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The longitudinal magnetoresistance of cylindrical single crystals (filaments) of bismuth 
0.1 gd&20pm in diameter has been studied in magnetic fields up to 50 kOe at 4.2 K. The 
filaments with d& 1 pm exhibit two types of quantum size oscillations in the 
magnetoresistance; these two types of oscillations differ in physical nature. Classified as 
oscillations of the first type are two groups of oscillations which stem from the discrete energy 
spectrum of the "bulk" electrons and holes. In fields 0 < H<H ,',, , where H ,',, is the electron 
cutoff field, the predominant oscillations are those of the first group which stem from electrons 
and whose periods in units of the magnetic flux, A@ = ( 1/4)AHpd 2, lie in the interval ( 1- 
3)@,, where @, is the quantum of flux in the normal metal. In fields 0 < H<H,h,,, where H t,, 
is the cutoff field for holes, high-frequency quantum size oscillations of the Dingle type (the 
second group) are observed, with periods in units of the flux, A@=: (0.3 - 0.9)@,, which 
correspond to the hole part of the Fermi surface of bismuth. Classified as oscillations of the 
second type are some quantum size oscillations of the longitudinal magnetoresistance with 
periods A@=: (2-26)@,, which are observed for the first time in this study. These oscillations 
are seen at fields well above the fields H,,, set by electrons and holes. The oscillations of this 
type may be due to carriers which are tracing out "jumping" trajectories along the surfaces of 
the filaments. 

1. INTRODUCTION 

Size effects can be classified as either semiclassical ef- 
fects, in which one parameter of the trajectory of an electron 
becomes comparable to the dimension of the sample, or 
quantum effects, in which the energy of the motion of the 
electrons is quantized in a sample of bounded size. Semiclas- 
sical size effects have been studied in several places, but there 
have been relatively few studies of quantum size effects. The 
reason for this situation is that the samples which would be 
required for an observation of quantum size effects would 
have dimensions comparable to the de Broglie wavelength of 
the charge carriers. Quantum size effects were originally ob- 
served in a study of epitaxial films of bismuth' which consist- 
ed of a mosaic of crystallites which had longitudinal dimen- 
sions significantly greater than their thickness and which 
were oriented in a definite way. Since the thickness of the 
crystallites must be comparable to the wavelength of the 
electrons if quantum size effects are to be observed, some 
very stringent requirements are imposed on the homogene- 
ity of the epitaxial films over thickness. Some other objects in 
which quantum size effects can be observed are lamellar 
crystals and filamentary whiskers. The complexity of work- 
ing with such objects, however, has kept the list of such stud- 
ies very ~ h o r t . ~ , ~  

Some objects which are very interesting for studies of 
quantum size effects but which have received little study in 
practice are thin cylindrical filamentary crystals in glass in- 
~ulation,~.' synthesized by the Ulitovskii m e t h ~ d . ~  These 
crystals have several advantages over epitaxial films and 
whiskers. The most important of these advantages are that it 
is possible to synthesize single-crystal samples with a thick- 
ness which varies monotonically without a variation in crys- 
tallographic orientation; the cylindrical shape is very regu- 
lar; they are highly uniform in the transverse direction; it is 

possible to reproduce samples with given dimensions and 
orientations; the quality of the surface is high; the surface is 
protected from oxidation; the samples are convenient to 
work with because of the glass jacket protecting the crystal- 
line core; and the geometry is convenient for theoretical 
work. 

Quantum size effects in cylindrical filamentary crystals 
were first studied in Refs. 4 and 5. Quantum-size oscillations 
in the magnetoresistance with two characteristic periods 
(AH-d-') as functions of the magnetic flux, 
A@ = AHn-R ' (R is the radius of the cylinder), were ob- 
served in bismuth filaments 0 . 2 ~ d ~ 0 . 8  p m  in diameter in a 
longitudinal magnetic field HJJj  ( j is the current density). 
These periods were A@, = hc/e = @, (h is Planck's con- 
stant, c is the velocity of light, e is the charge of an electron, 
and @, is the quantum of flux in a normal metal) and 
A@, = 1.4@,. The quantum size oscillations took the form 
of beats and were observed in magnetic fields in which the 
Larmor radius of the electrons satisfies r,  > R. As the mag- 
netic field was increased, the amplitude of the oscillations 
decreased, vanishing by the time at which Shubnikov-de 
Haas oscillations due to electrons appeared. 

In the present paper we report a study of the longitudi- 
nal magnetoresistance of bismuth filaments with 0.1 ( d ~ 2 0  
p m  at liquid-helium temperatures and aiso a systematic ex- 
perimental study of quantum size oscillations of cylindrical 
single crystals of thickness d& 1 pm. This study was carried 
out in order to obtain information in as much detail as possi- 
ble on the particular features of the quantum size effect over 
a broad range of magnetic fields. 

2. THEORY 

Quantum size oscillations in thermodynamic properties 
of thin cylindrical conductors in a weak magnetic field 
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where H,,, is the cutofl'magnetic field, at which the diame- 
ter of the electron orbit is equal to the cylinder diameter 2R, 
and p, is the Fermi momentum, were first studied by Din- 
gle.' It follows from Dingle's calculations that in fields satis- 
fying ( 1) there are a multitude of frequencies, which are 
spaced equidistantly as a function of H. This problem for 
thin single-crystal films were solved by Lifshitz and Kose- 
vich.' In weak magnetic fields, H < H,,, , where Landau 
magnetic quantization is unimportant, the oscillations in the 
magnetoresistance stem from size quantization of the elec- 
tron energy spectrum. As the magnetic field or the filament 
thickness is varied, the discrete energy levels cross E, (the 
Fermi energy of the charge carriers) and thereby cause oscil- 
lations in the state density at the Fermi boundary. 

The behavior of thin cylindrical conductors in weak 
magnetic fields r,  $R was studied theoretically in Refs. 9- 
11. It was shown there that the discrete electron spectrum 
which stems from the size quantization gives rise to two 
terms, differing in period and amplitude, in the expression 
for the state density. One term, with the larger amplitude 
and a complex, nonmonotonic dependence on the magnetic 
flux A@ = AHS = AHTR 2, resulted from electrons whose 
trajectories pass near the axis of the cylinder ("bulk" elec- 
trons). These electrons are responsible for the quantum size 
oscillations of the Dingle type. The second term, with an 
amplitude smaller by a factor of (k,R)"' (k, is the Fermi 
wave vector of an electron), varies periodically as a function 
of the flux with a universal period A@ = a, = hc/e. This 
term corresponds to "grazing" electrons, which are local- 
ized in a narrow layer near the surface. The spectrum of 
these levels is quite different from that of the magnetic sur- 
face levels at a plane boundary.I2 Incorporating the diffuse 
nature of the scattering of carriers at the surface makes it 
possible to effectively distinguish between the contributions 
of the different electron groups. Bogachek et a1.9-11 showed 
that the angular dependence of the coefficient of specular 
reflection keeps the amplitude of the Dingle oscillations 
small under ordinary conditions, so that the oscillations in 
the thermodynamic potential are dominated by the grazing 
electrons, whose spectrum is spread out less than that of the 
bulk electrons. The longitudinal kinetic coefficients of cylin- 
drical conductors thus vary periodically as the flux @ is var- 
ied, with a period equal to the quantum of flux in a normal 
metal, hc/e. This quantum does not depend on the particular 
nature of the dispersion law for the charge carriers. 

