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A method of calculating the angular distribution of the radiative energy losses of axially 
channeled ultrarelativistic electrons in single crystals is proposed. The method is based on 
classical theory and takes account of the multiple scattering. The results obtained in computer 
calculations for silicon are compared with the experimental data. It is shown that the energy of 
the radiation emitted by the channeled electrons in a direction of angle smaller than the critical 
channeling angle is much greater than the contribution of the quasichanneled electrons. The 
major portion of the radiative losses of the quasichanneled electrons occurs at angles two to 
five times greater than the critical angle, and the mean angular density of the energy of the 
radiation emitted by them is several times smaller than in the case of channeled electrons. 

1. INTRODUCTION 

Much attention has been given in the last few years to 
the investigation of the phenomenon, predicted by Kumak- 
hov,' of radiation emission by relativistic electrons interact- 
ing with a crystal in the channeling regime. The most diverse 
and complete experimental data have been obtained in the 
electron-energy regions from I6 to 56 Mev in the case of 
planar, and 1 to 6.8 MeV in the case of axial, channeling in 
silicon crystals, diamond, and structurally perfect alkali-ha- 
lide crystals.24 The main characteristic of the radiation 
emitted by electrons in these energy regions is the presence in 
the radiation spectrum of isolated intensity peaks corre- 
sponding to the allowed transitions between the bound states 
of the electrons trapped in the channel. Much attention has 
been given also to radiation-spectrum calculations in these 
regions of electron energies. The most complete review of the 
theoretical and experimental data is contained in Ref. 5. 

In both experimental and theoretical investigations the 
total radiative energy losses of, and the polarization of the 
radiation emitted by, the bound electrons are studied. The 
radiation emitted by the electrons that are not bound in 
channels has in this case the form of a "base" of almost uni- 
form intensity in the entire frequency region of the radiation 
emitted by the bound electrons, and can easily be identified 
in the measured spectra. As a consequence, virtually no in- 
vestigation of the angular radiative-loss and emission distri- 
butions for the unbound electrons has been carried out. 

As the electron energy increases, the number of bound 
states in a channel increases, and the isolated intensity peaks 
draw together and merge into a continuous spectrum, so that 
the separation in the measured emission spectra of the con- 
tributions of the bound and unbound electrons is difficult. In 
contrast to the investigations in the region of low electron 
energies, in the case of the region of energies of the order of 1 
GeV an experimental estimate of the contribution of the ra- 
diation emitted by the channeled electrons6 led to the up- 
surge of interest in the radiation emitted by the unbound 
electrons.' In these investigations the dependence of the 
spectral characteristics on the angle of incidence of the elec- 
trons relative to the channel and the angle of collimation of 
the photon beam is used to identify the radiation and deter- 
mine the mechanism underlying its generati~n.~.' 

Such a situation imposes extremely stringent require- 

ments for accuracy of computation of the spectral and angu- 
lar characteristics of the radiation emitted by each of the two 
groups of electrons. But because of the great computational 
difficulties that arise when sufficiently complete theories are 
used, systematic investigations of these characteristics have 
not been carried out. The usual practice has been to either 
compute only the total radiative losses of one of the groups, 
or carry out calculations for some characteristic angles and 
the photon collimation angles that have been used in experi- 
mental measurements.'-' ' 

In the present paper we describe a procedure for com- 
puting within the framework of classical electrodynamics 
the angular distribution of the radiative losses of electrons 
with energy B )  1 GeV under conditions of axial channeling 
of the electrons in a single crystal. As is well known, the 
classical description is inapplicable in this energy region. 
The computation of the particle distributions over the trans- 
verse energies and the angular momenta as functions of the 
depth of penetration into the crystal is based on the solution 
of the kinetic equations describing the dechanneling due to 
multiple scattering by the atomic electrons and the thermal 
crystal-lattice vibrations,I2 and therefore the theory is appli- 
cable in both thin and thick crystals. The theory is oriented 
towards the use of the standard numerical methods in the 
performance of specific computations. The computational 
formulas presuppose the use of an arbitrary approximation 
for the potential of the crystal atoms. The method can easily 
be adapted for calculations of the spectral-angular charac- 
teristics of the radiation. The results obtained in computer 
calculations for the radiation's angular characteristics and 
their dependence on the electron energy and crystal thick- 
ness are discussed and compared with experimental mea- 
surements. 

Below we use Beloshitskii and Kumakhov's terminol- 
ogy,I2 which emphasizes the origin of the electrons in ques- 
tion: all the particles in a bound state in a channel are called 
channeled particles; all the unbound particles in definite 
channels, quasichanneled particles. 

