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A study is made of the possibility of reducing the quantum noise of laser radiation under 
conditions of sub-Poisson excitation of atoms. A general relationship is found between the 
spectrum of fluctuations of the intensity of the radiation emerging from a resonator and the 
spectral density of the effective-pumping noise. Indications of the sub-Poisson statistics of laser 
radiation in the case of cw single-mode emission are found for two specific excitation 
mechanisms. 

INTRODUCTION 

Lowering of the quantum noise of radiation compared 
with the shot noise of photodetection is regarded as an im- 
portant and attainable target.'-3 After demonstration of an- 
tibunching4 and of the sub-Poisson photon statistics 
(SPPS)5 of nonlinear resonance fluorescence of single atoms 
in a low-density atomic beam, similar positive experimental 
results have been reported quite recently for radiation form 
macroscopic sources. The present authors are aware of two 
such results: a weak SPPS effect in the luminescence of mer- 
cury vapor in a Frank-Hertz tube when the shot noise in the 
exciting electron beam was suppressed6.' and manifestation 
of a "squeezed" state in the spectrum of the intensity fluctu- 
ations observed in the case of parametric oscillations in a 
resonator (Ref. 8)'' Four-wave mixing in a resonator or in 
an optical fiberlo." is attracting the greatest attention. How- 
ever, equally interesting is the idea of observing the SPPS 
and lowering the spectral density of the intensity fluctu- 
ations in the case of "ordinary" cw operation of a laser. A 
scheme for regular pulsed pumping with complete filling of 
the upper active level in each pulse is proposed in Ref. 12: in 
the theoretical limit this should make it possible to reduce to 
zero the photocurrent noise in detection of radiation from a 
gas laser. The same approximations were used in Ref. 13 to 
show that the SPPS and a dip at low frequencies in the spec- 
trum of the intensity fluctuations may occur when cooperat- 
ive processes are activated in a system of excited atoms (pair 
deactivation): this ensures the sub-Poisson nature of the ef- 
fective pumping (nonappearance of resonator photon pairs 
separated by short time intervals). The results of Refs. 12 
and 13 were obtained within the framework of full quantum 
theory of single-mode emission from a gas l a ~ e r ' ~ . ' ~  with a 
refinementI2 which makes it possible to allow correctly for 
the excitation statistics. 

We shall consider the possibility of reducing the quan- 
tum noise of radiation obtained as a result of cw single-mode 
emission from a gas or a solid-state laser in the case of the 
"repulsive" ( sub-Poisson) statistics of the population of the 
upper active level. We shall use the model of rate equations 
for the populations of the atomic levels and for the numbers 
of atoms in the presence of random sources of fluctu- 
a t i o n ~ . ' " ~ ~  This method is simpler and clearer than the 
method of quantum master equation for the field. The latter 
can be derived correctly by a reduction of the initial equation 
for the density matrix of the whole system only subject to 

severe restrictions which postulate that the fluctuations of 
the populations decay much more rapidly than the fluctu- 
ations of the field in the resonator (see the Appendix in Ref. 
15). 

We shall derive in Sec. 2 the general relationships 
between the spectral density of the photocurrent noise and 
the spectral density of the photocurrent noise and the spec- 
tral densities of the correlation functions of random sources, 
and we shall use these relationships to analyze two specific 
mechanisms of sub-Poisson effective pumping: excitation by 
an electron beam with suppression of the shot noise (Sec. 3) 
and pair deactivation in the pump channel (Sec. 4).  

We shall now identify the main quantities representing 
the radiation statistics which will be used below. We shall 
use the variance of the number of photocounts in a time 
much shorter than the decay time of all the correlations in 
the radiation: 

where f i  is the average number of photocounts and the pa- 
rameter f represents the deviation of the variance from its 
value f i  for the Poisson statistics. The parameter f may be 
negative (SPPS) for the states of the field that do not have a 
classical analog. It is related simply to the spectrum of the 
photocurrent fluctuations (81 '), (Ref. 3) : 

Therefore, the parameter 16 I in the range f < 0 represents the 
relative depth of a dip in the spectrum at w ZO below the 
level (7) of the shot noise of the photocurrent. The relation- 
ship (2)  is valid on condition that the correlation function of 
the fluctuations of the photocurrent (81(0)6I(r)) decays 
rapidly in the limit .r+ w . 