To refine the interpretation of the quantum size oscilla- 
tions discovered in Refs. 4 and 5, MankinI3 and NedorezovI4 
calculated kinetic and thermodynamic characteristics of a 
size-quantized wire with reference to thin bismuth fila- 
ments. Using Dingle's theory,' Mankin calculated the oscil- 
latory part of the conductivity, a,,, , at weak magnetic fields 
under the ~ o n d i t i o n ' ~  r,  %R. The dispersion law for elec- 
trons in the plane perpendicular to the axis of the wire was 
assumed to be isotropic. The expression which he derived for 
u,,, contains a sum of a large number of oscillatory compo- 
nents, some of which oscillate in a parallel field H with a 
period AH which is inversely proportional to the cross-sec- 
tional area of the wire, S: 

2nQo 
A M L H  = 

SM sin (2nLIM) ' 

whereM= 3,4,5 ,... ;andL = l ,2 ,3  ,..., M/2.Accordingto 
(2) ,  the periods of the first nine oscillatory components, in 
terms of the dimensionless units U S / @ , ,  are 2.36, 1.57, 
1.32, 2.14, 1.21, 1.17, 0.92, 1.45, and 1.13. Essentially all of 
the frequencies except the first, second, and fourth fall in the 
frequency interval observed in Refs. 4 and 5. 

~ e d o r e z o v ' ~  generalized Dingle's theory to the case of 
conduction electrons with an anisotropic quadratic disper- 
sion law. He calculated the quantum energy levels of con- 
duction electrons for the case of specular reflection from the 
boundary of a cylindrical sample and derived expressions for 
the state density and thermodynamic properties in weak 
magnetic fields, H<H,,,. The oscillatory part of the ther- 
modynamic potential which was calculated in Ref. 15 con- 
tains a sum of oscillatory components which are equidistant 
along the magnetic-field scale. As an application of the the- 
ory, NedorezovI4 analyzed the oscillations in the magnetic 
susceptibility of electrons in a bismuth single-crystal cylin- 
der with axis running along the TL direction in the bisector- 
trigonal plane of the Brillouin zone. For a crystallographic 
orientation of this type, which is characteristic of the bis- 
muth microcylinders studied in Refs. 4 and 5, the direction 
in which one of the electron ellipsoids (the a ellipsoid) is 
stretched out makes a small angle ( -20") with the axis of 
the filament. The area of the intersection of this ellipsoid 
with a plane perpendicular to the axis of the filament is close 
to a minimum (see the inset in Fig. 1 ) .  The other two elec- 
tron ellipsoids ( b  ellipsoids) are positioned symmetrically 
with respect to the axis of the cylindrical single crystal, and 
their intersection with the plane perpendicular to the axis of 
the filament is S,, =2S, . It  follows from the estimates found 
in Ref. 14 that the terms referring to the a ellipsoid should 
dominate the quantum-size oscillations of the magnetic sus- 
ceptibility of cylindrical bismuth single crystals. For this el- 
lipsoid, the periods of the five most important oscillatory 
components, in units of AHS/@,, are 2.60, 1.61, 1.35, 1.22, 
and 1.15. 

FIG. 1. Calculated cutoff fields for the electron (Hz,,, Htu ,  ) and hole 
( H  :", ) Shubnikov-de Haas oscillations and experimental determinations 
of H,,, versus d (dashed line) for the Bi single crystals studied. Here 
H,,, is the field at which p ( H )  goes through its maximum. The inset 
shows the arrangement of the electron constant-energy surfaces with re- 
spect to the longitudinal axis of the filament, which coincides with the 
direction of the magnetic field. 
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In addition to the mechanisms discussed above, there is 
yet another, which leads to a quantization of the energy of 
electrons in bounded conductors. Near a plane metal surface 
with specular reflection, in a magnetic field parallel to the 
surface, some of the electrons move along cyclic ("jump- 
ing") trajectories. Their energy is quantized. As a result, a 
system of energy levels called "magnetic surface levels" ap- 
pears. Oscillations in the surface impedance which are asso- 
ciated with these levels and which arise from a resonant ab- 
sorption of microwave photons in very weak fields ( - 1 Oe) 
were first observed in bulk bismuth single crystals in Ref. 12. 
It was also suggested that the magnetic surface levels in fila- 
mentary or film single crystals of thickness d-Z,, where Z, 
is the height of the arc of the truncated orbit of the electrons, 
can lead (in particular) to Shubnikov-de Haas-type oscilla- 
tions in the magnetoresistance. 

I t  thus follows from an analysis of the theoretical papers 
that quantum size oscillations of the following types may be 
observed in size-quantized cylindrical single crystals with a 
specular-reflection surface: 1 ) quantum size oscillations of 
the Dingle type,' which stem from charge carriers which 
collide with the surface at  large angles ("bulk" carriers) in 
magnetic fields H < H,,, ; 2)  quantum size oscillations of the 
flux quantization type9-" (HgH,,, ), which are due to elec- 
trons which have large values of the magnetic quantum 
number m, are localized in a narrow layer near the surface, 
and which move along closed trajectories; and 3 )  oscilla- 
tions of the magnetoresistance which arise because magnetic 
surface levels are produced in a magnetic field by charge 
carriers which are "jumping" along the surface.'* 

3. TEST SAMPLES AND MEASUREMENT PROCEDURE 

Thin single-crystal filaments of bismuth were synthe- 
sized by the Ulitovskii method.' The thickness of the glass 
insulation on the samples, whose diameter was d< l p m ,  was 
- 5pm.  Laue patterns verified that the filaments were single 
crystals; their orientation was determined from rotation x- 
ray diffraction patterns. Essentially all of the filaments stud- 
ied had the following orientation. The bisector axis C, made 
an angle of 20" with the filament axis, while the trigonal axis 
C, made an angle of 70" with it. One of the binary axes C, ran 
perpendicular to the axis of the cylinder. The diameter of the 
filaments was measured with an MIN-8 microscope ( 1 3 5 0 ~ )  
within an error of 0.1 p m .  The precise diameter of the fila- 
mentary crystals of thickness d< 1.5 p m  was determined by 
calculations based on the resistance at a temperature of 300 
K. The length of the filamentary samples was 2-4 p m  and 
was measured within an error of less than 10pm by an MI-1 
microscope. The samples were mounted on substrates of a 
foil-coated glass-cloth-base laminate. The current leads and 
potential leads were attached with gallium solder. The longi- 
tudinal magnetoresistance was measured in the field of a 
superconducting solenoid (H<50  kOe) at liquid-helium 
temperature in an apparatus which automatically recorded 
curves of p ( H ) ,  dp (H) /dH and d 2p ( H ) / d H  *. During the 
recording of the magnetic-field dependence of the first and 
second derivatives of the magnetoresistance with respect to 
the magnetic field, we used a standard modulation tech- 
nique. A study of the second derivative of the resistance with 
respect to the magnetic field made it possible to minimize the 
effect of both the monotonic change in the magnetoresis- 
tance and the Shubnikov-de Haas oscillations on the quan- 

tum size oscillations. Minimizing these effects is particularly 
important in cases in which the quantum size oscillations are 
observed against the background of Shubnikov-de Haas os- 
cillations. The magnitude of the measurement current flow- 
ing through the filamentary single crystals was in the Ohm's- 
law region. 

