the case 4,, = — y,, differs from 3) only
through the substitution ¢—iy). When b, 0 the xy-com-
ponent of Eq. (10.IV) and the z-component of Egs.
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(10.V,VII) reduce to the following relations:

pA (BT (4 —%e2) } (Rex—%s) = W (A—4,,),

Bax—THBu (X —xz) = gsﬁs (A—A4y) Hex—2%00)»
piA_n(A'—Au)_Biis (Xxx Xw)

Eliminating from these 4,, — 4, and y,, — x,, we find

Bax— 7B (x—2%s2)

= 2% (a—err G {1 -2 1-55) -0

(21)
In case 1) of Egs. (20) we get from Eq. (21)
__T_ — Bz + Bi {Bk (ﬁ=+ﬁﬂ+ﬁ5) + 2ﬁ355}+ psﬁs(ﬁx'}'ﬁc'*'ﬁs)
X Bs (BstButPs) + 2BsBs ’

which corresponds to the solution found by Jones.® Follow-
ing Ref. 7 we shall call this solution the -phase.

In case 2) of (20) we find by using 2) of (20) to elimi-
nate y,, and 4,, /A from (21)

)
X{Hmi‘pf ftiﬁ (1+5‘1B5)(1—%——2:)}_'.

Here and in what follows we indicate values of y which do
not satisfy the above selection criteria by an (*) sign.

Case 3) of (20) can most simply be considered as fol-
lows. We introduce real spin vectors 1, and m, such that

{’lp,'q,} =\pi=l{+ im;.
Then
X:z=lzz+mzz7 14za'=112_lnz2

and from the condition y,, = 4,, we have m, = 0. The re-
maining conditions lead to the following relations

B..=2l.m,=0, B,=2l,m,=0,
B,.=lm,=0, B,=lm.=0, 4.=11.=0, A4,=11,=0,
Y=Lyt mm,=0, A4,,=11,—mm,=0,

The part of the energy (1) which depends on the angles w, a,
P, & is equal to

B1(cos® o—sin® ® cos 2at)* + % sin‘ © sin® 2a+2y cos*

+v sin* @ (sin* a+cos* a+sin a cos® 2p+cos* a cos® 2L)

+ —;‘ sin* @ sin® 2a sin 2p sin 2§

BBy
2

sin* @ sin® 2 cos 2p cos 2E. (23)

The extrema of expression (23) with respect to the angles p,
& correspond either to sin 2p = sin 2§ = 0 and then we get
for b, #0 the axially symmetric phase of Ref.7 or to cos 2p
=cos 2( =0 and then we get the {-phase of Ref.7;? or,
finally,

1ctg"oc si'n2§ +5s—l55 ct zacos 28 =
sin 2p cos 2p
Mg s?an + Bs—Bs . cos 2p _1,
Y sin 2§ Y cos 2§
whence we find
by 2\ '
cos2p=:i:(0tg2a ZZ_) ,  cos2t= iy(w) ,
¥z e
z=(2p) ' {1+p*—s*£[ (1+p*—s*)*—4p*]"}, y=s"'(pz—1),
p=n/Y, s=(B:s—Ps)/v.

For such values of p , { expression (23) is equal to

By (cos® o—sin®* o cos 2a)* + —gi sin* o sin® 2a

1+cos? 2a
4

2
+2v cos* w+sin* u)( C =+ cosz oa D), (24)

where
C=2B.+4pBa/y, D=4{BsBs[B—(Bo—Bo) "1} /y.

The extremum of expression (24) with respect to the angle a
corresponds to

cos 2a= (4P, ctg® 0£D)/(2B.—4B,—C). (25)

whence follows that 1,11, 11, and m,||l,, m,||1,. As a result  Finally varying with respect to @ we have three solutions: 1)
we can write the ¥,, matrix in the form cos w = 0— 7-phase (Ref. 8) and 2), 3)

sinosinasinp —isinocosasinf 0 c0s 20=—2 (2B,y+BsBs) {B: (C-Hay£D) +6B:Bs} . (26)

y/2| isinocosacosf sinwsinacosp 0]. (22)

0 0 cos ©® The quantity y is then given by the expression

]

