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We construct the wave function of an electron in the field of a laser wave in the quasi-classical 
approximation outside the framework of perturbation theory in terms of the interaction with the 
field and the scattering potential. Using this we obtain for the potential scattering cross section a 
new expression which generalizes the well known results of Bunkin, Fedorov, and Berson. 

The scattering of an electron by an atom in the presence 
of an electromagnetic wave is of great interest for the study 
of the optical breakdown of gases' and of the interaction of 
laser radiation with a plasma.' The cross section of the pro- 
cess depends on the strength F,, the frequency w,, and the 
polarizationR of the wave, and the possible change in energy 
of the electrons is observed experimentally when one studies 
the energy distribution of the scattered  electron^.^ 

An important feature in the construction of the theory 
of scattering in an external electromagnetic field is the neces- 
sity to take into account the interaction with the field when 
describing the asymptotic states. However, the theory of the 
interaction of an atom or a molecule with the field is itself a 
problem which is difficult to s 0 1 v e . ~  

In the field of a laser wave there occurs a shift and a 
broadening of the energy levels of the initial Ei and the final 
E;. states of the atom. The conditions for the applicability of 
perturbation theory when there is a level shift 

and a level broadening 

Under conditions when perturbation theory with re- 
spect to the interaction with the electromagnetic field is ap- 
plicable while the atomic potential is taken into account ex- 
actly, results are known for single-photon transitions in a 
Coulomb p~tent ia l ,~  and for two-photon transitions in a 6- 
p~ ten t i a l ' ~  and in a Coulomb In the quasi- 
classical approximation two-photon transitions were con- 
sidered for scattering by a Coulomb potential in Ref. 14, and 
single-photon transitions for scattering by a power-law po- 
tential in Ref. 15. 

The Born series of the theory of scattering by exact free 
electron wave functions in a wave is another variant of per- 
turbation theory. A characteristic feature of the first Born 
approximation, first considered by Bunkin and Fedorov,' is 
the factorization of the cross section into a cross section for 
scattering without a field and a factor depending on the 
strength, frequency, and polarization of the wave. The sec- 
ond Born approximation and the conditions for factoriza- 
tion of the cross section in that case were considered in Ref. 
16. 

Kroll and Watson's paper17 set the start of a wide use of 
a low-frequency approximation in the framework of which 
the cross section for the scattering in the field was factorized 
into the exact cross section for scattering without a field and 

depend on the strength and the frequency of the wave, and a factor. We note that Refs.18-20 are devoted at- 

also on the actual spectrum of the tempts at a more rigorous foundation of the approximation 

M ~ ~ ~ ~ ~ ~ ~ ,  the condition for a power-law dependence of as well as to considerations of various processes in this ap- 

the scattering cross section on the field strength is deter- proximation. The problem of the factorization of the scatter- 

mined in the Born approximation ing cross section in the framework of the theory of sudden 
~erturbations was considered in Refs. 21. 

by the magnitude of the momentum transfer tiq and, in gen- 
eral, is independent of the conditions ( 1 ) and (2 )  .7,2 We can 
thus pose the problem of the scattering of an electron in the 
presence of an electromagnetic wave by considering the in- 
teraction of the atomic electron with the field by using per- 
turbation theory, whereas the interaction of the incident 
electron with the field is taken into account exactly. 

A further simplification of the problem of potential 
scattering by a fixed center is possible if we neglect the polar- 
ization of the atomic electrons by the field of the electromag- 
netic wave or by the incident electron. There is one known 
exactly soluble problem of the potential scattering of a non- 
relativistic electron by a 8-potential in a circularly polarized 
field.' In the general case it is necessary to use approximate 
methods to solve the Schrodinger equation. 

In the eikonal approximation, which was developed in a 
number of the final expression for the scattering 
amplitude is obtained in the form of a three-dimensional in- 
tegral which does not permit effective numerical calcula- 
tions. In this connection one must note the relatively simple 
expression for the cross section for scattering in a field in the 
quasi-classical approximation based upon the classical de- 
scription of the motion of the incident parti~le. '~ 

The aim of the present paper is to obtain a general for- 
mula for the cross section for scattering in the field of a laser 
wave, generalizing the results of the Born7 and the quasi- 
cla~sical'~ approximations. In the first section we construct 
the wave function of an electron in the field of a laser wave in 
the quasi-classical approximation, and we use it in the sec- 
ond section to find the scattering cross section in the eikonal 
approximation. We consider in the third section limiting and 
particular cases of the eikonal approximation. 
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51. WAVE FUNCTION OF AN ELECTRON IN THE FIELD OF A 
WAVE 

Let the quasi-classical approximation, 

where A ( x  ) = 2dip ( x  ) is the de Broglie wavelength, be val- 
id for the incident electron. We look for a solution of the 
nonstationary Schrodinger equation 

(ihalat-H) Y (r, t) =O (3)  

with Hainiltonian 

in the form 

Y (r, t) =exp[io(r, t)/fi]. (4) 

Substituting (4) in (3) and neglecting terms proportional to 
f i  we get the Hamilton-Jacobi equation 

which has in the limiting case F( t )  = 0, for high energies .ci, 
U/E,. 4 1, a solution of the form 

oo (1, t) =pi-sit-v;' j U (p, n r )  dn', 
- m 

( 6 )  

where&,. =p:/2me and pi = mevi = fiq, are the electron en- 
ergy and momentum. 