Since the quantum size oscillations consist of a superpo- 
sition of many frequencies, we carried out a numerical Four- 
ier analysis of the oscillation curve to determine the periods 
of these oscillations. The procedure which we used is based 
on the results of Ref. 16, where a filter with a Gaussian distri- 
bution was used to suppress harmonic frequencies. The val- 
ues found for the frequencies and amplitudes were refined by 
the method of least squares based on five points. This proce- 
dure improved the accuracy of the determination of the per- 
iods by an order of magnitude. To  improve the resolution of 
the constituent frequencies, we recorded the oscillation 
curves to be subjected to the Fourier analysis in an expanded 
scale along H .  This approach also made it possible to obtain 
enough experimental point for an accurate determination of 
the periods. Since the high-frequency quantum size oscilla- 
tions were observed over a broad range of the magnetic field, 
the oscillation curves were recorded part by part on separate 
sheets and then joined. The Shubnikov-de Haas oscillations 
were subtracted from the oscillation pattern. 

4. EXPERIMENTAL RESULTS 

1. Longitudinal magnetoresistance and Shubnikov-de Haas 
oscillations of filamentary bismuth single crystals 

The longitudinal magnetoresistance of bismuth fila- 
ments with d > 12pm exhibits the same features as bulk sam- 
ples of the corresponding crystallographic orientation: In 
fields up to - 1 kOe, one observed a sharp increase in the 
magnetoresistance. This increase is followed by a broad 
magnetic-field region in which the resistance increases more 
slowly. The longitudinal magnetoresistance reaches a maxi- 
mum at H = 30 f 4 kOe. A further increase in the magnetic 
field results in a decrease in the resistance; the resistance 
continues to decrease up to the strongest fields. 

As the diameter of the bismuth filaments is reduced, the 
nature of the p ( H )  curves changes substantially. Figure 2 
shows a typical magnetic-field dependence of the longitudi- 
nal magnetoresistance at  4.2 K in fields up to 50 kOe for 
bismuth single-crystal filaments with d < 4 p m .  In weak 
magnetic fields, there is a very slight increase in the resis- 
tance, up to a field H,,, , whose value increases with decreas- 
ing filament diameter. A further increase in the magnetic 
field has the result that the resistance of the filamentary sam- 
ples decreases, reaching a level of 25-40% of its values in a 
zero field at  - 50 kOe. Studies of the longitudinal magneto- 
resistance of a large number of filaments of various diame- 
ters showed that for samples of thickness d < 2 p m  we have 
H,,, a d - I, while the product H,,, d is 1.1 p m  .kOe (Fig. 
1 ) .  In  fields H>Hma, , Shubnikov-de Haas oscillations ap- 
pear on the magnetic-field dependence of the longitudinal 
magnetoresistance; these oscillations are clearly visible 
against the background monotonic variation in p (H) (Fig. 
2 ) .  To bring out the oscillatory part of the magnetoresis- 
tance better, we recorded its derivative with respect to the 
magnetic field. The curve of dp ( H ) / d H  in Fig. 2 is dominat- 
ed by Shubnikov-de Haas oscillations with a period 
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FIG. 2. Longitudinal magnetoresistance and its derivative (arbitrary 
units) with respect to the magnetic field for a Bi sample with d = 1.8 p m  
at  4.2 K. The inset show the nominal quantum index of the Shubnikov-de 
Haas oscillations versus the reciprocal of the magnetic field for ( a )  the 
electrons of b ellipsoids and ( b )  the holes. 

A(H - I )  = 2.8. lo-' Oe- I, which correspond to the elec- 
trons of the b ellipsoids which are positioned symmetrically 
with respect to the axis of the filament (see the inset in Fig. 
1 ) . The maximum on the p ( H )  curve at H 11  36 kOe corre- 
sponds to the emergence of the last Landau levels (the O +  1 - 
doublet) from this group of electrons. In fields H> 10 kOe, 
Shubnikov-de Haas oscillations due to holes become super- 
imposed on the oscillations due to electrons. The period of 
the hole oscillations determined in weak fields is 
A ( H  - I )  = 0.62. Oe- I. The Shubnikov-de Haas oscil- 
lations from the a ellipsoid electrons, with a period 
A(H - I )  = (7.7 + 0.5). lop5 Oe-I, are detected primarily 
in filaments with d > 4pm. The Shubnikov-de Haas oscilla- 
tions from the b-ellipsoid electrons are observed in samples 
of all diameters. The period of these oscillations, 
A(H - I )  = (3.3 + 0.5).10W5 Oe-I, appears to be indepen- 
dent of the thickness. Figure 1 shows calculated cutoff fields 
for the electrons of the a and b ellipsoids and for the holes; 
beginning at these cutoff fields, the conditions ( r ,  <R) for 
observation of the Shubnikov-de Haas oscillations from the 
corresponding group of charge carriers become satisfied in 
the filamentary bismuth single crystals. Also shown here is 
an experimental curve of H,,, versus d for the filamentary 
single crystals studied in the present experiments. 

