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A number of diffusion processes in which fluctuation effects are decisive is investigated. A new
perturbation-theory variant is proposed for the problem of annihilation of a diffusing particle
by immobile traps. This variant yields, in first order in the gas parameter (at low trap density),
both the intermediate Smoluchowski asymptote and the asymptote at — 0. Corrections that
determine the rate of the establishment of the asymptotic regimes are obtained. It is shown that
in systems with multiplication and annihilation by immobile traps, the density increases
exponentially over long times at arbitrarily low rate of multiplication and finite trap density.
An asymptotically exact equation is obtained for the density evolution in a system with
multiplication and annihilation in which the density of the quenching agent obeys the diffusion
equation with Gaussian random initial distribution. It is shown that the previously obtained
power-law asymptotes for reactions of the recombination times are asymptotically exact.

Interest in the influence of fluctuations on the kinetics
of diffusively controllable processes has increased substan-
tially of late. The range of applications of the theory of dif-
fusely controllable processes is quite large. It includes re-
search into the kinetics of excitation damping and
recombination of carriers or defects in solids, a large class of
rapid reactions in solids, liquids, and glasses, a number of
biological processes related to population survival, and of
the aggregation and coagulation type.

A two-particle description of the kinetics of a diffusely
controllable reaction was first formulated by Smolu-
chowski.! According to his theory, the rate of an irreversible
bimolecular reaction 4 + B— C is determined by the law of
effective masses

dc . dCy
TR TR

in which the “observable reaction-rate constant” k, (¢) is
assumed equal to the flux ® of the density n(7,#) of the reac-
tant B through a reaction sphere of radius a = R, + R,
where R, and Ry are the radii of particles 4 and B, and
n(r,t) obeys the diffusion equation

on(r, t)/ot=DAn(r, t), (1)

where A is the d-dimensional Laplace operator, 4 is the di-

mensionality of the reacting system, D = D, + Dy, D, and

Dy are the diffusion coefficients of particles 4 and B, respec-

tively. The boundary conditions for Eq. (1) are expressed in

the form

. on(r,1)
or

O =4na =—kn(a,t);

r=a

n(r,t) I 1=0=C3, (2)
where k is the true rate constant of the reaction. At t>a?/D,
k>4maD and d = 3 we have

k,=4naD[1+a(nDt)="]. 3)

Smoluchowski’s theory was extended in Ref. 2 to include the
case of reversible bimolecular reactions, and in Ref. 3 to in-
clude trimolecular reactions. It was shown in Refs. 4-7 that
Smoluchowski’s solution describes in a number of important
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cases an intermediate asymptote of the problem, whereas the
time dependence of the reagent concentration as t— oo is
determined completely by the fluctuations of the density of
the initial distribution (prior to the start of the reaction) of
the reagents.

In three-dimensional systems,at C, € Cy = n,Dp =0,
the transition from Smoluchowski’s intermediate asymptote
to the fluctuation regime occurs for 7>a~!/2, where
7 = 4maDnt,a = 4mna® . For reactions of the recombination
type for which C, (¢) = Cz(¢) we have @ = 47C, (0)a”.
Since the parameter « in liquid-phase systems is as a rule
small, the fraction of reactants that vanish in accordance
with the fluctuational asymptotic laws is also small and are
therefore difficult to investigate in experiment. In Ref. 8 are
pointed out polymer systems in which the bulk of the reac-
tant vanishes in the fluctuation regime.

Diagram expansions were used in Refs. 9—13 to obtain
corrections to Smoluchowski’s solution. Kinetics of pro-
cesses of the multiplication type, 4 + B—kA4 + B,k> 1,
were investigated in Ref. 14.

We investigate here a number of situations in which the
fluctuation effects are decisive and can be observed in experi-
ment. Foremost are diffusion-controllable reactions such as
quenching the excited state (annihilation in traps), which
occurs in systems with homogeneous multiplication of the
reactant (a process that can be used by the presence of chain
processes, etc.). In the first section we formulate the prob-
lem of evolution of the reactant density in such systems. In
the second we develop a perturbation theory corresponding
to fluctuation times 7 <€a~'/? for which the Smoluchowski
theory is valid to first order in @. We discuss the connection
with motion, in a random medium, of a particle having an
energy close to the mobility threshold,'>!¢ and with the per-
colation problem.'” A nontrivial dependence of the rms dis-
placement of the particles on the time is obtained. In the
third section we develop a modified perturbation theory that
yields both Smoluchowski’s intermediate asymptote and the
long-time fluctuation asymptote, and we determine the cor-
rections on which the rate of convergence of the process to
an asymptotic relation depends. Analysis of the diagram-
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matic expansions for small ¢ and for d = 3 provides a de-
scription, in the entire time interval, of the reaction kinetics
in systems with multiplication. We show that at an arbitrar-
ily small average multiplication rate the average reactant
density in a system with immobile traps increases exponen-
tially as #— o, and the induction transition corresponds to
an explosive process and depends on « and d.

The long-time asymptote in a system with immobile
traps is determined by the Poisson fluctuations of the trap
density. In the case of mobile particles B, their diffusion
smoothens the Poisson fluctuations, and small Gaussian
density fluctuations become decisive at — «. The most
clearly pronounced is the influence of Gaussian density fluc-
tuations in the kinetics of a reaction of the recombination
type. In Sec. 4 is analyzed the influence of the Gaussian fluc-
tuations on the kinetics of a diffusely controllable reaction
A + B + Product, and the fifth section deals with the static-
recombination kinetics. It is shown that the relations ob-
tained in Refs. 4-7 by various methods are asymptotically
accurate.

An interesting situation occurs in a system with moving
traps if the average rate of multiplication of particles 4 is
equal to the rate of their annihilation in the traps. The two-
particle approximation predicts in this case a slow decrease
of the density of 4 on account of the second (nonstationary)
term in the expression for the effective rate constant of the
reaction (3). We show in Sec. 6 that Gaussian fluctuations
of the density of B lead in such a system to a slow growth of
the density of 4, and the corresponding asymptotic relations
are derived.