2. COMPUTATION OF THE RADIATIVE ENERGY LOSSES OF 
ELECTRONS IN THE AXIAL CHANNELING REGIME 

As is well known, in the case of entry of realitivistic 
electrons into a crystal at an incidence angle of the order of 
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several critical channeling angles (i.e., several $, = (2Ec/ 
E)'I2, where E, is the depth of the channel potential well) 
relative to a crystallographic axis, we can approximate the 
channel potential by the electrostatic potential of contin- 
uous atomic chains.13 The electrons trapped in bound states 
by the field of the atomic chains move along the direction of 
all the chains, and therefore the axis of symmetry of the radi- 
ation, averaged over the electron flux, coincides with the 
direction of the chains. The electrons that are not trapped in 
bound states for the most part preserve their direction of 
motion, which is determined by the incident beam, and the 
direction of the radiation emitted by this group of electrons 
coincides with the direction of the electron beam. Thus, 
when the incident electron beam is not parallel to the atomic 
chains, the directions of the radiations emitted by the chan- 
neled and quasichanneled electrons do not coincide, so that 
the radiation distribution is asymmetric. 

The potential of the atomic chain of an axial channel of 
effective radius r, = (n-Nd) - ' I 2 ,  where N is the atomic den- 
sity in the crystal and d is the mean interatomic separation in 
the chain, has the form14 

co 

In this formula the electrostatic atomic potential V,(r) is 
averaged in the direction of the chain and P ( r )  is the ther- 
mal-displacement distribution for the atoms of a chain. Ac- 
cording to the Debye-Einstein model, the thermal displace- 
ment distribution for the atoms is Gaussian: 

where u, is the rms amplitude in one dimension.15 The con- 
stant C in ( 1 ) is given by the condition V(r,) = 0. 

In the approximation in which the potential of a contin- 
uous chain is used, we can consider the transverse relativis- 
tic-electron energy in the crystal to be a constant: 

where r is the distance to the nearest chain, m = ym, is the 
relativistic electron mass ( y  = ( 1 - u2/c2) is the Lorentz 
factor), and U = - eV is the potential energy of the parti- 
cle. In the absence of scattering the bound electrons move 
(with minimum and maximum distances to the chain) with 
period 

T ~ O X  

The maximum-in absolute value-angular momentum M 
is given by the matching conditions for r,,, and r,,, : 

where U,, ( r )  is the effective potential energy associated 
with the transverse motion. 

The radiation emitted by electrons in the axial channel- 
ing regime is unpolarized. To compute the angular distribu- 
tion of the radiative energy losses, we shall proceed from the 
well-known formulaI6 

- (4 -B2) (wn) 

where n is the direction of observation, w is the electron 
acceleration, and B = v/c. Because of the homogeneity of 
the bound-electron flux, the formula (7 ) should be averaged 
over the azimuthal angle p,  measured relative to the chain 
axis. The evaluation of the integrals yields a formula, accu- 
rate up to quantities of the order of y-', for the angular 
distribution of the density of the radiative loses per particle: 
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dQdz -=!{ ~'[2+ 2y2A" 
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Here 8 is the polar angle between a crystallographic axis and 
the direction in which the radiation is detected, dt is given by 
the integrand in (4) ,  and z = ct. 

Integrating (7)  over the solid angle O(p(2.rr, 0<9<8, 
we obtain a formula, accurate up to quantities of the order of 
yP2, for the radiative energy losses per particle in a given 
solid angle: 

d 8  e2y' pll - cos 8 (PI, - cos 8) sin2 8 -= -J{w2[ i+  dz 3c'T 
A 

+ 
2 ~ 2 ~ ~  

- 
3 (pll-P2 cos 8) sin4 8 3 sin2 8 cos 8 
d +- 
16 y4A" 4 y4A3 
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I 
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16 y6A5 A 2  
( 9 )  

The characteristics of the radiation emitted by the qua- 
sichanneled electrons can also be computed from the formu- 
las (8)  and (9) ,  but with allowance for the characteristics of 
the trajectories of these electrons. We shall, ignoring the pos- 
sibility of capture of some of the quasichanneled electrons in 
a planar channel and assuming the disposition of the chains 
to be disordered, consider the scattering of these electrons to 
be, as in the case of scattering in an amorphous body, iso- 
tropic over the azimuthal angles, measured relative to the 
beam axis. We shall limit ourselves also to the consideration 
of small angles of incidence of the electrons, and use of the 
potential (1)  and the formula (3)  in the channel closest to 
an atomic-chain electron. In this case we can replace r,,, in 
(4) by the value r, of the channel radius, and speak of the 
time of interaction with the chain in question instead of the 
period of oscillations. From (3)  it follows that the maxi- 
mum-in absolute value-angular momentum for quasi- 
channeled electron is equal to 
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As in the theory of electron dechanneling,12 it is assumed 
that the exchange of particles in the channels leads to the 
averaging of the particle distribution over the angular mo- 
menta, which is equivalent to additional averaging of (8)  
and (9)  over M. 