T B, + By (Bu*—4BuyY—4PaPs) + BiPPs (By*+6P.y+12BsBs) + 8B4"Bs"y 27)
=B, - .
% Z(ﬁa”{‘*’ﬁaﬁs){51(25A7+453ﬁsi'¥p)+ 6vB3ps )

The solutions (27) which we have found differ one from the other only quantitatively; we call them the ® *-and ® ~-phases.
When b, = 0 it follows from the condition y, = A4, =0 (i#k ),B; =0, b, =0 that all spin vectors I; and m, are
mutually perpendicular so that there cannot be more than three of them. As a result three forms of the ¢, matrix are possible

sin@sing 0 0 sin O sin @ 0 cos 6 0 0
0 sinfcosgp O |, 0 sin 0 cos ¢ , 0 sinOsing isinBcosg (28)
0 0 cos O 0 0 icos© 0 0 0
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In the first case we find the polar, the planar, and the B-
phase; in the second a new ¢-phase

3p,+2y

—9 Bty T
4B, +3y

I
=—, 2’0 , —=0p+
*= g TR ” Bty

(29)

Finally, in the last case we find the 5-phase of Ref. 6.
Let now A = 0. We get from Eq. (10.IT)

(Xu_Xw) bz= (XW—XU) bx= (er_xu) bu=Os

so that either b, #0, b, =b, =0 and y,, =x,,; or else
b =0 . In the first case it follows from the z-component of
Eqgs. (10.VLVII) that B,, = A4,, =0sothat (asB=4 =0)
B,,= —B,, and 4,, = —A4,,. Using the free rotation
around the z-axis (Y., = x,,) we put B,, =0 and it then
follows from the xy-component of Eq. (10.IV) that 4,
=4A,,, and since 4,, = —4,,, we have 4,, =4, =0.
Adding and subtracting Egs.III ,, and IV, III, and IV,
III,, andIV,,, VI, and VII, VI, and VII, of theset (10) we
get

(Bax—t+2Yxxt2ubd,) (A5+By) =0, (30)
( !sz:tByz ’ + IA yz$B:z I ) ( I Bﬁx_r-{—’{ (Xxx+Xzz)
Fpb:|+[v (ee—xex) 2| ) =0.

Hence we have (b, #0) 4 cases:

1) A:V=Bxx=Axz=Ayz=sz=Buz=O,

2) Axv=Bxx=O, szszzaﬁo, Auz=’_B:z=7&O,

3) Ay=B.#0, A,,=B.=A..=B,=0,

4) A.=B.,+0, A.=B,#0, A,=-—B..7*0.
In the last case the set (30) reduces to three equations which
are incompatible with the condition 5, #0

Box— T2 et 210, =0,
Bax—THY (Araz) —10:=0, v (Xez—%ex) T1b,=0.

Subtracting the second equation from the first we get
v (Xxx_Xzz) +3sz=0,

which together with the third equation gives b, = 0.

In the case 1) 4, = B, =0 we find easily from Egs.
(101, and V,) (Boy —7 + B4 +Bs). ¥ =0, By —7
+Bs (¥ — x.) =0 two solutions: the y-phase (when y,,
=0) and

T/X=BZ+BA(BA'*'B&)/(Z@;‘*‘B:,). (*)

Inthecase2)A4,, =B, =0,4,,=8,=0,4,,= —B,,.
Using the freedom of rotation around the z-axis we put 4,
= 0. We write down Egs. I, IV,,, V,, VII, of (10)

I (ﬁzx—‘r)Xxx+B3Byzz+(BA+B5)XJ@2+(54—BS)b12=09
IT Boy =1+ (Yt x2:) —10:=0, (31)
IIT (Box—T+2B.xx) b.—PsB,.*=0,
v V(Xzz_ny)+nbz=O.

xx?

Adding Egs. I and II of the set (31) we get
(Haxtb2) Box—T+ (BatBs) Yxt (Bi—Ps) b:} =0, (32)
after which we easily find two solutions of the set (31)
1) —= =B +(BIHBB—B/ (2BB2B),  (33)

2) =B+ (ny*+3nyv+3uvy+vipn) /2(my+3uvt2nv), (*)
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In the case 3) 4, =B,, = =B,=0,4,, =B, #0
and

Box—T+2Y Y t2ub, =0 (34a)

[see (30)] and the unused equations of the set (10), (I,,,
I,,,V,,), reduce to the following:

(BoxX—7) KaxT2Bs B+ (Bt Bs) fua™+ (Bu—Ps) b:°=0,
oz {Bax— T (BatPs) Xz} =0,

{Bax—THBu (% —%er) } b:F2psBas*=0. (34b)

Subtracting the last from the first equation we get

(Hex—02) [Bax—TF (ButBs) gt (Bs—B4) 6:]=0.