The presence of a negative magnetoresistance (Fig. 2) 
and the adherence to the behavior H,,, a d -' (Fig. 1 ) are 
evidence that a galvanomagnetic size effect is occurring in 
the thin bismuth  filament^'^.": Some of the electrons (or 
holes) gyrate in the magnetic field and avoid meeting the 
surface. The effect is to "improve" the conductivity of the 
filament. In the filamentary bismuth single crystals the gal- 
vanomagnetic size effect is manifested against the back- 
ground of the "bulk" magnetoresistance which is due to the 
anisotropy of the Fermi surface and which determines the 
increase in the resistance in fields 0 < H  <H,,,. At 
H > H,,, the decrease in the resistance due to the galvano- 

magnetic size effect outweighs the increase in the "bulk" 
part ofp(H).  Significantly, the large magnitude of the nega- 
tive magnetoresistance of the filamentary bismuth single 
crystals with d < 4pm in strong magnetic fields results from 
the fact that at H > Hi, (H ,b, is the quantum-limit field for 
the electrons of the b ellipsoids) the electrical conductivity 
also begins to increase as a result of an increase in the density 
due to the flow of electrons out of the valence band into the 
conduction band.'' It is this effect which leads to the de- 
crease in the resistance of the large-diameter filaments for 
H >  30 kOe. Since the Shubnikov-de Haas oscillations due 
to the electrons begin at fields HzH,,, , we can make use of 
the H,,, a d  -' dependence to determine the extreme value 
of the transverse Fermi momentum of the electrons. Accord- 
ing to ( 1 ), the experimental value H,,, d = 1.1 p m  . kOe 
(Fig. 1) corresponds topy""' = 0.88. g.cm/s. Using 
the known values of the parameters of the Fermi surface of 
bismuthI9 and the crystallographic orientation of the fila- 
ments, we find that the values of p',""" in the plane perpen- 
dicular to the axis of the filament are 0.80.10-2' and 
1.10- g.cm/s for the electrons of the a and b ellipsoids, 
respectively, and 4.46. g.cm/s for the holes. The value 
found experimentally for pytrm for the bismuth filaments 
should probably be regarded as an average value over all of 
the electron ellipsoids. 

The presence of Shubnikov-de Haas oscillations from 
both the electron and hole parts of the Fermi surface indi- 
cates that these filamentary bismuth crystals are of high 
quality. The periods of the Shubnikov-de Haas oscillations 
from L electrons and T holes found for them agree well with 
the corresponding periods which are characteristic of bulk 
samples. It was found that the period of the Shubnikov-de 
Haas oscillations does not change down to a thickness 
d = 0.1 pm; this result is evidence that the concentration of 
charge carriers remains constant in filamentary bismuth sin- 
gle crystals with d>/0.1 pm. 

2. Quantum size oscillations in the longitudinal 
magnetoresistance 

The general picture of the quantum size oscillations ob- 
served in cylindrical single-crystal filaments of bismuth is 
unusually complicated. However, a study of a large number 
of samples (more than 50 in the present experiments) vary- 
ing in diameter, surface quality, and volume makes it possi- 
ble to distinguish in the overall frequency spectrum various 
groups of oscillations differing in periods, in the magnetic- 
field intervals in which they are seen most clearly, and in the 
dependence of the amplitude on the magnetic field, although 
the different types of oscillations are usually superimposed 
on each other in the highest-quality samples. 

For all the samples, we observe size oscillations on the 
curve of p ,  ( H )  in the initial interval of magnetic fields, 
where the condition H < H,,, holds; the parameter values of 
these oscillations correspond to the oscillations which were 
observed in Refs. 4 and 5. The amplitude of such oscillations 
on thepll (H) curve is usually at a maximum. However, dif- 
ferentiating twice reveals new groups of size oscillations over 
a broad range of magnetic fields. The parameters of these 
new groups of oscillations are quite different from those of 
the "classical" oscillations which were observed in Refs. 4 
and 5. The following classification includes both the classi- 
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FIG. 3. a-Quantum-size oscillations; b-their Fourier spec- 
trum, for a filamentary Bi sample with a diameter d = 0.68 pm 
at T = 4.2 K .  Shown on the spectrogram is the dependence of 
the amplitude ( A )  of the quantum size oscillations, in arbitrary 
units, on the frequency F, in reciprocal kiloersteds. The peaks 
are labeled with the absolute value of the period of the oscillation 
component, AH, in oersteds. 

cal oscillations and the oscillations of the new types. 
In the first group we can place the quantum size oscilla- 

tions with periods of ( 1-4.2) a,, which are seen in the initial 
region of magnetic fields. The particular features of these 
oscillations are shown quite clearly in Fig. 3, which is a plot 
of the quantum size oscillations in the longitudinal magne- 
toresistance of a filamentary bismuth sample 0.68 pm thick. 
The oscillations are of the nature of clearly defined beats, 
and their period AH is constant in a "forward" magnetic 
field and is inversely proportional to the cross-sectional area 
of the filament. With increasing H, the amplitude of the 
quantum size oscillations decreases, but the damping rate in 
a magnetic field differs for the different frequencies. By the 
time the Shubnikov-de Haas appear in fields HzH,,, , the 
quantum size oscillations have been completely damped in 
most of the filaments with thicknesses d20.3 pm. However, 
there are some filamentary single crystals in which quantum 
size oscillations are detected even at fields above H,,, . 

In the second group of oscillations are the high-frequen- 
cy quantum size oscillations with periods of (0.3-0.9)Qo 
which are observed over a significantly broader range of 
magnetic fields. These oscillations are seen particularly 
clearly in bismuth samples with d = 0.40 pm (Fig. 4). In 
fields H > H,,, = 3.4 kOe, high-frequency quantum size os- 
cillations are superimposed on electron Shubnikov-de Haas 
oscillations which arise. Although the amplitude of these 
oscillations is small in comparison with the amplitude of the 
Shubnikov-de Haas oscillations, they can be reliably detect- 
ed on the curves of dp/aH at fields up to H z  14 kOe, and 
they are completely reproducible when the measurements 
are repeated. The lower curve in Fig. 4 shows that when we 
record the second derivative of the magnetoresistance with 
respect to the magnetic field we can bring out the size-depen- 
dent oscillatory part ofp(H) more clearly. In this case, how- 

ever, the actual relation between the amplitudes of the low- 
and high-frequency components is skewed in favor of the 
latter, by a factor of about 2.5. This circumstance must al- 
ways be taken into consideration in discussing the contribu- 
tion of some frequency or other to the oscillatory depen- 
dence. 

The quantum size oscillations of this group are seen 
most frequently in filamentary samples with d < 0.3pm. Fig- 
ures 5-7 show experimental curves found for filaments with 
thicknesses in this region. A common feature for all three 
samples is the predominance in weak magnetic fields, 
H < H,,, , of the quantum size oscillations of the first group, 
with periods A@-(1 - 4.2)Q0 in the flux. In fields 
H > H,,, , superimposed on the Shubnikov-de Haas oscilla- 
tions, we can clearly see high-frequency quantum size oscil- 
lations with periods A@- (0.3 - 0.9)@,. The magnetic- 
field interval over which these oscillations exist expands 
with decreasing filament thickness. The picture of the super- 
position of the high-frequency quantum size oscillations on 
the Shubnikov-de Haas oscillations can be seen particularly 
clearly in the samples with d-0.27-0.30 (Fig. 5), for which 
there are typically four or five periods of the electron Shub- 
nikov-de Haas oscillations on curves ofp(H) .  For the fila- 
ments with d = 0.2 1 + 0.03 p m  (Fig. 6),  the curves ofp ( H )  
have only two maxima, which stem from the fact that the a 
electrons reach the quantum limit at H t ,  z 13 kOe, and the 
electrons with the b ellipsoids do the same at Hi, z 2 7  kOe. 
As the thickness of the single crystals is reduced to d = 0.15 
p m  (Fig. 7),  only a single maximum of the Shubnikov-de 
Haas oscillations remains-a maximum which results from 
the departure of the last Landau level from the electron b 
ellipsoids. All of the other maxima on the curve in Fig. 7 are 
related to the quantum size oscillations in the longitudinal 
magnetoresistance. Since the amplitude of the high-frequen- 