The parameters El and M completely determine trajec- 
tory segment traversed during an oscillation period or the 
time of interaction with the chain, and, consequently, the 
radiative losses. In the course of the computations a table of 
values of the radiation intensity density (or the radiative 
losses of the electrons) over a fixed difference grid of chan- 
neled-electron energies El and angular momenta M and 
quasichanneled-electron energies EL (with allowance for 
the averaging over M) for eight arbitrary polar angles 6 was 
computed prior to the solution of the kinetic equations and 
stored in the Axed memory of a computer. For the purpose of 
computing the angular characteristics of the radiation emit- 
ted by each electron group in a thick crystal, we summed the 
radiation emitted by all the electrons with the use of the 
particle distribution function 

d W  
-= jj d 2 8 ( E ~ 7  M ,  F (E,, M, Z) d ~ ,  d M ,  ( 1 1 ) 
dQ 0 E L G O  d62 dz 

for the channeled electrons, and similarly for the quasichan- 
neled electrons over the region El > 0. 

3. TRANSVERSE-ENERGY AND ANGULAR-MOMENTUM 
DISTRIBUTIONS FOR RELATIVISTIC ELECTRONS IN A 
CRYSTAL 

The variation of the distribution of the electrons over 
the transverse energies El and the angular momenta M a s  a 
result of the multiple scattering in the crystal by the atomic 
electrons and the thermal lattice vibrations is described by a 
distribution function satisfying a system of kinetic equa- 
tions.'' In the region EL (0 the distribution function for the 
channeled electrons satisfies the equation 

where T is the period, (4) ,  of the transverse motion. In the 
region El > 0 the distribution of the quasichanneled elec- 
trons is described by the one-dimensional equation 

At the boundary, El = 0, of the regions specifying the elec- 
tron groups, the solutions to Eqs. (13) and (14) are 
matched by the condition for continuity of the diffusional 
particle flux through this boundary. 

The diffusion coefficients, as determined with the aid of 
the local values of the multiple-scattering angle at points on 
an electron trajectory, have the form 

where the angle brackets denote averaging over the period of 
the transverse motion for the channeled electrons and over 
all the impact parameters in the case of the quasichanneled 
electrons. The relation between the diffusion coefficients 
and the rms multiple-scattering angle is considered in detail 
in Ref. 12, and a procedure for the numerical solution of Eqs. 
( 13 ) and ( 14) is described in Ref. 17. 

Calculations of the line spectra of the radiation in the 
region of low and intermediate electron energies and the 
comparison of them with the results of experimental mea- 
surements have shown that it is necessary to use fairly accu- 
rate approximations to the potential f ~ r  the crystal 

The results discussed below were obtained in cal- 
culations carried out with a program designed for use with 
an arbitrary approximation to the atomic potential and an 
electron-shell density profile consistent with the potential: 

where V,,,l is the Coulomb potential of the nucleus and A is 
the Laplacian. And although systematic calculations 
showed that, in contrast to the radiation characteristics, the 
distribution function for the electrons is little affected by the 
form of the potential, the computations were carried out 
with the use of the Moliere potential averaged over the ther- 
mal lattice vibrations ( 1 ) at a temperature of 300 K. 

The region of positive transverse electron energies was 
bounded by a quantity E y a x  of the order of 70Ec 
(E, = E$z/2). As the calculations showed, practically for 
any crystal thickness of interest to us and for electron ener- 
gies in the range from 1 to 10 GeV, the satisfaction of the 
inequality 

max F (E,""" , M )  < max F (E,, M )  , 
which indicates the correctness of the limitation of the infi- 
nite region of transverse energies, is guaranteed. 

4. RESULTS OF THE NUMERICAL COMPUTATIONS 

Numerical calculations that allow us to study the de- 
pendence of the angular distribution of the radiative losses 
on the channeling conditions were carried out for silicon 
single crystals of thicknesses up to 10 mm, under conditions 
of axial channeling of electrons with energies in the range 
from 0.9 to 10 GeV and angles of incidence $, 5 1.7$, , and 
for diamond single crystals of thicknesses up to 10 mm at 
electron energy 4.5 GeV. In this energy region the radiation 
emitted by the electrons is nondipolar: for the ( 110) direc- 
tion in Si the nondipolarity parametergb is y$, 20.96. 