1. ANNIHILATION IN IMMOBILE TRAPS IN A SYSTEM WITH
MULTIPLICATION. FORMULATION OF THE PROBLEM

Consider a system in which ¥ immobile traps of radius
a each are randomly (with a Poisson distribution) placed
uniformly over a volume V. We designate the radius vector
ofthejth trapby R;, withj = 1,2, ..., N. Let, in parallel with
the diffusion and vanishing in the traps, the particles 4 also
multiply via some arbitrary chain process. In this case the
equation for the generating function F(r,t,0) of the density
distribution of 4 at the point  is given by'®

aF(ry t1 9)/at=DAAF(r1 t7 e)+f[F(r1 t7 9)] (4)

By definition, F(r,t,0) = Z,, P,, 0™, where P,, = P,, (r,t) is
the probability of a particle initially at a point with a radius
vector 7 becoming transformed after a time ¢ into m particles,
andf (0) is the generating function of the distribution of the
number of descendants in a single branching act. If 4 has
initially a uniform distribution, the boundary and initial
conditions for Eq. (4) take the form

F(r, t, 0)|rax=1, F(r, 0, 0)=ceb. (5)

The multiply connected surface Z is a union of all the reac-
tion surfaces |7 — R;| =@, R; =1, 2, ... N. The mathemat-
ical expectation value of the density C, (rt) = (dF/
d6)|s~, of the particles 4 obeys the equation

0C4/0t=DsACa+k,Ca, k,=(0(0)/09) |0, (6)
with boundary and initial conditions

CA (r1 t) lt=0=Cov CA(T, t) 'rex=0-
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Consequently
C.=exp(k,t) jdrp(r,t,r'), 7

where p(7,t,r') is the Green’s function of a diffusion equa-
tion of type (1) with zero boundary conditions on X:
p(rtr')|,s =0 and with the initial condition
prtr)|,—o =8(r—r).

The optimal-fluctuation method?® was used in Ref. 19

. to obtain a lower bound of the function p. It was shown in

Ref. 21 that this estimate yields an exact result as — oo.

The presence of an asymptotically exact result notwith-
standing, we investigate in the next section the function
p(r.t,r') once more, to enable us to determine the variation
of p in the entire time interval for small values of the param-
eter a.

2. PERTURBATION THEORY FOR SHORT TIMES

We write down an expression for the Laplace trans-
form, with respect to time, of the function p(r,z,7'):

p(r, A, r')=det||F|/det|E], (8)

where

oo

p(r,A,r')= j exp(—At)p(r, ¢, r’)dt,

0
F,, isan (N + 1) X (N + 1) matrix, E; isan N X N matrix,
Fow=G(%, r—r"), Fo=G (%, r—R;), F{y=G (%, R—T1’'),
Fy=Ej for, j, i>0, E;~=G (=, Ri—R;) for i#j,
Ey=G(%,a), »*=D/},

G(x,r) is the Cauchy function of the operator (x?> — A),
(%2 — A)G(xr) = 8(r). The function p(r,4,r') satisfies the
equation (x? — A)p =0, since it is a linear combination of
its solutions. If |r — R, | = a, two columns in the matrix F;
become nearly equal to within the small corrections in
|R; — R;|/a, i.e., in the case of small # det||F; || is equal to
zero for reX for an overwhelming majority of the {R,; } con-
figurations. The fluctuating clusters of sinks add to operator
introduced below corrections that are small in terms of a.
These corrections make a contribution that is not singular at
large ¢ (small 1), since the long-time asymptote of the prob-
lem is determined by regions with increased rather than de-
creased trap density. A solution obtained without this re-
striction, for example by a path-integral expansion [see Eq.
(42) below] or by the t-matrix method'® leads, after averag-
ing over {R,}, to constants k,, ¢, and p, obtained in the
present paper, which are accurate to small corrections in
terms of the parameter @, do not change the analytic struc-
ture of the perturbation-theory series, and do not affect the
conclusions of the paper.

Expanding the determinant det ||F || in terms of the ele-
ments of the zeroth row and zeroth column, using the
expression for the inverse matrix E ~ in terms of the minors
of the determinant of the matrix E, and finally expanding in
terms of E the matrix [G(x,a)] + E]~! (in which Jis a unit
N XN matrix, E; = E; ati#jand E; = 0ati=j), we get

p(r A, 1)=G(x,r—1")

VN 6, r—R) [T ANG(x, B—1"], (9)

{umi jumti
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where

Ty= Y (—)MEPIG (, @) 10+,

Rumd

Correspondingly,

p="{1-X X eeer-murra), a0

{mmi jumi

where

p(A)= jp(r, A, r)dr = J.p(r, A, r')dr.

The function p (4 ) averaged over the random distribution of
the vectors R; in 3D space can be written in the form (we
neglect the intersection of the absorption spheres)

p(x>=%{1—xfa(yo>dyo[1+i (~o'm)}, (D

Re=i

where

o= Z (a/2)%ppa,

o<dSh—1

[

pu={ . X X[ I sw, ) Il ¢ Guvan [ a0,

fymat jymmi  lmai m—1
(12)

z=4naDnexp(xa)/h, G(y)=y te~v.

The expression for p,; can be represented graphically by a
diagram consisting of k£ points corresponding to k-fold inte-
gration with respect to the variables y,, that correspond to
the radius vectors of the traps. Each point (except the first
and last) is joined by a straight-line segment to the preceding
and succeeding points. (The first point is joined only to the
preceding one.) A straight-line segment corresponds to a
factor G(y,, —y,,_) (free propagator) in the integrand.
On the obtained chain of & points it is necessary to place d
braces, with the / th dashed-line brace, the / th brace corre-
sponding to the factor §(y;, — y;,) in the integrand of (12),
where/ = 1,2, ...d. Tocalculate p,, it is necessary to sum all
the diagrams with different placements of d braces on &
points; the braces are assumed indistinguishable and each
can join together any two points except neighboring ones.
Figure 1 shows a typical diagram which contributes top,, at
k=2landd=>5.