16293 
FIG. 4. a: First and second derivatives of the magnetore- 

150 sistance with respect to the magnetic field for a Bi sample 
with d = 0.40pm at 4.2 K. Arrows 1 and 2 show the cut- , 3 5 7 g F; koe-, off fields for Shubnikov-de Haas oscillations from the 
electrons of the a and b ellipsoids, respectively. The inset 

'4 l$h shows the initial part of the ( H )  curve in larger scale. b, f c: Fourier spectra of d  p ( H ) / d H 2  curve in fields 
O<H<3.6 kOe and the d 2 p ( H ) / d H 2  curve in fields 
3 . 2 G H ~ 7 . 6  kOe, respectively. 
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ybw V34' 27‘7 FIG. 5. a: Shubnikov-de Haas and size-effect oscillations in the 
magnetoresistance of a filamentary Bi sample with d = 0 .27pm 

4 5  ' , 5  235 
at 4.2 K. 1-Hzu, ; 2-H &, ; 3-H :,,, . b,c: Fourier spectra of the 
a z p ( H ) / a Z H  curve for the respective field intervals 0 < H<15 

'77v 
~l n c k d e  and 8.1 ( H ~ 2 0 . 1  kOe. 

cy oscillations (of the second group) is substantially lower 
than the amplitude of the quantum size oscillations of the 
first group, the latter are predominant in fields 0 < H<H tu,. 
At H > H :,,, the amplitude of the quantum size oscillations 
of the first group falls essentially to zero, and the high-fre- 
quency components alone dominate the size-oscillation part 
of the longitudinal magnetoresistance of filamentary bis- 
muth single crystals. This property of the oscillations with 
periods of (0.3-0.9)@,, i.e., damping of the amplitude with 
increasing H which is significantly less pronounced than for 
the quantum size oscillations of the first group, makes it 
possible to observe these oscillations in their pure form in 
stronger magnetic fields. 

The high-frequency quantum size oscillations of the 
longitudinal magnetoresistance, with periods A@- (0.3- 
0.9)@,, thus have the following distinctive features: They 
begin in weak fields at the same time as the quantum size 
oscillations of the first group, with A@- ( 1-4.2)@, (Figs. 5 
and 7).  Their period is constant in a parallel magnetic field 
and inversely proportional to the cross-sectional area of the 
filamentary crystals. The range of magnetic fields in which 
they exist is far greater than the value ofH,,, for the electron 
Shubnikov-de Haas oscillations (Fig. 1 ). For the thinnest 
filaments (d  < 0.2 p m ) ,  the quantum size oscillations are 
also seen in magnetic fields beyond the quantum limit for 
electrons, but the region in which they exist is limited by the 
cutoff fields for the hole Shubnikov-de Haas oscillations. 

The complexity of the oscillation curves in Figs. 3-7 is a 
consequence of the complex frequency composition of the 

quantum size oscillations, as is confirmed by their Fourier 
spectrum, shown in the same figures. Plotted along the ordi- 
nate in the Fourier spectrograms is the relative oscillation 
amplitude, which determines the contribution of the corre- 
sponding oscillation component in the region of magnetic 
fields under consideration. 

It should be recalled that the amplitudes of the peaks on 
the Fourier spectrograms found for the size oscillations in 
the curves of a 2p ( H )  /aH *by no means characterize the am- 
plitudes of the various oscillations in p ( H ) .  Differentiating 
twice sharply increases the relative amplitude of the high- 
frequency oscillations and also the level of the higher har- 
monics (primarily the second) in the spectrum of oscilla- 
tions of each type. Furthermore, the double differentiation 
causes a substantial weakening of the monotonic trend, with 
the result that the amplitudes of the false peaks which arise 
on the Fourier spectrograms because of the finite size of the 
oscillation interval which is being analyzed decrease or dis- 
appear completely. Since "ordinary" quantum size oscilla- 
tions with A@- ( 14.2)@,,  dominate in fields 0 < H<H t,, , 
while high-frequency oscillations with A@- (0.3-0.9)@,, 
dominate in fields H > H tu,, a Fourier analysis of the oscilla- 
tions curves was carried out separately for each of these two 
regions of magnetic fields. Table I shows values found for the 
periods of the oscillation components, AH, by numerical cal- 
culations. Table I1 shows the periods in units of the quantum 
of magnetic flux, @,. It follows from these Fourier spectra 
(Figs. 4-6) that the error in the determination of the periods 
of the quantum size oscillations for a given sample through 

FIG. 6 .  Quantum-size oscillations in the magnetoresistance of a 
filamentary Bi sample with d = 0.21 p m  at 4.2 K .  I-H,",, ; 2- 
H tu, ; 3-H t,,, . 
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FIG. 7. Quantum-size oscillations in a filamentary Bi sample with 
d = 0.15 p m  at 4.2 K. 1-H :", ; 2-H tu, ; 3-H k, . The field interval 14- 
50 kOe is dominated by high-frequency quantum size oscillations with a 
period A@ = 0.33@, in the flux ( A H  = 780 Oe).  

the use of the curves of dp(H)/dH,  C ? ' ~ ( H ) / ~ H '  and 
through variation of the magnetic-field intervals used in the 
analysis is less than 5%. The scatter in the values of A@/@,, 
for a given period for different filaments cannot be linked 
with an error in the determination of the frequency composi- 
tion of the quantum size oscillations. I t  appears to be a con- 
sequence of the uncertainty in the determination of the di- 
ameter of the samples and possible slight variations in their 
crystallographic orientation. 