In light single crystals of the diamond and silicon types, 
under conditions of small angles of incidence of the electrons 
relative to crystallographic axes and not too large angular 
divergence 8 of the electron beam, the electrons entrapped in 
bound states are greater in number than those not captured 
in axial  channel^.^^'^ The variation of the transverse energy 
distribution of the electrons as they penetrate into the crystal 
is depicted in Fig. la. The narrow transverse energy region 
- Ec <El GE$~,  */2, in which the initial distribution of the 

electrons is concentrated, broadens rapidly as the beam pen- 
etrates to a depth of the order of the dechanneling length, 
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which depends on the crystal type and on the orientation 
relative to the beam. The rapid decrease of the phase density 
of the electrons in this region is due to the large values of the 
derivatives of the distribution function and, consequently, 
the large magnitude of the diffusional flux. As the depth of 
penetration increases, the derivatives of the distribution 
function decrease to very small values, and the rate of vari- 
ation of the phase density of the electrons also decreases. But 
this process does not lead to the formation of empty domains 
in the region of low transverse energies, since the direction of 
the diffusional flux is determined by the signs of the deriva- 
tives of the distribution function. And what is more, in the 
case of total absence of bound electrons at the crystal surface 
and angles of incidence $, > t,hc, the diffusion due to the 
multiple scattering of the electrons leads to the population of 
the region - E, <EL GO, and instead of the "dechanneling" 
of the electrons, there occurs the so-called "volume capture" 
in bound Figure 2 shows plots, computed for the 
( 110) direction in Si, of the variation with depth of the rela- 
tive fraction of channeled electrons. At depths greater than 
5xlJ2 or 7xIJ2, the fraction of channeled electrons depends 
very weakly on the angle of incidence (measured relative to a 
crystallographic axis) within the limits of several critical 
channeling angles: the graphs corresponding to the interme- 
diate angles of incidence 0.2$, < $, < 1.7$, lie between the 
boundary curves shown. 

The processes of dechanneling and volume capture in a 
channel are of a diffusional nature, and the "dechanneling 

FIG. 2. Dependence of the fraction of channeled electrons with energy 1.2 
GeV on the depth of penetration into a Si crystal for different angles of 
incidence $,, of the beam relative to the (1 10) axis. The angular diver- 
gence of the electron beam was 9 = 7~ 10W5 rad: 1 )  0.2 $,; 2 )  1.7 $, . 

FIG. 1. a )  Transverse electron energy distribution in Si 
(110) at different penetration depths: 1 )  crystal surface; 2 )  
16 pm; 3 )  600 ,urn. The electron energy is 1.2 GeV; beam 
divergence, 7 X rad; and angle of incidence relative to a 
crystallographic axis, 0.2 $c .  The dot-dash line indicates the 
'boundary of the domain of the quasichanneled electrons ra- 
diating into a cone of half-apex angle $, . b) Schematic repre- 
sentation of the buildup of the radiation energy losses in a 
solid angle $ along the electron trajectory. 

length" in thick crystals determines the average time of ex- 
change between the bound and unbound electron states: 
T-X/C, where c is the velocity of light. But the crystal thick- 
ness over which the radiation emitted by the channeled elec- 
trons is generated can be arbitrarily large." 

The dechanneling, with allowance made for the anoma- 
lous passage of channeled electrons though thick crystals, 
can be characterized by the effective channeling length 

I 

where Nk (z)/No is the fraction of electrons in bound states 
in a channel at a depth z. The formula ( 12), with the use of 
the mean energy loss per channeled particle, allows us to 
estimate the radiative losses 

of the electrons and the equivalent-amorphous-target thick- 
ness 

Since at large depths of penetration into the crystal the de- 
crease of the distribution function of the electrons is gov- 
erned by the scattering in the region of large positive trans- 
verse electron energies (Fig. la) ,  in thick crystals Nk /  
No az-', as in an amorphous body, and, consequently, 

L,, a In z for z , ~ , , ~ .  (19) 

The results of the numerical computations of N, (z)/No are 
in good agreement with such asymptotic behavior: the extra- 
polation, in accordance with ( 19), ofLeR from a thickness of 
1.5 mm to one of 10 mm for the (1 11) direction in C, and an 
electron energy of 4.5 GeV, coincides to within 15% with the 
value computed from the formula ( 16). Notice that, because 
of the logarithmic divergence of the integral ( 16) in thick 
crystals, L,, can be much greater than the dechanneling 
length X I  1, 

Figure lb  illustrates the formation of the radiative-en- 
ergy-loss distribution for the electrons in the channeling re- 
gime. As is well known,16 almost all the energy of the radi- 
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ation emitted by a relavistic charged particle goes off in a dW/do, 103 GeV/sr 
cone of angle of the order of y- ' around the direction of the 6 - 

particle's velocity vector. In this case the direction of the 
velocity vector itself varies, and the angular domain of its 
variation is determined by the characteristics of the particle _. 

motion in the crystal. In the case of channeled electrons the 
angular motion of the velocity vector at any depth in the 
crystal is bounded by the critical channeling angle $, . As a 

,2 
consequence, the characteristic angle of the radiative losses 
is determined by the greater of the two angles $, and y p l .  
The smaller one determines the smearing of the boundary of 
the angular distribution of the radiative losses. When o I 2 

$, z y - ' ,  any one of these angles can be regarded as the 
characteristic angle. In this case the boundary of the angular 
distribution of the radiation is a highly diffuse one. In the 
region of electron energies E > 1 GeV the characteristic an- 
gle of the radiative losses of the channeled electrons is equal 
to the critical channeling angle. 