In agreement with this equation and the second equation of
the set (34b) we easily get four solutions of the set (34):

1) A-phase,
2) e-phase of Ref. 7,
3) T/X=Bz+(ﬁ&z'*‘ﬁaﬁr‘ﬁsz)/(2[34+§3"2[55)7 (35)
T (ﬁ&"*'ﬁs) (ﬁaﬁa"'ﬁ;z—ﬁsz) *
— =B+ . *)
= T b3 ps

We note that Eq. (35) and the previously found Eq. (33)
change into each other under the substitution 3; s;. Ac-
cording to the selection rule formulated above these solu-
tions can be solutions of the set (2). Using the restrictions on
the contractions with respect to the spin indexes we can es-
tablish in these cases the form of the ¥,, matrix. Thus, we
have for the solution (33)

sin®@ —isin® 0
y’|isin® sin® 0. (36a)
cos® icos® O
This matrix is, indeed, a solution of the set (2) when
tg® 0=(B.+ps—P:)/2(B—Bs). (36b)

We call it the x-phase, while the solution obtained from it
through the substitution 3; 85 and the interchanging of
the spin and orbital indexes is called the A-phase.

We consider finally the last case 4 = 0,b = 0. We can
then write Eqs. (10.IIL,IV,VI,VII) in the form of the follow-
ing relations:

( |BBX_T+'Y(XM+XW) |+ |Xxx-le ) ( |Axy|+‘Bxyl )=0, (37)
| Bax—T+2Y%es| (| Au| +| Buc| ) =0,

and the others are obtained from these through cyclic per-
mutation, x -y —z. When 4 = 0 there are three cases

P
o\ /

4 FIG. 1.
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1) Aih=Bik=U1
2) Y=Y Au=B.i=0, By—T+27x =0, (38)
3) X=X =% TX'=B2F2y/3
— this is the a-phase of Ref. 7.
In case 1) we find from Egs. (10.I)

Keee {Bax— T+ (Bt Bs) A}
=XW{B2X—T+ (BA+B5) Xuv) =Xzz{BZX—'T+ (BA"}'Bs) Xu}=0

the S-phase of Ref. 7 and two redundant solutions:
Tr=Bt (Bit+Bs) /2, Tly=p.+(B.HBs) /3. (*)

In case 2) from Eq. (38) and the zz-component of (10.I)
Koz Bex =T+ (BetPs) g} =0

we find the bipolar phase of Ref. 6 and
o/ =B:+2y (Be+Bs)/ (2y+BtBs). *)

One verifies easily that amongst the solutions indicated
by (*) there are no partners changing into one another un-
der the substitution 3, s 8.

There are thus 18 extrema of the energy (1). We note
that one of the five new solutions (® *, ® ~, ¢, %, 1) the x-
phase [see (36a,b) and (33)] has the lowest energy at the
values 3, = 0.373; 8, = 0.02; 3, = 0.433 and 5 = 0.677 in-
dicated by Barton and Moore at the end of Ref. 7. The quan-
tity 7/y in (33) is then equal to 8, + 0.3195; for the £-phase
which is closest in energy 7/y = 3, + 0.3201.

As we know now all the solutions of the equilibrium
Eqs. (2) we can construct the phase diagram in the ,,3,,
Bs,B4,Bs parameter space. It is convenient to show the phase
diagram in the (B,,y) plane for different values of the pa-
rameters 3,,6,,8; — Bs . Asan example we give the diagram
for the case of a possible coexistence of the 4- and B-phases
(see the figure). In the region below and to the left, the terms
of fourth order in ¢ in the energy are not positive-definite.
The phase I is the polar phase; the fourth phase in the dia-
gram is the {-phase of Ref. 7.