2. RELATIONSHIP BETWEEN THE SPECTRUM OF THE 
INTENSITY FLUCTUATIONS AND THE SPECTRA OF NOISE 
IN A LASER 

We shall consider an effective two-level lasing configu- 
ration [assuming that the lower active level 1 is not the 
ground state and that the pumping A ( t )  of the upper level 2 
causes slight depletion of the ground state]. We can describe 
single-mode lasing employing the following variables: @ is 
the number of photons in the resonantor; N, and N, are the 
populations of the upper and lower active levels; I is the 
intensity of the radiation emerging from the resonator and 
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recorded with a photodetector (sec-I). The rate equations 
describing the lasing kinetics will be written in the form 

IV,=A-N,/F~-'/,B( N,-Nl) @+r,, (3a) 
Nl=-Nl/z1+'/2B(~V2-N1) @+rl, (3b) 

@ = - c ~ + ~ / ~ B ( N ~ - N , )  0+r"m-r,, ( 3 ~ )  
I=C,Q, + r,. (3d) 

Here, T, and T, are the lifetimes of electrons at the active 
levels; B /2 is the rate of stimulated transitions (per one pho- 
ton in a mode); C is a constant describing the resonator 
losses; C, is a constant describing the total losses. Assuming 
that C, includes the angle factor and the quantum efficiency 
of the photodetector, and applying the Burgers theorem,19 
we shall identify I with the photocount rate. 

The system of equations (3)  includes random sources 
ri ( t )  of fluctuations of the quantities N,, N,, Q, and I. The 
statistical properties of these sources follow from the ob- 
vious assumptions about the statistics of the radiation: dis- 
crete nature of the elementary processes in the active medi- 
um, their statistical independence in the case of a large 
number of atoms and photons, and the relative smallness of 
the fluctuations. All the contributions on the right-hand 
sides of the system (3)  represent the probabilities (per unit 
time) of the following random events: changes in the quanti- 
ties N,, N,, Q, and I by + 1 as a result of pumping (A) ,  
spontaneous transitions ( S ) ,  stimulated emission (e),  ab- 
sorption (a), etc. For each of the equations in the system 
(3),  we can derive expressions for arbitrary realizations of 
the random processes, so that, for example, Eq. (3a) corre- 
sponds to 

i2 = x (A)  * (t-ti) -E ( a )  6 (t-ti) 
4 j 

The moments ti, t,, tk , and t, at which all these events occur 
are random. Averaging over any long time interval T brings 
us back to Eq. (3a). The average numbers given in the sums 
in Eq. (4)  and corresponding to the different processes are, 
respectively, KT, Z 2 T  /T,, ~B~,Q,T, $B~ ,%T.  

The noise sources ri ( t )  should be defined so that the 
condition (ri ( t )  ) = 0 is satisfied and the correlation func- 
tions are identical with the coresponding functions deduced 
from equations of the (4) type: 

- - I?, rz (t) = L2 (t) - L2 (t) = L2 (t) - A + - + ' 1 3  (7i72-Ni) a. 
Z. 

We shall simplify calculations of the correlation matrix 
(ri (0)rj (T)  ) by considering first the equality of the lifetime 
of atoms at active levels 

T I = T ~ = F ~ .  (6) 

Introducing the variables N(t)  and N+ ( t )  (represent- 
ing the population inversion and the total population of the 
active levels) and the corresponding noise sources: 

N(t)='lz(N2-Nil, rN(t)='I2(r2-ri), 
(7 )  

N+(t)=NZ+Ng, rN+(t) =r2+r,. 