For solving Eq. (5)  we can use perturbation theory, 
choosing as the zeroth approximation the action a,(r,t): 

o(r, t )  =oo(r, t)+ ai(r, t ) ,  

where the term 8,. (r,t) is assumed to be a small and slowly 
varying function of the coordinates as compared to ao(r,t) . 
We then get from (5 1, neglecting the second derivatives with 
respect to the spatial coordinates V2Ci, the equation 

where v(t) = Vadm, is the velocity of the classical motion, 
with the solution 

i t 

A (t) = j F (t') dt' 

Finally we get for the wave function of an electron in the 
potential U(r) and in the field of a laser wave 

Y (r, t )  =U(r, t)@(r, t) ,  
(8) 

The limits of applicability of the results obtained follow 
from the smallness condition ai 40,: 

We note that Eq. (8) does not follow from the results of 
Refs. 22-24 and 26, since the condition eF& (vi  /a&) )IrjLc), 

for their applicability is not the same as conditions ( 10). 
We apply these results to solve the problem of scattering 

in the presence of an electromagnetic wave in the eikonal 
approximation, when it is necessary to.satisfy the inequality 
qia) 1, where a is the range of the scattering potential. In 
this approximation one is able to study both the limit of the 
Born approximation, when one of the inequalities 

is satisfied, and the limit of classical scattering v )  1. 
For motion along the z axis 3 =p2 + (vit)' and the 

velocity v(t) in (7) is given by the equation 
t 

p dU dt' 
v(t)=v,-- j--= 

m,vi2 -_ dt' t' 
vi+6v(t), (11) 

where the term Sv(t) is caused by the action of the scattering 
potential. 

$2. POTENTIAL-SCATTERING AMPLITUDE AND CROSS 
SECTION 

In a monochromatic field F ( t ) = F,cos (oat + @,) the 
potential scattering cross section has the form of a sum of 
partial cross sections 

where v: = 2h , /me .  The quantities g, and w, are given by 
the equation 

m 

x J dr' exp ( - iqfrl)U(r')@(r',t), (12) 

where a, = eFo/me wi is the amplitude of the oscillations in 
the field, and the function 

is the exact wave function of the scattering problem. 
In the first Born approximation when 

t 

i ieq + (rf, t) a exp (iqr' - - A e,t + - j ~ ( t ' ) d t f  ) (13) 
me -m 

is the wave function of a free electron in the wave we get 

g,= ( is'O0) " I .  (aoq.) U (q,) , (14) 

A Q . = E ~ - s A O ~ = ~ ~ ~ ~ ~ , / ~ ~ ~ ,  (15) 

where J, ( x )  is a Bessel function, and fi% = fiq ,-, - fiqi is 
the transferred momentum, 

The cross section for scattering with absorption s < 0 

54 SOV. Phys. JETP 66 (I) ,  July 1987 A. F. Klinskikh and L. P. Rapoport 54 



(or emission s> 0) of quanta of the external field has the 
form7#' 

where 

is the Born cross section for scattering without a field. 
In the quasi-classical approximation with the explicit 

form of the function @(r,t)  taken into account the quantities 
g, and w, are equal to 

where 
OD 

is the eikonal when there is no field, and - 
eFo 

~ z ( p )  = - - Ih jeiWo'tiv(t) dt Isign(kP) (18) 
-m 

is equal to the ratio of the work done by the electron in the 
field of the wave to the photon energy. We note that the 
parameter X2 ( p) depends on the characteristics of the field 
and of the scattering potential, while the quantity a,q = Xfi 
is determined by the scattering conditions and is indepen- 
dent of the potential. 

The scattering amplitude 

f.(fl, y =-megs/2nfi2 (19) 

depends on the polar 19 and azimuthal y scattering angles. 
The modulus of the scattering amplitude is invanant under 
the substitution s - - s. 

j3. LIMITING CASES OF THE ElKONAL APPROXIMATION 

To first order in the scattering potential U(r) the result 
of the Born approximation ( 14)- ( 16) follows from ( 17). 

In the limit as X2 -0 the scattering amplitude in ( 19) 
factorizes: 

where 

is the eikonal scattering amplitude when there is no field. 
The analog of Bunkin and Fedorov's formula takes in the 
eikonal approximation the form 

where 

is the scattering cross section when there is no field. 
The quantity X2 ( p ) can be estimated, using Eq. ( 18 ) : 

It follows from ( 18) that the condition v, 4 vi , which is 
the basis of ( lo),  is insufficient when X2 is small. When v < 1 
the condition v, 4vi ,  which in this case is the same as the 
conditions obtained in Ref. 16, is sufficient for the factoriza- 
tion of the cross section. Under the quasi-classical condi- 
tions v ,  1 it is necessary to require a more stringent condi- 
tion: 

Using ( 17) one can make the result ( 14) more rigorous, 
taking X2 ( p) into account to first order: 

where the amplitude 

Pi 1, (e, 1) = -J d2p eriqf'X2(p) [eix(p)-11 
4n z 

(22) 

has a simple physical meaning. When electrons are scattered 
in the absence of a field they can radiate spontaneously. 
When there is an electromagnetic wave present induced 
emission takes place which is caused by the interaction of the 
electron with both the field and the scattering potential. The 
amplitude of the scattering process which accompanies the 
induced emission of a photon is determined by the quantity 
iei*.fi (it,y). 