It is easy to sum in explicit form over all the diagrams
that differ from one another only in the number of points
between the nearest (dashed) vertical lines on the diagram.
For the diagram shown in Fig. 1 this corresponds to summa-
tion over the number of points located between the first and
second, fifth and eighth, eighth and tenth, tenth and ele-
venth, eleventh and thirteenth, thirteenth and sixteenth, six-
teenth and nineteenth, and nineteenth and twenth-fourth
points.

~,

Y
AT RAANANEE AN AL

5 8§ 10 12 ™ 16 18 20

FIG. 1. Example of diagram that contributes to p,, .
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Summing, we obtain the series

pt=—A{1-=Jewau] 1+§( ) 0]}, a3

where p, is a sum of diagrams, each of which consists of a
straight-line segment on which d braces—dashed lines—are
placed. To each straight-line segment between nearest inter-
sections of the straight line and a dashed brace or between
the end of the straight-line segment and the adjacent inter-
section with the dashed brace there corresponds a factor
—xG,(Ay), Ay =Yy,, —Ym_1, if the given straight-line
segment is not spanned by any brace or is spanned by a brace
that intersects with other braces (at least one of them). The
segment spanned by a brace that does not intersect with any
other brace corresponds to a factor — x[G,(Ay) —G(») ],
where G, () is a renormalized propagator. In the k-repre-
sentation we have G, = (k% + ¢*) ', and in the r-represen-
tation G, (r) =e~%/r at d =3 and G, (r) =K,(gr) at
d =2, where K,(p) is a modified Bessel function of imagi-
nary argument and ¢g°> = x + 1. Just as before, the mth point
on the diagram corresponds to the mth-trap radius vector y,,
over the values of which the integration is carried out, while
the brace is a § function of the appropriate arguments. Fig-
ure 2 shows a typical renormalized diagram.

Summing all the diagrams that break up, on cutting one
of the straight-line segments, into a product of diagrams not
connected by dashed lines, it can be shown® that in systems
of any dimensionality we have

p(M)={[1tz(1+2(A) 1}, (14)

where x = 4raDne**/A in 3D systems and x =27nD/
AKy(xa) in planar systems, while the function g(4) is equal
to the sum over the irreducible diagrams, which is calculated
in accordance with the rules set forth above.

In 3D systems, the summation corresponds to a change
toanew variabled ' = A + s, wheresis a pole of the function
p(4) calculated in the Smoluchowski approximation.

The functions g(A4) contains corrections, small together
with the parameter a, to the Smoluchowski solution. The
Appendix contains the first five irreducible diagrams that
contribute to g(4). It can be seen that each succeeding cor-
rection is small in terms of a and is at the same time more
singular as A ' — 0 compared with the preceding one. In first-
order approximation in @ we have at xa €1

o (M) ={A+4naDn+4na*n[D(4naDn+r) 1"} (15a)
and accordingly
p(v)=e"*""% erfc[ (at)"] (15b)

in 3D systems and

2anD [

o ={a+ )

In(1+2nnD/AK,(xa)) 1\
2K, (»a) ]} (16)

in planar systems. Expressions (15) and (16) were obtained
in Ref. 9.

FIG. 2. Example of renormalized graph.
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Analysis of the general structure of the perturbation-
theory series leads thus to the conclusion that in 3D systems
expression (15a), which was obtained in first-order in «, is
meaningful at (1 — s)/s>a. The sum of the contributions
from the simplest loop-free diagrams correspond to the Smo-
luchowski theory, which is an an analog of a certain variant
of the mean-field theory, and the first correction g to the
“mass operator” is the sum of the single-loop diagrams.

It must be noted that the singularities in the higher
terms of the perturbation-theory series for g(1 ) become sub-
stantial at |1 — s|/s=a, which corresponds to the time in-
terval7>a~'. Atd = 3 and (4 — 5)/s>a the perturbation-
theory series yields converging corrections to the rate
constant calculated by Smoluchowski, the first of which is
negative and has an absolute value 47raDna.

The Green’s function in first order in « is equal to

p(k, A)=[ko+2+(ad)"], (17)

where 4 = (1 —s)/5s. Consequently, in this approximation
the mean-squared displacement (r*(¢)) is equal to
(r*(t)) ~t'? as t— . A similar dependence was obtained
in Ref. 22 for the problem of the mean squared displacement
of a particle that wanders over a lattice with blocked sites
whose concentration is equal to the uncorrelated mobility
threshold. In the approximation corresponding to (17), an
infinite cluster at the critical point constitutes a linear chain
that is randomly distributed in space. The number of un-
blocked neighbors of an unblocked site is assumed to be iden-
tically equal to unity—the average number of unblocked
neighbors of an unblocked site, i.e., branchings are neglect-
ed. The average mean squared displacement of a particle
along such a chain is equal to {/2?) ~z. The mean squared
distance between the ith and jth sites is equal to
((r; —r))®)=|i — j| = I. Accordingly, (r*(¢)) ~I~t'/2.

The problem of calculating p(A4) is very close to the
problem of the spectrum of a particle in a random potential
of repelling impurities.’* The perturbation theory set forth
above describes well the continuous spectrum far from the
boundary A =s. We modify below the perturbation theory
so as to obtain a description of p (¢) at arbitrary ¢. The contri-
bution of the states close to the boundary A = s, which in
principle cannot be described by a theory of the perturba-
tion-theory type, made to the expression for p(¢) in 3D sys-
tems, turns out to be small for all ¢t if a € 1.