Of all the quasichanneled electrons only the particles 
with transverse energy in the region 0 <EL  <E,  can radiate 
into the critical solid angle. In Fig. la this region is marked 
off by the dot-dash line. It can be seen from the figure that 
these particles are roughly equal in number to the channeled 
ones. But the intensity of the radiation emitted by such parti- 
cles is much lower than the intensity of the radiation emitted 
by the channeled electrons, and about half of the energy of 
their radiation is emitted at angles greater than the critical 
angle. Therefore, their contribution to the radiation emitted 
within the limits of the critical angle turns out to be several 
times smaller than the corresponding contribution from the 
channeled electrons. 

Electrons with E, > Ec radiate, when the diffuseness of 
the boundary is ignored, only into solid angles greater than 
+, . Owing to multiple scattering, the particles diffuse into 
the region of transverse energies E, $ Ec , and at a depth of 
2-3 mm fill up the transverse energy range from 40Ec to 
60Ec. The radiation emitted by this group of electrons is 
concentrated in the region of angles 2-5 times greater than 
the angle $, . 

Figure 3 shows plots of the angular distribution of the 
energy density of the radiation emitted by the electrons. It 
should be emphasized that the distributions pertain to differ- 
ent axes for the channeled and quasichanneled electrons, al- 
though because of the smallness of the misorientation angle, 
the difference in emission direction is not large. The radi- 
ation emitted by the channeled electrons is almost wholly 
concentrated within the limits of the angle 0 = $, , whereas 
for the quasichanneled electrons and for given thicknesses 
this angle is greater by a factor of two. 

FIG. 3. Dependence of the energy density of the radiation emitted by the 
electrons on the polar angle 0 for 240- and 600-pm thick crystals; 
$," = 0.2 $, . 

Table I shows the relation between the total radiative 
losses per particle and the losses within the limits of the criti- 
cal angle as the crystal thickness and the electron energy are 
increased. For comparison of the crystal thicknesses, we 
present computed values of the dechanneling length 
x I12 (E) .  It can be seen from the table that, in the entire 
electron-energy and crystal-thickness regions under consi- 
deration the radiative losses of the channeled particles with- 
in the limits of the critical angle are several times greater 
than the corresponding losses of the quasichanneled parti- 
cles, whereas the total radiative losses of the quasichanneled 
particles in thick crystals can exceed the total losses of the 
channeled particles. This circumstance is due to the sharp 
directivity of the radiation emitted by the channeled elec- 
trons. 

The computational results presented in Table I allow us 
to estimate the dependence of the quantities under investiga- 
tion on the electron energy. The dechanneling lengthxIl2 is 
approximately proportional to E (for Si( 1 1 1 ), 
xII2(E) a E0.9 ). For crystals with the same I /xI l2 ratio, the 
mean energy density of the radiation emitted by the chan- 
neled electrons into the critical solid angle is W / f l  cc E4.5. 
The mean angular density of the energy of the radiation 
emitted by the quasichanneled electrons is four-to-seven 
times smaller than the corresponding quantity for the chan- 
neled electrons. 

The experimental investigations, carried out in the 0.9- 
10-GeV energy region, of the radiation emitted by electrons 
under channeling conditions allow us to compare the theo- 
retical estimates with experimental measurements. Here 
analysis of the experimental data indicates that it is impor- 
tant to take account of the characteristics of the angular dis- 

TABLE I. Dechanneling length and radiative energy losses (in MeV) of the channeled ( c )  and 
quasichanneled ( q c )  electrons in Si ( 1  10) in the solid angles $, and .rr. The divergence of the 
electron beam was 7 x l o 5  rad; the angle of incidence, 0.2 $, . 
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tribution of the radiative energy losses ofeach of the electron 
groups discussed above. 