In the limiting case of classical scattering 

we have for the scattering cross-section 

where du,, = 2?rpdp is the classical scattering cross section 
and fi a vector with a modulus which is equal to the solution 
of the equation 

w 

E = + 1 ( - 1 ) for an attractive (repulsive) potential and 
the direction is determined by the angles y - ?r or y for at- 
tractive and repulsive potentials. If we neglect the interac- 
tion with the field in the initial and final states (Xfi = 0) we 
get the analog of Berson's form~la: '~ 

The results of Ref. 25 refer to the case of scattering in a 
linearly polarized field with the polarization vector parallel 
to the direction of the incident electron and the problem is 
then axially symmetric and the result is independent of the 
azimuthal scattering angle y . In the general case there is no 
such symmetry, a fact reflected in Eqs. (23), (24). 

We now consider the case of single-photon emission un- 
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FIG. 1 .  qi -9, scattering by a linearly polarized field of strength 
Fo = ( Fo sins, 0, Fo toss}. 

FIG. 2. Cross-section ratio x as function of the dimensionless parameter 
x: I-perturbation theory; 11-Born and low-frequency approximation; 
111--eikonal approximation (27).  

der conditions when perturbation theory is applicable with 
respect to the interaction with the external field when there 
is scattering by a Coulomb potential: 

U ( r )  =-Ze2/r, r<R, 
U(r)=O, r>R. 

It is necessary to cut off the potential to remove the diver- 
gence when we evaluate the eikonalx(p) which has the form 

~ ( p )  =-2v ln ( p / 2 R ) ,  p<R. 

The change in the electron velocity caused by the action 
of the potential is equal to ( 11) 

p dU dt' pZe2 av(t)=-,J ---= -- 
m,v, -_ dt' t' { t  (p2+vi2tZ) -%+I),  

p2m. 

Substituting (25) into ( 18) we find the quantity X2( p) 
(case of linear polarization, see Fig. 1 ) :. 

where K, ( x )  is a Macdonald function with asymptotics 

The amplitude of scattering with photon emission when 
there is no interaction with the field in the initial and final 
states is equal to 

where, using (22), (25), (26), we have for the quantity 
f l ( Q 9 ~ )  

m 

- - veF,q cos y 
(2R)  -2ivfioo 

(2) ( I - i v )  ~ ' ( 1 - i v )  

(ah) -2 iv  
(1-2,) 2iv-i2F, ( iv ,  i v+ l ;  2; zo ) ,  

where, ,F, (a,b;c;z) is a hypergeometric function, r(z) the 
gamma function, and z, = - (qui ) ' /m i .  Comparing the 
amplitude obtained with the exact f(qi ,q) of Refs.9 and 27, 
we get in the limit Y = Y' the equation 

The difference consists in an unimportant phase factor that 
depends on the cutoff parameter. We note that the condition 

#koO/&,. 4 1 under which the relation Y = Y' holds is not a 
strong restriction in the eikonal approximation. 

For single-photon processes the nonrelativistic eikonal 
approximation is the analog of the quasi-classical theory of 
the emission of ultra-relativistic electrons (Ref.28; Ref.27,§ 
96). In the general case the expression for the amplitude of 
scattering by a Coulomb potential with emission ofs photons 
is rather complicated and we shall therefore consider the 
limiting case of low frequencies and use Eq. (21) for the 
scattering amplitude. We then get for the scattering ampli- 
tude 

where 

is the Rutherford cross section. 

The cross-section ratio x = do, /dc, depends only on a 
single dimensionless parameter X3. The function f(x,s) is 
proportional in the perturbation- theory framework to 1xI2' 
and equals IJ, (x)  1' in the Born and the low-frequency ap- 
proximations. These functions are shown in Fig. 2 for a sin- 
gle-photon process. 

54. CONCLUSION 

We have developed in this paper a quasi-classical theory 
for potential scattering of an electron in the field of a laser 
wave, generalizing well known results of the Born and quasi- 
classical approximations which agree with the well known 
results of Sommerfeld for the single-photon process in scat- 
tering by a Coulomb potential, if one uses perturbation the- 
ory to consider the interaction with the field. The results 
allow a generalization also to inelastic processes in an elec- 
tromagnetic field outside the framework of the Born approx- 
imation, but the main difficulty in this case lies in describing 
the interaction with the field of the target (atom or mole- 
cule) outside the perturbation-theory framework. 
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