3. MODIFIED PERTURBATION THEORY. ASYMPTOTE AS
t-

We change the order of the averaging over the trap posi-
tions R; in expression (10) for p(A4) in the following man-
ner. We fix the distance between the origin (the starting
point of particle 4) and the nearest trap B, i.e., we fix
|Rix | =R, where k is such that |R, | =min|R,|, i=1, 2,
...N. The distribution over R in a Poisson ensemble was in-
vestigated in detail in Ref. 23. We denote the result of aver-
aging the function p(4,,[R;]) over all R, such that
|R;| >R at a fixed value |R; | = R — p(4,R). Retaining the
zero-loop diagrams in the expansion of p (4,R) in terms of «,
we get

o0, R=2 0utwn)a, (18)
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where
Qe=p0, Qui1(y,7)
——4nDan | dy Q. (y, 1) 6.(y—2, 1) n (2) da,
(19)
G(y,A)=|y|~" exp(=A"yD-"),
(1 if  |z|>R
"(“)'{o if  |z|<R

It is shown in Ref. 24 that the sum of the series (18) coin-
cides with the solution of the equation

po+DAp—[A+4nDann(r) 1o=0. (20)

Generally speaking, the potential in (20) should be supple-
mented by a term 6(|r — R | — a), which corresponds to a
selected trap B (closest to the origin). It is easy to show,
however, that at 7>« or, equivalently, ¢>a?/D, the poten-
tial of the separated particles has practically no effect on
pA).

Equation (20) is similar to the Schrédinger equation
for an electron in a potential well. Atd = 3 its spectrum has
at least one discrete level if 167~ 'naR 2> 1. The correspond-
ing well width R, = a (167~ 'na®) ~'/2 exceeds substantially
the average distance between the traps

D=(3l4n)n~",  R/{D>~o'h (21)

With logarithmic accuracy, the density of the fluctuation
wells of this distance is equal to y = exp( — 7°/24a'/?). The
inverse Laplace transform of the solution of Eq. (20) is

p(t)=I,(t)+1.(¢), (22)

where
L(t)—4n | dr [ B GRW (RB) Y exp(—rit) 4 (0)9: ("),
R, M

Ry
L(t)=4x ) W(R)L[p(, B) 1R dR;

here W(R) is the distribution function of the distance to the
nearest neighbor in the Poisson ensemble, the summation is
over the discrete spectrum of the eigenvalues 4; of the equa-
tion conjugate to (20), ¥; are the corresponding eigenfunc-
tions, and L ~'[...] is the inverse Laplace transform. At
r<a~'and a €1 the function I, (¢) coincides with the Smo-
luchowski solution. The corresponding corrections to the
mass operator g(4) are small, since the corresponding re-
gion of A is determined by the inequality (4 — s)/s>a. At
t>a " an important role is assumed by the nonanalytic so-
lution p (4,R) near the pole A = 5. However, the presence of
the factor e =% in the expression for 7,(¢) causes /,(¢) to
decrease at large t much more slowly than 7,(¢), while I, (¢)
becomes leading in the sum (22) at 7>a~'/?, i.e., at times
much shorter than those at which the non-analytic character
of p(4,R) becomes substantial.

The smallest eigenvalue A, in (22) is equal to the
solution of the equation®

sin[(A/D)"’R]=:!:(4nna3)—"’(7»/D)"’a. (23)
At 47> 1, the main contribution to I, (¢) is made by the term
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with A_;,. At R> R, we have

n*D  2R,D (Ho
7\1mi-n=—é'z_- B +...0 )

R (24)

In this limit the integral with respect to R in the expression
for I,(¢) can be calculated by the saddle-point method. Rec-
ognizing that In W(R) = — 4/37nR 3, we get

—Inp(t)=c;t/sa""s[1—cy(a1?) "o+, ..],

(25)
a=(2)7 a=3(L)"
o3V 0 P s\l
The value of R that maximizes the integrand, viz.,
R.=(nDt/2n)", (26)

is the region of localization of the particle 4.

The first term of (25), which is the leading one for long
times, is the known asymptotic expression Inp(t) =n*
(d+2)4d/(d+2) first obtained in Refs. 19 and 5. The second is
a correction for the finite depth of the well. Similar correc-
tions were obtained by the replica method in Refs. 26 and 27.

The density of the reactant 4 in a three-dimensional
system, in which uniform multiplication of 4 takes place ata
rate constant X, , in parallel with a vanishing in the traps, of
the immobile particles B, varies with time in the following
fashion (see Fig. 3). If k,, > 4manD, an increase of the den-
sity is observed, viz., C, (¢) = C, exp[ (k,, — 4mRDn)t].In
the opposite case 4mranD > k,,, the density of 4 increases
during the initial stage in accordance with the relation

Ca(t)=Co(1—Y)exp[—(4nanD—k,, )t] + Co¥>

where C; is the initial density of the reactant, y is a small
quantity,In y = — 7°/24a~"/2. Complete fading C,, () =¥
is observed in the system in a wide time interval
1<7<a~""2 (Atsmall q, the quantity ¥ can as a rule not be
recorded in experiment; see Ref. 28, however.) At arbitrar-
ily small k,, but sufficiently long time, an exponential in-
crease of the density of 4 is observed in the system: C, 4 (1)
=y exp(k,,1).