The equation for N+ ( t )  is separable when the condition (6) 
is obeyed. Beginning from a closed system of equations for 

the variables N, Q,, and I, we obtain a matrix of the noise 
correlation functions in the form 

Here, Z + ,  m, and 7 are the stationary (steady-state) values. 
The equations in the system (8)  [and later, Eqs. ( 19) and 
(26) 1 are derived by a method borrowed from a theory of 
random pulse processes2': we multiply expressions of Eq. 
(5 )  type, average each product of the 6 functions in respect 
of time, and finally average the number of terms of each type 
in single and double sums (this is explained later). 

The function K,, (T) in the first equation of the system 
(8) reflects the nature of the statistics of elementary events 
involving excitation of atoms in the active medium; in the 
case of the Poisson statistics of the pumping, we have 
K,, (Q) = ~ S ( T ) .  It is worth noting the last correlation func- 
tion in the system (8).  The minus sign is due to "anticorrela- 
tion" of the photocounts and photons in the resonator (see 
Figs. 3c and 3d). This simple but very important (for esti- 
mating the reduction in the photodetection noise) type of 
correlation of laser radiation was first pointed out in Ref. 12. 

We shall separate small random deviations in the case 
of cw operation: 

After linearization in respect of these deviations, we obtain 
the following system of equations: 

n 
6N (t) = - - T~ 6N-C6@+rN, 

where n = X/A,, and A,, = C/BT, is the threshold pump 
power. 

The power spectrum of the photocurrent can be de- 
duced from Eq. ( 10c) : 

where 
m 

( 6 x 6 ~ ) .  - 1 < 6 ~ ( 0 ) 6 ~  (7) >ei"'dz. (12) 
-m 

The system (10) yields a new system of equations for 
the required spectral densities (SXSY), ; its solution allows 
us to express (SI ,), in terms of the spectral densities of the 
fluctuation sources ri ( t ) :  

n n-l + 2-- (rNrQ)m]}. 
Ta Ta 
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Here, 

The first term in Eq. ( 13) corresponds to the shot noise 
in the photodetector. The minus sign in the second term rep- 
resents the reduction in the noise mentioned above and due 
to "anticorrelation" between the shot noise of fluctuations of 
the photocounts r, ( t )  and fluctuations of the number of 
photons in the resonator. 

In the Poisson pumping case we obtain the familiar re- 
sult: when the lasing threshold is exceeded ( n  ) 1 ), the vari- 
ance of the number of photocounts approaches the variance 
for the Poisson distribution, which describes the field in a 
coherent (Glauber) state. In fact, we find from Eqs. ( 13) 
and ( 14) that if K, (7) = X ~ ( T ) ,  then the variance of the 
number of photocounts in a time T)T,, C -' is given by 

C, l n < (rn-iii)'>= iii {1+2,- C --I. n-1 n-i 

The result given by Eq. ( 13) is obtained on the assump- 
tion that r1 = r2. We shall now obtain the expression for 
(SI,), in the limit which corresponds to the greatest reduc- 
tion in the noise: r2 ) rl. We shall assume that 

T2-1=o, T,-j=oo, (16) 

which gives 

where 

The correlation matrix of Langevin sources is defined as 
before, and it is given by 

= ,  (r22).=(KA)o+Br2@, 
(19) 

It therefore follows that the spectrum of fluctuations of 
the photocurrent is expressed in terms of the usual lasing 
parameters and in terms of the spectrum of fluctuations of 
the effective pumping (K, ), [see Eqs. (8) and ( 19) 1. 

3. SUB-POISSON PUMPING STATISTICS 

We shall consider lasing as a result of excitation of an 
active medium by sub-Poisson external pumping, for exam- 
ple, by an electron beam under conditions ensuring strong 
suppression of the shot noise of the beam. It is known that 
the spectrum of the anode current in the nonsaturation case 
has a dip at low frequencies against the background of the 
shot noise and the relative depth of the dip is (1 - r 2 ) ,  
where r2 is the depression coefficient ( r 2  can be of the order 
of given in Ref. 22: the variance of the number of 
electrons m recorded in a time T is now 
((m - fi)') = f i r 2  < 6. Assuming, for the sake of simpli- 
city, that this dip has a Lorentzian profile, we shall write 
down the correlation function of the effective pumping in the 
form 