A third group is made up of oscillations which are equi- 
distant in a forward magnetic field (Fig. 8 ) .  These oscilla- 
tions differ substantially from those shown in Figs. 3-7 in 
terms of the magnetic-field interval in which they exist and 
in terms of their periods, which are far greater than the value 

-4@,, which is characteristic of the lowest-frequency com- 
ponent of the quantum size oscillations in fields H < H,,, 
(Tables I and 11). For a filamentary sample with d = 1.0 
p m ,  the curve of dp (H) /dH has equally spaced oscillations 
with a period of 26@, ( A H  = 1370 Oe; Fig. 8 )  superimposed 
on Shubnikov-de Haas oscillations. The amplitude of the 
oscillations remains essentially constant over the entire 
range of magnetic fields used (0-50 kOe) . Oscillations of the 
magnetoresistance with a predominant period A@ = 8@, 
( A H  = 1140 Oe) in the flux are detected in fields 0-16 kOe 
for a filament with d = 0.61 p m .  Because of their large am- 
plitude, they are observed both against the background of 
the monotonic change in the magnetoresistance and on the 
curve of dp/pH versus H. Fifteen oscillation periods were 
detected, with an essentially linear dependence of the index 
of the extremum on the magnetic field. A Fourier analysis of 
the d p ( H ) / d H  curve for a filament with d = 0.61 p m  
showed that in addition to the oscillations with a period of 
8@, the spectrum of quantum size oscillations of the third 
group also contains four oscillation components with per- 
iods of (4-18)@,, (Table 111) and with smaller amplitudes. 
In Fig. 9, which shows a record of the quantum size oscilla- 
tions and their Fourier spectrum for a sample with d = 0.63 
pm,  we see that when several frequencies of the third group 
are predominant the oscillation curves of the longitudinal 
magnetoresistance have a shape which is far more complex 
than that of the curves in Fig. 8. The quantum size oscilla- 
tions of this type are unusual in that they are observed in 
fields H>H,,, for electrons and holes superimposed on 
Shubnikov-de Haas oscillations, where the quantum size os- 
cillations of the first and second groups are absent. 

Table I11 shows the frequency composition of the quan- 
tum size oscillations of the third group for several filamen- 
tary samples. Shown in parentheses is the index of the oscil- 

TABLE I. Periods of the quantum size oscillations (of the first and second groups) in the 
longitudinal magnetoresistance, AH (in oersteds), for filamentary bismuth single crystals at 4.2 
K. 

d, p m  Period, AH, Oe 

0.iiS 
O.li0 
O.TlCi 

0..-!2 
0.47 
iJ.4:; 
(I. 'lo 
0.27 
0.2$ (a) 
0.2 'l ( 6 )  
0.2:3 
0.21 (a)  
0.31 (6) 

Period, AH, Oe 
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0.68 
0.60 
0.58 
0..52 
0.47 
0.43 
0.40 
0.87 
0.24 (a) 
0.24(b) 
0.23 
0.21 (a) 
0.21(b) 

TABLE 11. Periods (A@/@,) in the quantum size oscillations (ofthe first and second groups) in 
the longitudinal magnetoresistance of cylindrical bismuth single crystals at 4.2 K in arbitrary 
units. 

d, pm 

lation component, in order of decreasing amplitude of the 
component. Although the oscillation part of the magnetore- 
sistance of these filaments contains up to 11 frequencies (of 
the third group), the values of their relative periods A@/@, 
agree well with the corresponding periods found for samples 
of other diameters. Analysis of the thickness dependence of 
the low-frequency oscillations in the magnetoresistance with 
A@ % @, shows that the periods of the constituent oscillation 
components of these oscillations are inversely proportional 
to the cross-sectional area of the filamentary samples. This 
property is convincing proof that such oscillations in the 
magnetoresistance fall in the class of size oscillations. It 
should be noted that low-frequency quantum size oscilla- 
tions can be seen best in filaments with a thickness of 0.4-1 .O 

Period, A@/@, 

d, pm 

FIG. 8. Resistivity and its derivative with respect to the magnetic field in 
cylindrical Bi single crystals with thicknesses of 0.61 and 1.Opm at 4.2 K. 
For the sample with d = l.Opm, quantum size oscillations with an aver- 
age period A@ = 26@, in the flux [(AH),, = 1370 Oe] can be seen 
against the background of the Shubnikov-de Haas oscillations. 

Period, A@/@, 

pm,  which have the maximum resistance ratiop,,,/p,,, . Ta- 
ble I11 shows, for the example of a filamentary sample with 
d = 0.24 pm,  that the thinnest bismuth filaments exhibit 
low-frequency quantum size oscillations with a maximum 
period - lo@, in fields up to 50 kOe. 

The low-frequency quantum size oscillations are thus 
manifested in the weakest magnetic fields, along with the 
quantum size oscillations of the first and second groups, but 
they continue to be seen in fields above HE,, and H ,h,, and 
above the quantum limit for b electrons. There is no unam- 
biguous correlation between the diameter of the filamentary 
sample and the magnetic-field region over which the low- 
frequency quantum size oscillations exist. In a first approxi- 
mation, the low-frequency quantum size oscillations are 
equidistant in the magnetic field, and their periods depend 
on the diameter in accordance with AH-d -*, lying in the 
range (2-26)@,. The smallest period of the low-frequency 
quantum size oscillations is most often (3.5-4.2) @,; the am- 
plitude of the low-frequency quantum size oscillations de- 
pends primarily on the quality of the interior and surface of 
the filamentary single crystals. In samples with d = (0.6- 
1.0) the maximum amplitude is that of oscillation compo- 
nents with periods of ( 8-26) @,; components with 
A@ < lo+, become predominant as the diameter of the fila- 
ment is reduced. 

In this study we did not carry out a detailed analysis of 
the temperature dependence of the oscillation amplitude. 

5. DINGLE OSCILLATIONS AND "FLUX-QUANTIZATION" 
OSCILLATIONS FROM THE ELECTRON FERMl SURFACES 
OF BISMUTH 

It was shown above that in magnetic fields 0 < H < H t,, 
quantum size oscillations with periods in the flux lying in the 
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TABLE 111. Periods of the quantum size oscillations (of the third group) in the longitudinal magnetoresistance of filamentary bismuth samples at 4.2 
K. 

*Oscillations of the first 
**At 0 < H <  14 kOe. 

group, observed in filamentary bismuth samples at 

interval A@ - ( 1-4.2)@, dominate. It follows from Table I- 
I11 that in the interval ( 1-4.2)@ there are six characteristic 
periods, with values, in units of A@/@,, of 3.7 + 0.5, 
2.7+0.2,2.0+0.2; 1.7k0.1, 1.4+0.l ,and 1.1 k 0 . l .  

The oscillations with a period ( 1.1 + 0.1 )<Po which 
were first observed in Refs. 4,5,20, and 21, are predominant 
on thepll (HI  curve in the weakest fields and fade rapidly in 
the field interval 0 < H S  H,,, . These oscillations should be 
classified as the "flux-quantization" oscillations which were 
predicted theoretically in Refs. 9-1 1. The other periods, ex- 
cept the first, agree well with the periods of Dingle oscilla- 
tions calculated for electrons for cylindrical bismuth single 
crystals in Refs. 13 and 14. The theoretical calculations of 
the periods of the quantum size oscillations in those studies 
were carried out exclusively for the electrons on the a ellip- 
soid (see the inset in Fig. I ) ,  whose extension direction 
makes a small angle ( -20") with the axis of the filamentary 
sample and whose intersection with the plane perpendicular 
to the axis of the filament and for which the area of the inter- 
section with the plane perpendicular to the axis of the fila- 
ment is nearly the minimum area. It has been suggested that 
for the electrons of this group the conditions for size quanti- 
zation in cylindrical single crystals hold better than for the 
electrons of the two other equivalent b ellipsoids, with a 
cross-sectional area S, =:2S,, for which the values of the 
extremal Fermi momenta in the plane perpendicular to the 