It should be noted that the survival time of a given parti-
cled, equaltodF /30 |,_, [see Eq. (4)], variesat r € —!/?
inanalogy with the function C, (¢) with C, = 1, but does not
increase at 7> @~ '/? and tends instead to a constant value y.
Consequently, the fluctuation effects cited in the present pa-
per can be observed only in sufficiently large systems for
which C,V'>exp @~ /%, where V is the total volume of the
reaction system. A transition to the thermodynamic limit in
the derivation of the fluctuation asymptotes is valid only for
such systems.

y(%)

G,(0)

t
FIG. 3. Density evolution in a system with average multiplication rate k,,,

smaller than the average rate 47naD of annihilation by immobile traps:
l—exp[ — (47Dan — k,, )t1, 2—y exp(k,, 1).
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We note also that the point A = A,;, (R), where R de-
pends parametrically on the time in accordance with (26), is
not “dangerous” from the standpoint of the diagrammatic
expansion. The propagator of the localized particle de-
creases exponentially over distances larger than R, and the
corrections to the zero-loop diagrams are not singular.

It will be shown below that the singularities of the kinet-
icsin a system with multiplying particles 4, which react with
mobile traps B, are determined by the Gaussian fluctuations
of the density of B if the average rates of multiplication and
annihilation are equal. The influence of the fluctuations on
the reaction kinetics manifest themselves in reactions such
as recombination of particles of two types.

4. DIFFUSION-CONTROLLED REACTION A+ 8- PRODUCT
AT EQUAL AVERAGE CONCENTRATIONS OF 4 and B

The concentrations of the reactants 4 and B (C, and
Cp, respectively), satisfy in the system considered the equa-
tions

0Ca(r, t)[0t=—-kCa(r, t)Ca(r, ) +DAsACA(r, t), (27a)
0Cs(r, t)[0t=—kCa(r, t)Cs(r, t)+DsACs(r, t). (27b)

At D, =Dy = D,/2, following Refs. 4-6, we subtract
(27b) from (27a). We obtain for the difference
Z(rt) =Cy(rt) — Cy(rt)

0Z(r, t)[0t=D.AZ(r, t). (28)

The initial distributions C, (7,0), Cg (#,0) and accordingly
Z(r,0) are random functions whose properties are deter-
mined by the method of preparing the reacting system. In the
case of instantaneous generation of the reactants, the distri-
bution can be approximated for a large number of systems by
a Gaussian-correlated one. The case of generation by a sta-
tionary Poisson source was investigated theoretically in Ref.
29. The average density C, (t) = (C, (r,2)) = (Cyz(nt))
= Cp () as t— oo was calculated in Ref. 5 to be

C.(t)=C" ()=<|Z(r, t)|>/2. (29)

In Ref. 7, by breaking the chain of linked diffusion-kinetic
equations for the central moments of fourth order of the
distributions C, (7,¢) and Cg (r,t), a similar result was ob-
tained, which duplicates the intermediate Smoluchowski as-
ymptote

C.(t)=C,(1+kCot)—?,
and yields as t— «

Ca(t)=CUt)=<Z*(r, t)>"/2. (30)

We shall show that Eq. (29) gives the lower bound of C(¢),
and Eq. (30) gives the corresponding upper bound, i.e.,
C* (t)>C(t)»C' (¢). Since the ratio (|Z |)/(Z?)"/? for a
Gaussian distribution is the constant (7/2)!/2, the results of
Refs. 5, 7, and 29 yield the exact relation C (¢) ~¢~9/* for
instantaneous generation and C, (t)~¢ ~'/* at d =3 for
generation by a stationary source.
The lower bound is obtained right away. Obviously,

ICA(rv t)—Cx(r, t)]<|ca(7‘7 t)|+|CB(r7 t)‘
Consequently

2C, (1) =<Cu(r, t)>+LCu(r, t}>=<|Z(r, t)|>.

S. F. Burlatskir and A. A. Ovchinnikov 912



To obtain the upper bound we substitute the definition
Z(r,t) in Eq. (27a):

0Ca(r, t)]0t=DACs(r, t)—k[CA%(r, t)—Ca(r, t)Z(r, t)].

(3D
Averaging both sides of (31) over 7, we get
dCldt=—kS[Ca(r, t), Z(r, 1)], (32)
where
s=_117 [arlc.e,ty—Catr,0)2(r 1) 1dr. (33)

The operator D, A does not alter the average density in a
closed system (at zero fluxes through the boundary), but
does affect the correlators (C, (r,t)Z(r,t)) and [C, (7,t)
— C(2)]?, influencing thereby the reaction kinetics.

Obviously, C,(¢)<C*(t) if C,(0)=C%(0) and
dC¥%dt= — kS*[C*], with S*[C(2)]<S[C, (1),
Z(r,t)] for any distribution C, (r,¢) that meets the condi-
tion

CA(t)=C(t)=~:7_‘- C,(r,t)dr. (34)

The functional S [C(#)] is equal to the rate of the reaction
in a system in which the total number of particles 4, equal to
C(t), is so distributed that the reaction rate is a minimum at
a given distribution Z(r,t). Minimizing the functional (33)
with the additional condition (34), taking the identity
§Z(r,t)dr =0 into account, we get

Ca(r, t)=C(t)+Z]/2, (35)
and consequently
dc* /dt = — k{[C* () 1*=Z(r, 1) /4). (36)

Since | dZ2/dt |<k( Z7)3/* as t— o for the systems con-
sidered in Refs. 5, 7, and 29, the asymptotic solution of (36)
is determined by the function

C () =[Z(r, t)]"/2. (37)

5. STATIC RECOMBINATION

An interesting particular case of the influence of fluctu-
ations on the reaction kinetics is that of the kinetics of the
static recombination of unlike particles. This problem is of
importance in many applications, particularly for the inves-
tigation of the kinetics of annealing of point defects in solids.
The process of static recombination is defined as follows. Let
N particles 4 be initially located at the points R;, and N
particles B at the points R, i, j = 1,2,...N. After a short time
interval 1<t '<t + dt each particle 4 (B) that has not reacted
by the instant of time can react with a probability, with a
particle B (4) that has not yet entered into a reaction, pro-
vided the distance between these particles is in the interval
I<l'<l + dl. The reacting particles are removed from the
system. We define 7, (7;) as equal to unity if the particle 4
(B) initially located at the point R; (R;) had not reacted by
the instant of time ¢, and as equal to zero if it did react. The
probability that 7, >0 (7; > 0), which is the mean value of 7;
(7;) over the realizations of the random process of annihila-
tion at fixed R; and R;, is equal to
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T (t)= exp( - S dt"’z -r,-(t’)o[R,—Rj]dt’) , (38a)
1;(t)= exp(— jdt'z 1:(t")o[R,—R;]dt’ ) (38b)