The recently measured angular distribution of the in- 
tensity of the radiation emitted by electrons of energy 0.9 
GeV under channeling conditions in diamond of thickness 
10 mm allows us to uniquely identify the radiation from the 
channeled and quasichanneled electrons in the region of 
high energies2' The measured angular distributions of the 
radiation intensity for different misorientation angles sever- 
al times greater than the critical channeling angle reveal the 
existence of traveling radiation-intensity peaks coinciding 
with the directions of the crystallographic axis and the elec- 
trons bound in the channels and corresponding to the radi- 
ation. The fixed radiation intensity peak in the direction of 
the axis of the electron beam before its entrance into the 
crystal corresponds to the direction of the radiation emitted 
by the quasichanneled electrons. The crystal thickness is 
equal to about 1000 dechanneling lengths, and the experi- 
ment directly confirms the presence of channeled electrons 
at very great depthsZ0 (see also Figs. l a  and 2 ) .  The presence 
of channeled electrons under conditions of very large-up to 
14111,-misorientation angles confirms the occurrence of 
volume trapping in the channels. The slight variation of the 
intensity value in the traveling peaks indicates a weak misor- 
ientation-angle dependence of the number of electrons 
bound in the channels of thick crystals, which is also in ac- 
cord with the computational results (Fig. 2) .  

As is well known, experiments on 0.9-GeV electron 
channeling in tungsten crystals have revealed a discrepancy 
of two orders of magnitude between the computed and mea- 
sured radiation intensities2' This large discrepancy is ex- 
plained by two circumstances: In the estimation in Ref. 23 of 
the mean radiation intensity in tungsten, the computed total 
radiative energy losses of the channeled electrons are errone- 
ously referred to the angle y- ', instead of J/, , which leads to 
the overestimation of the intensity by factor of (y$, )', i.e., 
by an order of magnitude (in the case of tungsten 
$, z 3 y - ' ) .  Furthermore, it is well known that tungsten 
crystals are characterized by the presence of blocks with a 
mean misorientation angle of the order of 3$, . As a conse- 
quence a substantial fraction of the electrons can exist in 
bound states only within the boundaries of one block. Analy- 
sis of the block-structure measurement data for the samples 
used by Potylitsyn et a/.*' shows that the characteristic block 
dimension is much smaller than the sample thickness. This 
means that the channeled electrons' radiative energy losses 
corresponding to a perfect single crystal should be decreased 
by a factor of 1 /lo (1, is the block dimension and I is the 
sample thickness), i.e., again by an order of magnitude. Fin- 

ally, the measurement of the radiative losses of the chan- 
neled electrons in the small angle y- '  under conditions of 
strong misorientation of the blocks is incorrect because of 
the virtual absence of a preferred channel direction. Since no 
measurements have thus far been carried out for perfect 
tungsten samples, and a method of computing the radiation 
in block crystals has not been developed, the question of 
agreement between theory and experiment in this case re- 
mains open. 

A comparison of the calculations carried out by the 
method described in Sec. 3 with the results of Taratin and 
Vorob'ev's calc~lat ions , '~  which were carried out with the 
aid of a completely different numerical method, shows a sat- 
isfactory agreement between them: The two methods yield 
for the fraction of 1-GeV electrons in the Si (1 11) channel 
values that agree to within - 15%. They also yield in this 
case the same value for the dechanneling length: 
xI l2z40  - 42pm, which agrees with the value 39 f 5 p m  
obtained for this quantity in a direct experimental measure- 
ment based on the orientational effect underlying the in- 
crease in the yield of secondary electrons from a crystal.24 

One of the main problems discussed in Refs. 6 and 8 is 
the experimental estimation of the relative contribution to 
the radiative losses of channeled and quasichanneled 1.2- 
GeV electrons under conditions of axial channeling in sili- 
con. In the course of the measurements use was made of the 
dependence on the misorientation angle $, of the capture of 
electrons in a channel on the crystal surface and the depen- 
dence of the radiation spectra on the photon-beam collima- 
tion angles, dependences which in principle allow us to ob- 
tain such an estimate and investigate the spectra of each 
electron group. Figures 3 and 4 show the results obtained in 
calculations of the angular distribution of the radiative ener- 
gy losses of electrons. The crosses indicate the measured val- 
ues of the radiative losses for photon-beam collimation an- 
gles6 8, = 8.37 x loW4 and 8, = 2.5 x loW3 rad (the angle 8, 
is identified in the figures with large angles). 