axis of the filament are larger. However, since there are twice 
as many electrons in the b ellipsoids as in the a ellipsoid, and 
since the extremal Fermi momenta differ by a factor of only 
1.4, it can be assumed that the b electrons can make an ap- 
preciable contribution to the oscillations in the magnetore- 
sistance. The large number of oscillatory components in the 
quantum size oscillations in the magnetoresistance in fields 
0 < H  < H,,, may be a consequence of the contribution of 
the electrons of b ellipsoids to the oscillations. Evidence in 
favor of this suggestion comes from the fact that the quan- 
tum size oscillations with periods (1.4-4.2)@, for most of 
the samples with d < 0.7pm in fields equal to H Rt still have 
a substantial amplitude (Figs. 3-7) and are detected up to 
fields as strong as the cutoff field for the electrons of the b 
ellipsoids, which are H ,but z 1.4H ,",, . In contrast, the theo- 
retical calculations of Refs. 7-1 1, 13, and 14 state that the 
amplitude of the quantum size oscillations from the corre- 
sponding group of carriers should vanish in a magnetic field 
equal to the cutoff field. Using the expression derived in Ref. 
14 to determine the periods of the quantum size oscillations 
of cylindrical bismuth single crystals, we can calculate the 
periods of the Dingle quantum size oscillations from elec- 
trons of the b ellipsoids. In units of A@/@,, these periods are 
1.7 1, 1.47, 1.24, 1.18, and 1.15. We see that the frequency 
spectra of the quantum size oscillations from the electrons of 
the a and b ellipsoids overlap significantly; the effect is to 

a 

FIG. 9. a: Quantum-size oscillations in the longitudinal magne- 
toresistanceofa Bi filament withd = 0.63pm at 4.2 K. 1-Hz,, ; 
2-H,,, ; 3-H a,. b: Fourier spectrum of the quantum size os- 
cillations in fields 3.7<H<22 kOe for a sample with d = 0.63 

0 5 I0 15 Z w ,  kOe 0 5  1:O 1.5 2.0 F, kOe-I 
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complicate an unambiguous separation of the contribution 
of each of the electron groups to the oscillatory part of the 
magnetoresistance. 

6. DINGLE OSCILLATIONS FROM THE HOLE PART OF THE 
FERMl SURFACE OF BISMUTH 

The high-frequency quantum size oscillations (of the 
second group; Figs. 4-7) should be put in this category. 
These oscillations contain four to seven (most often, five) 
frequencies, with periods which are distributed almost uni- 
formly over the interval (0.3-0.9)@, (Tables 1 and 2).  Are 
some of these frequencies associated with the double differ- 
entiation of thep(H)  curve which we carried out in order to 
distinguish the size-dependent oscillatory part of the longi- 
tudinal magnetoresistance? To answer this question, we car- 
ried out a Fourier analysis of the curves of both ap(H)/aH 
and a 'p (H)/aH for most of the filamentary bismuth sam- 
ples. We found that the frequency spectra of these two curves 
are qualitatively the same (Fig. 4) .  The amplitude of the 
high-frequency quantum size oscillations depends on H in a 
complicated way. In fields 0 < H < H :,, the amplitude of the 
oscillations with A@- (0.3 - 0.9)@, decreases with in- 
creasing oscillation frequency, but for H >  H :,, this behav- 
ior changes. For most of the filamentary bismuth samples 
the region in magnetic field in which the high-frequency 
quantum size oscillations exist overlaps the region of elec- 
tron Shubnikov-de Haas oscillations and lies in the interval 
0 < H 5 H t,, (H,,, d  = 5.6 pm.kOe; Fig. 1 ) . This circum- 
stance is responsible for the complicated way in which the 
amplitude of these oscillations falls off with increasing H in 
comparison with the electron Dingle oscillations. Shubni- 
kov-de Haas oscillations from T holes appear in essentially 
all of the samples in fields at which the amplitude of the high- 
frequency quantum size oscillations vanishes. 

The higher frequency of the quantum size oscillations 
of the second group is a consequence of the small distance 
between the size-effect levels, AE: + itself a consequence 
of the large effective mass which is characteristic of the T 
holes. The small values of the distance between the hole size- 
effect levels also explains the relatively low amplitude of the 
high-frequency quantum size oscillations. 

In the crystallographic orientation characteristic of cy- 
lindrical bismuth single crystals the conditions for size quan- 
tization for T holes are the least favorable, because the extre- 
ma1 Fermi momentum in the plane perpendicular to the axis 
of the sample is close to the maximum value. Nevertheless, 
estimates show that in filaments -0.4pm thick the distance 
between the size-effect energy levels closest to the Fermi sur- 
face for the T holes is Aej: + ,,, z 1 meV, i.e., essentially the 
same as A&: + for the discrete electron levels in samples 
with d z  1 .Opm, where quantum size oscillations from elec- 
trons can be reliably detected. In filamentary single crystals 
0.2-0.3pm thick the energy gap between the hole size-effect 
levels is -2 meV. Clearly, samples of very high quality will 
be required in order to see the quantum size oscillations asso- 
ciated with such a small spacing in the energy spectrum. 

According to the data of Ref. 22, the probability for the 
specular reflection of holes from a surface is substantially 
lower than that for electrons. Consequently, high-frequency 
quantum size oscillations are not detected for all of the fila- 
mentary samples but only for those which have the best bulk 
and surface characteristics. 

7. QUANTUM OSCILLATIONS ASSOCIATED WITH 
MAGNETIC SURFACE LEVELS 

It was shown above that the Dingle oscillations from 
"bulk" electrons and holes are detected in most of the fila- 
mentary bismuth samples up to fields equal to H,,, for the 
corresponding carrier group. For filaments with d  = 0.6-1.0 
pm,  low-frequency quantum size oscillations are detected at 
fields up to 30-50 kOe (Figs. 8 and 9-i.e., up to fields three 
to nine times greater than H :,, for holes and tens of times 
greater than the cutoff fields H z,, and H %,, for electrons. 
Oscillations of this type in the magnetoresistance cannot be 
identified as the quantum size oscillations observed in Refs. 
2-5, since the latter were observed only in fields preceding 
the electron Shubnikov-de Haas oscillations. There is a diffi- 
culty in determining the physical nature of the size-effect 
oscillations with periods A@ % @, which are characteristic of 
some of the bismuth samples: essentially all of the existing 
theoretical studies predict quantum size oscillations in the 
magnetoresistance only at fields at which the carrier Larmor 
radius r ,  exceeds the thickness of the sample. Calculations 
by MankinI3 and NedorezovI4 show that the maximum peri- 
od of the Dingle oscillations in the magnetoresistance for the 
bismuth filaments in the orientation which we studied would 
be -2.6@,. 