In problems dealing with static annihilation at a suffi-
ciently rapidly decreasing function o (/) [for example, in the
most prevalent case of the exponential decrease
o(l) = gge ~'7%] an effective approximation is the so-called
black-sphere approximation.?®*! In the framework of this
approximation, two particles 4 and B that have not entered
into a reaction by the instant ¢ and have respective centers at
the points R; and R;, will react with each other within a time
interval 1<t ’'<t + dt with unity probability if |[R;, — R, |<R;,
and will not react in the opposite case. The effective radius
R, of the black sphere is determined from the relation
to(R,) =1.

An approximation of the mean-field type is equivalent
for this problem to the assumption that the distribution of
the reagent particles remains of the Poisson type during the
reaction, (i.e., the correlations are neglected). In this ap-
proximation, the average density of the reagent obeys the
equation

Ca(t)=C4(0)exp(—4nCaR/3),

where C, (0) is the initial concentration. At large R,, such
that C,, (0)R ¢> 1, we have in this approximation, with loga-
rithmic accuracy,

CA(t)NCA(O)/th, (39)

i.e., one reactant particle remains on the average in a volume
with a linear dimension R, . For an exponential decrease of
o(l) we have

Ri=aln(oet), Cai(t)=[aln(a,t)]-"

It can be shown that expression (39) describes correct-
ly the asymptotic behavior of the annihilation of particles of
like type, 4 + A —Product, whereas allowance for the fluc-
tuations of the density in the case of a reaction between the
particles 4 and B leads to a slower dependence. The random
excess of one of the reactants in a d-dimensional sphere of
radius R, is proportional to [ V,R ¢X C, (0)]'/?, where ¥,
is the volume of the unit d-dimensional sphere. Reasoning
similar to that presented above yields

Co‘/z Co‘ln

77 Taln (o) 172 (40)

C.()=

in the limit C,[a In(oyt)]¢ > 1.

6. REACTION OF THE A-MULTIPLICATION TYPE,
OCCURRING IN A SYSTEM WITH DIFFUSING TRAPS

It is customarily assumed that in a system with a small
parameter a the reaction of the particles 4 with mobile sinks
B, for which (D /D, ) >a'’?, are correctly described in the
Smoluchowski two-particle approximation. In this approxi-
mation, the density 4 in a system with multiplication and
annihilation is given by

p (t) =po exp[ — (k,—4naDn)t—(4naDnat)™] (41)
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accurate to terms small compared with Dt /a® in the argu-
ment of the exponential.

If the average multiplication rate k exceeds the average
rate of annihilation in the traps, multiplication and an expo-
nential growth of 4 take place in the system. Conversely, if
the average annihilation rate is larger, the average density of
A decreases exponentially. A nontrivial situation arises
when the average annihilation rate is exactly equal to the
average multiplication rate: k,, = 4wDan. Expression (41)
predicts in this situation a slower than the exponential,
p(t) =p,exp[ — (ar)'/?] particle vanishing. By analogy
with the preceding sections, one should expect allowance for
the fluctuations of the density of B to lead to an effective
increase of the survival probability. It must be noted that
fluctuations of the multiplication rate cannot compensate
for the influence of the fluctuations of the annihilation rate,
since they act on the asymptote p(#) in one and the same
direction. The probability of observing an 4 particle is high-
er in those sections of the system where the fluctuations lead
to local increase of the multiplication rate and to local de-
crease of the annihilation rate.

In a system with mobile traps B, their diffusion causes
the fluctuations of the density of B to become smeared out in
a volume with linear dimension /~ (Dyt)'/2. The effective
excess of the rate constant is therefore 4maDn(6n/n), where
&(n)/n is the characteristic relative fluctuation of the den-
sity of B, equal on the average to 8(n)/n~ (nl)~"'? and
having a Gaussian distribution. One can accordingly expect
the effective annihilation rate constant to vary like
4aDn[1 — (a/7)"/?], and this will lead to a situation that
is the converse of that predicted by (41), viz., a slow growth
of the density of 4 is expected in a system with equal rates of
multiplication and annihilation. We report below a more rig-
orous investigation of this situation.

A formally exact expression for the average density 4 in
a system with mobile traps B (without multiplication) can
be expressed in the form

p (1) =po <EA° { HEB"/{exp[— jdt' Viza(t)
—5@)1[}}),

(42)
where E % {F} is an integral of the functional F[x(¢)], in a
Wiener measure, of the trajectories of the particle 4, with a
diffusion coefficient D, . The trajectories begin at the origin
x(0)=0,E 2" is an integral over the trajectories x; (¢) of the
Jth B trap and start out from the point R;, x; (0) = R;, and
the angle brackets denote averaging over the Poisson distri-
bution of the initial positions R; of the traps, a distribution
characterized by an average density #, p, is the initial density
ofd, V(r) =0at |r|>a,and V(r) = « at |7| <a.