The computed radiative-loss values on the whole agree 
satisfactorily with the measured values. But, as can be seen 
from Fig. 4a, the computed contribution from the channeled 
electrons is 15-20% greater than the estimate given in Ref. 
6. The estimation in Ref. 6 of the contribution of the emis- 
sion by the channeled electrons is based on the assumption 
that there are absolutely no channeled electrons with large 
angles of incidence, whereas calculations indicate the pres- 
ence of such electrons as a result of volume capture in a 
channel (the curve 2 in Fig. 3 ) .  This assumption also contra- 
dicts the experimental data." Therefore, the determination 
of the contribution of the channeled electrons from the dif- 

W, MeV 
4 - 

6 - a ---- 
b 

3 + - ---- I FIG. 4. Polar-angle dependence of the radiative energy losses of 
electrons for 240-pm-thick Si (110): a )  $,, = 0.2$,; b) 

= 1.7 $, . 1 ) Losses of the channeled electrons; 2) losses of 
the quasichanneled electrons; 3 )  total losses. The dashed lines 
indicate the level of total radiative losses, and the crosses indi- , cate the experimental values6 

D 1 2 3 0 1 
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ference between the spectral intensities at the misorientation 
angles $, = 0 and $, = 1.7$, (see Fig. 2 in Ref. 6) is erro- 
neous. 

Figures 2 and 5 in Ref. 6 show the spectra measured at 
the misorientation angle $, = 0 and photon-beam collima- 
tion angles 8, and 82. It can be seen from the computational 
results presented in Figs. 4 and 3 in the present paper that, 
when the smallest collimation angle el ,  which is almost two 
times greater than the critical channeling angle $, , is used, 
the measured losses contain about half the total losses of the 
quasichanneled electrons. The use of too large photon-beam 
collimation angles, which were chosen without allowance 
for the characteristics of the angular distribution of the radi- 
ation emitted by each group of particles, did not allow the 
observation of the high angular density of the channeled par- 
ticles' radiation (Fig. 3) and the investigation of the differ- 
ences between the radiation spectra of the channeled and 
quasichanneled electrons. 

Measurements of the angular distribution of the radia- 
tive losses of 4.5-GeV electrons in diamond samples of thick- 
nesses 1 mm and 1.7 mm are discussed in Ref. 25. Figure 5 
shows computational and experimental results for diamond 
( 100) of thickness 1 mm ( =: 12.5~, , , ) .  The computed angu- 
lar distribution of the total losses of the channeled and quasi- 
channeled electrons agrees with the experimental data up to 
a factor of the order of two. 

The results obtained in computations of the total radia- 
tive losses of 10-GeV electrons channeled axially in silicon 
samples of thicknesses up to 3 mm also agree up to factors of 
1.5-2 with the results of measurements. 

In the case of axial channeling in a silicon sample of 
thickness 41 p m  ( ~ 0 . 1 4 ~ ~ , ~ )  the measured radiative 
losses26 are 2.8 GeV/cm for the channeled electrons and 0.6- 
0.9 GeV/cm for the quasichanneled ones. It should be noted 
that these data have been averaged over all the electrons' 
angles of incidence relative to a crystallographic axis, in- 
cluding those that are much greater than the critical chan- 
neling angle. In the case of a smaller angular divergence of 
the electron beam the excess contribution from the chan- 
neled electrons in thin crystals can be much greater as a 
result of the decrease in the fraction of quasichanneled elec- 
trons residing on the crystal surface (see the data for I = 0.3 
mm in Table I ) .  In Ref. 27 results obtained in an analysis of 
measurements are presented which directly confirm the ef- 
fect of volume capture of some of the quasichanneled elec- 
trons in an axial channel: the angular distribution, measured 

4 GeV 

FIG. 5. Radiative energy losses of electrons in 1-mm-thick C (100). 
E = 4.5 GeV, 9 = 5 X l o r 5  rad, and $,, = 0.2 $, : 1) losses of the chan- 
neled electrons: 2 )  losses of the quasichanneled electrons; 3 )  total losses. 
The dashed curve is an experimental curve,25 and the dashed straight lines 
indicate the level of total radiative losses. 

at the exit from the crystal, of the electrons that clearly do 
not get caught in bound states on entering the crystal shows 
that some of these electrons acquire emission angle values 
characteristic of electrons in bound states. Thus, the results 
obtained in the experiments in question confirm the above- 
stated conclusion that the channeled electrons make the 
dominant contribution within the limits of the critical chan- 
neling angle in both thin and thick crystals. 

The data obtained by us disagree with certain basic as- 
sumptions and conclusions contained in Refs. 28-30. The 
underestimated amount of initial capture of electrons in 
bound states ( -  10-15%) and the total absence of such 
electrons in channels at depths greater than the dechannel- 
ing length and also at misorientation angles greater than the 
critical channeling angle2& served in a number of papers as 
justification for the negligibly small contribution to the radi- 
ation from the channeled electrons in the case of crystals 
with thickness greater than the dechanneling length. These 
ideas also influenced the setup of experiments (see, for ex- 
ample, Refs. 6, 8, and 24). It should be noted that they con- 
tradict the results of numerical computations both in the 
region of and in the region of high, ".I9 electron ener- 
gies and the results of experimental i n ~ e s t i g a t i o n s . ' ' ~ ~ ~ ~ ~ ~  