We note that in the analogous problem of the phases,
when there is p-pairing in the two-dimensional case, and the
orbital index takes on only two values (x,y) for the ¥-func-
tions ¢,, while the energy has the same form (1), the solu-
tions are clearly the same as the three-dimensional ones in
which there are no non-zero components in one “orbital”
row. Altogether there are nine such solutions: the planar,
polar, bipolar, 4, 3, ¥, 8, 17, and A-phases.

2. Tostudy the stability of the solutions we need find the
region where the energy increment F,, which is quadratic in
arbitrary small deviations &, of the y-functions from the
solutions, is positive definite

Fo=—188w"+ % (YiaPialip Eis H4Piatiais Eip”
Foiabiats bn)
+ B gttty et
FlabiErbe+ 2k bats)
+ 2 bt sttt
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FPiaGin Piakin T 2%iaEip EsalPin”) (39)
+ -%" (2% 1aPin Eia Ein T 2% ip i Eip
i€ Eia PisTEiaPis Vi Ejp)
Bs
2
2018 ipEin Pio" F201alipPin " Eip”) .

(DiaPipia"Eip T Eialintio Psp”

Here ¢,, is a solution of Eqgs. (2). For instance, for the B-
phase

¢54=(X/3)‘/:6ir/.w X=T(BI+B2+2Y/3) ot
we write the deviation £,, in the form
Eia=wim+'i3ifz+eiaj(Mj"f’i'\’j).

where w,, and ¢,, are symmetric real tensors while 1, and v;
are real vectors. The quadratic form (39) then equals

4 o )’ 2 v ( € )2
-_—S-X"{(ﬁ)m——g—ém +§‘—x"ﬁ)—2xﬁi sih_3_6ik
2
+ ' (2B,—2y—3B,)vs, (40)

wherew = w; ande = ¢;;. The energy (14) isindependent of
the trace of the tensor ¢, and of the vector u; since these
quantities, clearly, call in the B-phase for a change in the ¢-
function under a small gauge transformation («¢) and
small rotations ( «y;) of the spin or the orbital spaces. The
stability conditions that follow from (40) for the B-phase
are the same as the necessary stability conditions found by
Jones,® In the A-phase we find 55 <0, 85 + 8, —Bs <0, B,
+ s >0,and B, +B; + B4 >0.

There is an incorrect statement in Ref. 8, that the solu-
tion corresponding to the a-phase of Ref. 7 is unstable. The
exact stability conditions reduce to the following inequal-
ities:

B.>0, y=>0, y+38,>0, p.> (Bs"+Bs>—Psps) ™.

We note that the stability study is appreciably simplified if
we eliminate from the arbitrary deviations £,, the motions

Eiu=iia0QFPiaein00,tPisess b0y,

which reduce to small gauge transformations and rotations
of the orbital and spin spaces.

We finally draw attention to one interesting fact. In the
complete phase diagram there are two kinds of neighbor-
hoods between phases. Firstly, there are lines (such as the
boundary between the 4- and B-phases) which are normal
first-order phase transitions and correspond to a normal bi-
critical point in the (P,T) diagram. Secondly, there are unu-
sual lines such as the boundary between the B- and the polar
phase. Itis clear from (14) that the B-phase loses its stability
on that line (¥ = 0). On the other hand, one verifies easily
that the stability conditions for the polar phase are B, + £,

+¥>0, B, +B5 <0, B, +P5 <0, 28, + v <0, and ¥ <0,
i.e., itis also unstable when = 0. As the matrices that speci-
fy both solutions have the form
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100y /100
000}, {010
000/ \oo 1

it is clear that the transition considered cannot be of second
order. When = 0 the energies of these phases are equal to
the energies of the planar phase and the {-phase of Ref. 7 and
the solution found by Jones.® All the solutions reduce for
¥ = 0 to real diagonal matrices. One checks easily that for
y = 0 there is a degenerate solution of the form

sin B sin g 0 0
0 sinBcosgp 0

0 0 cos 0

N

with arbitrary 6 and . The situation is thus completely anal-
ogous to the orientation transitions in magnetics.
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The author is grateful to G. E. Volovik for useful criti-
cism of the initial variant of this paper.

YEquation (5) has no antisymmetric real part.
2We note that in Eq. (57) of Ref. 7 we must replace cos’p by cos 2¢.
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