Averaging over the Poisson distribution for R; yields

o(t) =poEA°{exp(—nEB{ j( exp[ -5 dt'V(za(t)
—z5(t')—R) ]—1)dR})}. (43)

A very simple estimate with the aid of a Peierls-type
inequality leads to the following inequality for p(¢):
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p(t) = poexp [ —nE;’{ EA"{ 5 [ exp( - f at’' V(za(t)

—ay(t)—R) )-1]ar}}]. (44)

It can be shown with the aid of the Feynman-Kac formula
that

E,° {IEB" {exp [— 5 V(za(t')—zs(t")—R) dtl]} }

=5 G(0,R;r,t)dr, (45)
where G(O,R; r,t) is the Green’s function of Eq. (1) with
corresponding boundary conditions and with the initial con-
dition p(r,t)|,_o =8(r — R). It follows from the Gauss
theorem and Eq. (45) that

Eﬁ{EQ{j[exp[— jdt’ V(za(t)

—z5(t')—R) ]— 1] dR} }= tjdt’ k),
(46)

where k(¢') is the reaction rate constant calculated in accor-
dance with the Smoluchowski procedure. Thus, the obtained
Smoluchowski (mean-field) solution gives the lower bound
of p(2). Itis of interest to note that in the limit as D, —0 the
path integral E,{F[x, (¢)]1} tends to f [x(0)] and the in-
equality (46) turns into an equality, i.e., in this limit the
Smoluchowski solution yields the exact answer. In this limit,
the fluctuations become equalized within a time ¢ in a vol-
ume having a linear dimension /~ (D ¢)'/2, which is exactly
equal to the linear dimension over which, according to Smo-
luchowski, an equilibrium effective depletion of the particles
of one reactant takes place near a particle of the second reac-
tant. At D, 50 there appears a second characteristic linear
dimension, equal to (D,¢). In the limit D,/Dy — o the
fluctuations of the density of B alter substantially the p(¢)
asymptote as — «. In the intermediate situation 1>Dgz/
D,>a'? large-scale small (Gaussian) fluctuations with
characteristic dimension (Dyt)'/? become substantial.

The reaction rate in a system with traps whose density
varies on account of diffusion processes is determined by the
following system of equations:

dp (r, t)/0t=DAp(r, t)—k.p(r, t)Cs(r, t),
(47a)
8Cs(r, t)/0t=DsACx(r, t),

P(ry t)|t=o=6(r)1 CB(T, t)!¢=o=no(r), (47b)

where n,(r) is a Gaussian §-correlated field with mean value
n. Equation (47a) with a static Gaussian potential Cj (7)
and a Gaussian potential that evolves in accordance with
laws that differ from (47b) was recently investigated in
Refs. 32 and 33.

The solution of the set (47) can be expressed with the
aid of the following integral over the paths of the particle 4:
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t

o) =p(r,)=exp(—n] k.t ),

t t

J.dt, jdt2 Gy (24 (t)—2,(ts), 8, H2y) ] },
0 0 (48)

C(t)= EA"{exp [k,zn

where

Ga(r, t)=e=/®2*[2(nDat) "] ",

The simplest lower-bound estimate for C(¢) is obtained with
the aid of an inequality of the Peierls type:

1

C(t)= exp{k.anA" [ j dt, j‘dt2 Gy (za(t)—z4(ty), t,+tz)] } ,

and consequently, at k, = 4ma(D, + Dy) we have
2an(DA+DB)2( t )"’[ 1 1 ]
Dy—D, n (D,+Dg)"  (2Dg)"*
(49)

InC(t)=

The estimate (49 is quite crude, but it does indicate the range
of parameters in which the system (47) with constant reac-
tion-rate constants describes satisfactorily the kinetics of the
investigated reaction. The nonstationary term in the right-
hand side of (49) exceeds the stationary term in the Smolu-
chowski expression (3) for the rate constant at D, > Dy,
i.e., one should expect the sytem (47) to be correct if the
diffusion coefficient of the particles 4 is not less than the
diffusion coefficient of the traps.

An exact lower bound for C(¢) can be obtained with the
aid of the variational inequality

C(t)=E" {exp(—H,[z4()])}exp(—<AH>), (50)

t 1,

<AH>=EA°{exp(—H,[.1:A(t)])[ k. nj dty ) dt, Gg (x4 (8y)

)
—aa(t), tett) — H,L2a01 ] }.

Choosing the trial Hamiltonian in the form
t

H,=o“j z 2 (t)dt,

0

where 0, has a parametrically monotonic dependence on the
time, such that

Dyt o .
lim— =00, lim—— (k)=
tve Oy 1> Dat

for any >0,

we obtain
(H,[z4(t) DHInEx{exp(—H,[za(t)])} ~*Dat/o/?,
t
kin <j dt,j dt, Gg(z,(t,)—z.4(t,), t,+t2)>
[ [
=8(s/2) " (2%—1)a*(D,+D;)*Dy " t*,
and consequently
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2% —1 ( D,+D, )"‘( at )1"’
me@=2 (2222 ) (2E)
nC() 2 Dy bt

where t=4n(D,+D;)ant. (51)
The upper-bound estimate is obtained directly. Obviously,
Gelza(ty)—2z4(ty), t,+8,1<G5(0, t,i+t,)
and consequently
t t
ci)< exp[ k2n jdt, jdt2 G5(0,t,+t,) ]

S N C N IR

The estimates (51) and (52) coincide; consequently the
function

p(t)= exp[—— r+(2—2"’)(D—:;:-)—) ( O-:—) ' ] (53)

is an asymptotically exact solution of the system (47), a so-
lution of independent interest regardless of the problem con-
sidered here. If the average rates of multiplication and anni-
hilation by the traps are equal, &k, ¢t = 7, the average density
of the particles 4 in the system is determined by the second
term in the argument of the exponential of Eq. (53).