In Refs. 29 and 30 doubt is cast on the applicability of 
channeling theory to electrons in the regions of medium and 
high energies, as well as the suitability of the kinetic equa- 
tions ( 13)-( 14) for quantitative computations. As the auth- 
ors themselves note,30 this opinion differs from the generally 
accepted one (see, for example, Gemmell'st5 and Ugger- 
hoj's31 review articles and the monograph edited by Oht- 

If we proceed from the experimental measurements 
of the dechanneling length,24 taken as an estimate for the 
mean path to the exit into the region beyond the critical 
channeling angle, and use a suitable potential for the estima- 
tion of the mean period of the unperturbed motion of the 
electrons bound in a channel, we find that a particle, axially 
channeled or plane-channeled, executes on the average more 
than 20 oscillations before going out of the channeling re- 
gime. In this case a substantial portion of the beam under- 
goes less intense multiple ~cattering.)~ In particle systems 
with distributed parameters the conditions of applicability 
of the theory, which contain an estimate for the perturba- 
tion, are formulated for the mean values of the quantities. 
Then the presence of some fraction of the particles whose 
parameters do not satisfy the conditions formulated for the 
mean values does not at all imply the inapplicability of the 
theory: such a situation is typical of systems with distributed 
parameters (see Ref. 13 and, for example, Chap. V in Ref. 
34). The conditions of applicability of Eqs. (13) and (14) 
are formulated in Ref. 12 as conditions for the validity of the 
classical description of the interaction of the electrons with 
the crystal. 

The averaging of the local diffusion coefficients does 
not require the use of periodic functions. Even in schemes of 
the classical method of averaging over a rapidly rotating 
phase35 periodic functions are used only when they inevita- 
bly appear as a result of the solution of the zeroth-approxi- 
mation equations. The unperturbed trajectories for the two 
groups of particles, or suitable approximations to them, are 
used in the theory.'' 

Let us emphasize that, without allowance for the bound 
states, we cannot explain the results of the experiments re- 
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ported in Refs. 21, 24, and 26, experiments which revealed 
important characteristics of the dynamics and radiation of 
electrons in the channeling regime. As shown above, all 
these characteristics, as well as the results of other experi- 
ments can be well described with the use of Eqs. (13) and 
(14). 

5. CONCLUDING REMARKS 

The above-performed analysis, based on the kinetic the- 
ory, of the passage through thick crystals of, and the angular 
distribution of the radiation emitted by, the different groups 
of electrons allows us to find out those characteristics of the 
electrons which indicate the possibility of an unambiguous 
identification of the contribution of each of the groups and, 
consequently, of a comprehensive experimental investiga- 
tion of them. The quantitative estimates obtained show that, 
under certain conditions, the incompleteness of the sepera- 
tion of the contributions of the groups is not too great, and is 
not an obstacle to the analysis of the radiation spectra. 

An important feature of the passage through a crystal of 
electrons bound in certain axial channels and those that are 
unbound is the difference in the preferred direction of their 
motion: the direction of motion of the bound electrons is 
specified by a crystallographic axis, whereas the unbound 
electrons preserve their direction, which is fixed by the axis 
of the beam before its entrance into the crystal. The differ- 
ence in the direction of motion leads to an asymmetry in the 
direction of photon emission by the electrons of each group. 

The calculations carried out show that, in crystals of 
any thickness, the radiation emitted by the channeled elec- 
trons is practically wholly concentrated inside a spatial 
cone, with the angle between the axis and the generatrix 
equal to the critical channeling angle $, . As the energy of the 
electrons increases, the density of their radiative losses in the 
indicated cone varies, when allowance is made for the in- 
crease of the dechanneling length, in proportion to E4.5. The 
somewhat greater estimate obtained in the dipole approxi- 
mation for the radiative losses is due to the inapplicability of 
the approximation in the electron energy region in question. 

The radiative energy losses of channeled electrons in- 
crease logarithmically with increasing crystal thickness. In 
the process they preserve their important characteristic: the 
high angular density of the radiation in the direction of the 
crystallographic axis. In thick crystals the quasichanneled 
electrons radiate into a cone with half-apex angle two to five 
times 'greater than the critical channeling angle, and the 
mean energy density of their radiation is four to seven times 
lower than the angular density of the radiative losses of the 
channeled electrons. Furthermore, the spatial direction of 
radiation emission by the quasichanneled electrons can be 
changed only by changing the direction of the electron beam, 
whereas the direction of the radiation emitted by the chan- 
neled electrons can be varied by rotating the crystal through 
10 to 15 critical channeling angles. 

A comparison of the results of the numerical calcula- 

tions with the experimental data reveals their satisfactory 
quantitative agreement. 
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