The low-frequency quantum size oscillations with per- 
iods A@- (4-26)@, observed in the present experiments 
(Table 111) thus disagree both in terms of the magnetic-field 
interval in which they exist and in terms of their periods with 
the results of other experimental and theoretical studies of 
quantum oscillation phenomena in cylindrical conductors. 

To determine the nature of the low-frequency quantum 
size oscillations, let us make use of their primary distinguish- 
ing feature: They exhibit an "independence" both with re- 
spect to the Dingle oscillations and with respect to the Shub- 
nikov-de Haas oscillations associated with the bulk charge 
carriers. This circumstance indicates that the quantum size 
oscillations of this type are not related to bulk carriers and 
probably stem from the existence of magnetic surface lev- 
els.'' The existence of size oscillations in the magnetoresis- 
tance is convincing evidence for the specular nature of the 
reflection of the charge carriers from the surface of the fila- 
mentary bismuth single crystals studied in these experi- 
ments. This conclusion in turn means that magnetic surface 
levels may exist in these crystals. 

As we mentioned in the Introduction, a similar oscilla- 
tory dependence of the longitudinal magnetoresistance of 
cylindrical conductors was studied in Refs. 9-1 1, where it 
was shown that the spectrum of magnetic surface levels in 
quantum size cylindrical samples is quite different from that 
in a bulk sample. According to Refs. 9-1 1, the motion of 
grazing electrons in a narrow layer near the surface in a weak 
field, r, B R ,  leads to oscillations in thermodynamic and ki- 
netic properties with a universal period A@ = @,. This peri- 
od should be independent of the particular carrier dispersion 
law. The experimental observation of multifrequency quan- 
tum size oscillations with periods A@$@, and their exis- 
tence in fields H%H,,, indicate that the physical nature of 
the low-frequency quantum size oscillations is more compli- 
cated than that of the oscillations studied in Refs. 9-1 1. 

Analysis of the periods in the magnetoresistance oscil- 
lations of electrons in bismuth filaments in fields H < H,,, 
has revealed six characteristic frequencies over the interval 
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(1-4.2)@, and has also revealed that the period 
A@ = (3.7 0.5)@, does not agree with the results of the 
calculations in Refs. 13 and 14. The experimental results 
shown in Table I11 explain this discrepancy and indicate that 
quantum size oscillations with a period -4@, differ in phys- 
ical nature from the quantum size oscillations studied in 
Refs. 13 and 14 and apparently stem from magnetic surface 
levels. 

In bismuth filaments with d-0.4-1.0 pm,  the ampli- 
tude of the low-frequency quantum size oscillations in fields 
H >  H,,, is some four to six times higher than that of the 
Dingle quantum size oscillations at H < H,,, . In general, as 
H  is increased the low-frequency quantum size oscillations 
exhibit a clearly defined beat nature (Fig. 9),  and their am- 
plitude decreases; i.e., their behavior in a magnetic field is 
similar to that of quantum size oscillations from bulk carri- 
ers. 

We do not rule out the possibility that the physical na- 
ture of the low-frequency quantum size oscillations might 
have some different explanation, e.g., one based on a fluctu- 
ation 

8. CONCLUSION 

The theory worked out on the quantum size oscillations 
in Refs. 7, 9-1 1, 13, and 14 was restricted to weak fields, in 
which the role of the magnetic field reduces to one of simply 
shifting the system of quantum size-effect energy levels 
which exist in a filamentary sample. For this reason, the use 
of the results of these calculations to analyze experimental 
data obtained in stronger fields is not strictly correct. In 
strong fields, the situation may be complicated by the dis- 
ruption of the equidistant arrangement of the oscillation 
peaks in a forward magnetic field (the period acquires a field 
dependence) and by the oscillations of the Fermi level, with 
the result that frequency modulation of the quantum size 
oscillations should set in. In principle, each of these effects 
can complicate Fourier analysis of the experimental oscilla- 
tory dependence of the magnetoresistance, but at present it 
does not seem possible to avoid these difficulties. 

A study of the longitudinal magnetoresistance of bis- 
muth single-crystal filaments has shown that in samples 
with d <  1 p m  there are two types of quantum size oscilla- 
tions in the magnetoresistance, which differ in physical na- 
ture. Classified as oscillations of the first type are those 
which stem from the discrete energy spectrum of the bulk 
charge  carrier^.^.^-' 1 3 ' 3 3 ' 4  Th e reason for the complex oscilla- 
tions of this type in the magnetoresistance is the fact that 
bismuth has several nonequivalent constant-energy sur- 
faces, each of which makes its own contribution to the quan- 
tum size oscillations in the magnetoresistance. The results of 
the present experiments show that both the electrons at the L 
point in the Brillouin zone and holes at the T point partici- 
pate in the formation of the quantum size oscillations of the 
first type in bismuth filaments. 

One possible reason for the appearance of quantum size 
oscillations of the second type in the magnetoresistance 
might be the appearance of magnetic surface levels in fila- 
mentary samples. These surface levels would be associated 
with charge carriers which are moving along "jumping" tra- 
jectories over the surface of the filament. Magnetic surface 
levels characterizing stationary states of electrons which are 
moving along "jumping" trajectories play the same role for 

the carriers of this group as Landau levels play for charge 
carriers in bulk crystals. As in the case of size oscillations 
from bulk carriers, the apparent reason for the complex fre- 
quency spectrum of quantum size oscillations in the magne- 
toresistance due to the surface levels is the contribution of 
carriers which belong to the electron and hole parts of the 
Fermi surface of bismuth. 

We need to stress that the quantum size oscillations 
with periods ( 1-2.6) @,, and (0.3-0.9)@, are not localized in 
the field intervals from 0 to H and H  tu,,  respectively, as 
has been suggested in some theoretical papers.7-'1.13*14 A 
spectral analysis reveals quantum size oscillations of elec- 
trons and holes even in fields above the corresponding cutoff 
field, as is illustrated by the results in Figs. 5 and 7. As a rule, 
the amplitude of the quantum size oscillations at H > H,,, is 
lower than the amplitude of the oscillations in fields below 
Hcut. 

Studies of the quantum size oscillations in the resistance 
in a magnetic field are considerably more convenient and 
informative than studies of the quantum size oscillations 
which stem from the thickness of the sample at H = 0, since 
in the former case it becomes possible to separate the contri- 
butions made to the quantum size oscillations in the magne- 
toresistance by different groups of charge carriers, both by 
varying the magnetic field and by analyzing the data (by 
Fourier analysis, etc.) for the "size-effect" oscillatory part 
of the x ( H )  curve. Furthermore, the specific manifestations 
of quantum size oscillations in magnetic fields give rise to 
new physical phenomena which are of independent, possibly 
practical interest. 

We wish to thank N. M. Malkova for assistance in car- 
rying out the Fourier analysis of the experimental results. 
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