CONCLUSION

In the first three sections of this paper we constructed a
perturbation theory that describes the survival probability of
a particle diffusing in a system with immobile traps. The
Smoluchowski intermediate asymptotic corresponds to free
diffusion of particles with mean-squared displacement
R?~D,torelse to a continuous spectrum in the language of
the problem of an electron in a random medium with repel-
ling impurities. The long-time asymptotic is determined by
localized states with R2~ (D, t)¥““+? [see Eq. (26)].
These states correspond to a particle A that did not leave
even once a spherical region having a size R and containing
not even one trap. The perturbation theory developed in the
paper for small @ converges both in the region of deep local
levels and in a continuous spectrum far from its boundary.
The region in which the perturbation theory diverges is a
narrow interval near the boundary of the continuum—the
mobility threshold. The states close to the threshold at small
a make a small contribution to the survival probability in the
entire time interval. The rate of establishment of the asymp-
totic regime is given by the expression

In p(1) =—cot0 [ 1—es(ar?) =]

The region of Gaussian fluctuations on the boundary of
the continuous and discrete spectra is important not for the
problem of survival in a medium with traps, but for the local-
ization problem. In terms of the latter, the perturbation the-
ory developed in the first section predicts a nontrivial time
dependence of the mean squared displacement of a particle
having an energy equal to the mobility threshold,
R %~ (D, t)"% This dependence is not an exact answer, but
points to the existence of a scaling region and has a lucid
physical meaning.

For the problem of diffusion with multiplication and
annihilation by immobile traps, the diagram technique de-
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veloped in this paper makes it possible to express in explicit
form the time dependence of the reagent density accurate in
first order in a. If the average multiplication rate is less than
the average rate of annihilation in traps, k,, < 47D ,an, this
dependence is not monotonic. During the initial stage, the
density decreases to a small value ¥ = exp( — 7°/24a'/?)
that obeys the formally kinetic law

C(t)=C(0)exp[— (4naD n—k,)t].

After long times, a “burst” takes place in the system, an
exponential increase of the density in the form
C(t) =y exp(k,, t), and the corresponding li induction time
T, is long in systems with small a: T, = (47maD na'/?)~".

The possibility of a nontrivial change of the reaction
kinetics with temperature must also be pointed out. If the
activation energy of the diffusion coefficient of particles 4 is
much lower than the activation coefficient of the diffusion of
particles B, it may turn out that D, /Dy <a~'/? at high tem-
peratures and D, /Dy >a~'/? at low ones. If k,, <4maDn,
the trap diffusion at high temperatures will smooth out the
fluctuation effects, and only an exponential decrease of the
density of the particles 4 will be observed in the system. At
low temperatures, when the particles B can be regarded as
immobile, a “burst” at long times should be observed in the
system at the same ratio of the average multiplication energy
and average annihilation rate. Note that at D, >Dj the
quantity Dy does not enter at all in the formal-kinetics equa-
tions.

In contrast to the reaction in a system with immobile
traps, for which an important role is played at long times by
the Poisson character of the distribution of one of the reac-
tants, in a system with diffusing traps D, /Dy <a~'/? the
decisive role is played by Gaussian density functions. Reac-
tions of the recombination type do not alter the local concen-
tration difference Z(r,t) of A and B (Refs. 4 and 5), and this
difference evolves only as a result of diffusion processes. For
a number of cases of practical importance,*”?*3* the mo-
ments of the distribution Z(7,¢) can be accurately calculated
in explicit form. In Sec. 4 of this paper we have shown that if
the derivative

|dZ*(r, t)[dt|<[Z%(r, t) 1 and |Z(r, t)/[Z*(r, t) ]"|=const

as t— o, the function C(¢) =~[Z?(r,t)]'/%/2 describes as-
ymptotically correctly the kinetics of the reaction. For the
problems investigated in Refs. 4-7, 29, and 34, this condition
is met. For instantaneous independent generation of 4 and B
we have C(t) ~t ~?/* (Refs. 4-7), and in the case of genera-
tion by a stationary source?® we have C(¢) ~t ~'/%atd = 3.
The analysis, presented in Sec. 5, of the asymptote of the
reaction of static recombination, with an exponential distri-
bution of the reaction probability over the distances, yields
C(t)~(lnt) =472,

In the sixth section, the average density p(¢) of a reac-
tant diffusing in a system with mobile traps is formally exact-
ly expressed in terms of a path integral. It is shown that the
two-particle Smoluchowski approximation yields the lower
bound of p(¢). An asymptotically exact expression was ob-
tained for the survival probability of a particle that diffuses
in an absorbing medium in which the absorption probability
obeys the diffusion equation and has initially a Gaussian -
correlated distribution. In systems in which the average
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FIG. 4. Graphs corresponding to first corrections to the mass operator.
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rates of multiplication and annihilation on mobile traps are
equal, and in which k,, =4ma(D, + Bg)n and D, > Dy,
the solution obtained predicts a slow growth of the average
density in accordance with the relation

whereas the Smoluchowski two-particle approximation pre-
dicts a decrease like In p(t) = — 2(ar/m)"'% For systems
with moving traps, the induction period needed to reach the
fluctuation regime is equal to T, = [47a(D, + Dg)nal .

APPENDIX

Figure 4 shows several irreducible graphs that make a
contribution g(4) to the mass operator in Eq. (14). The
contribution of the first graph is

gl=Z_(ax')]/zv
where
A =M4nnDa, (ah)*=xa, Z={a[A +exp(ad’)]}".

The second term in the expression for g, is cancelled by the
corresponding term that appears when ¢** is expanded in the
expression for x; this lead to Eq. (15a) for the first approxi-
mation in p(4).

The contribution of the second irreducible diagram di-
verges logarithmically for small ». Allowance for effects of
the excluded-volume type, in which the particle 4 was ini-
tially unable to be present in a volume occupied by traps, as
well as in the fact that the traps do not overlap in space, lead
to cutoff at small 7, which yields

g:=a Ei(—3Z)exp[(ar™)],

where Ei is the integral exponential function.
With the excluded volume taken into account we have

. L
—_—71y2 ") y 15
g2 expl2(ar) "] | @ arotg?] 2(k,+1)

+ aexpl (@A) "] [exp(—4Z)+Z Ei(Z) ].

The leading terms of g, as Z—0 are equal to
g.=const Z~*{a exp[(ar’)]}°.
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