~ ~ ( 7 )  =K6 (T) -1/2q17 (1-I") ~XP{-Y 1 ~ 1 ) ~  (20) 

FIG. 1. Normalized spectrum of the photocurrent plotted for a large ex- 
cess (n = 7 )  above the lasing threshold: a)  q = 1, C = C,, CT, = 
7, = 10-'sec, y = 108sec-'; b) q = 1, C =  C,, C T ~  = lo4, ra = 
sec, y = 10' sec-'. 

where y-' is the correlation time of electrons in a beam and 
7 is the efficiency of the excitation of atoms by electron im- 
pact ( X C C ~ ) .  

The expression (20) taken with Eq. ( 13) gives the fol- 
lowing equation for the spectrum of the photocurrent 

We shall consider two cases typical of lasers: a )  C(;', 
which is a relationship between the relaxation constants 
typical of a gas laser (for example, in the case of an He-Ne 
laser we have C- lo6 sec-' and ra - lo-' sec-see Ref. 23); 
b) Cra ) 1, which is typical of solid-state lasers (for a ruby 
laser we have Cra - lo4-10'-see the Appendix in Ref. 15 ) . 

Figure 1 shows the normalized spectrum of the photo- 
current for these two cases [subject to Eq. (6) ] on the as- 
sumption of optimal photodetection conditions 
[7(  1 - r 2 )  z 1, which corresponds to total suppression of 
the excitation noise, and C = C,,  which corresponds to the 
creation of a photoelectron by each photon lost by the reso- 
nator]. The repulsive correlation of the elementary excita- 
tion events creates dips at low frequencies in the spectrum 
(81 '), below the level of the spectral density of the shot 
noise corresponding to the field in a coherent state. The rela- 
tive depth of this dip under these photodetection conditions 
is determined by the excess of the pump power above the 
threshold; when the excess is considerable, the depth of the 
dip in the photocurent spectrum may reach 0.5. The frequen- 
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cy band in which suppression of the photodetection noise is 
possible is governed by the ratio of the relaxation constants: 
in the case of a gas laser the width of the dip is of the order of 
C, whereas in the case of a solid-state laser it is of the order of 
T; '. The Lamb and Scully quantum theory of a gas laser is 
used in Ref. 12 to show that the spectrum of the photocur- 
rent power vanishes at frequencies w < C  (i.e., the photode- 
tection noise vanishes). The factors which reduce this effect 
include the random nature of the decay of the upper active 
level 2 (7; #O); this halves the depth of the dip. In the case 
of complete suppression of the excitation noise 
[7 ( 1 - r2) z 1 ] the low-frequency shot component of the 
photocurrent includes contributions from fluctuations 
which appear as a result of spontaneous emission of radi- 
ation from atoms at the upper active level. We shall give the 
expression for (SI,), in the case of Eq. (16) (when the 
spontaneous radiation noise is suppressed): 

where k and B(w) are defined in Eq. ( 14). At frequencies 
o -0 when the conditions 7 z 1, C = C, , r2 & 1 are obeyed, 
we can expect almost complete suppression of the photocur- 
rent noise. 

In the spectrum of the intensity fluctuations of the radi- 
ation emitted by a solid-state laser (Fig. lb)  there is a peak23 
at the frequency fl, of relaxational oscillations [see Eq. 
( 14) 1. To the present authors' knowledge, the possibility of 
a dip in the photocurrent spectrum in the C T ~  S 1 case at 
frequencies w 5 T~ -' has not been discussed. 

The reduction in the photodetection noise associated 
with suppression of the pump noise reduces the variance of 
the number of photocounts. We shall give the formulas for 
the parameter ( [Eq . (2)  ] which occurs in the expression 
for the variance of the number of photocounts recorded dur- 
ing a long observation time T% r, , C - ', y- ' and we shall do 
this separately for the cases corresponding to Eqs. (6)  and 
( 16) (which we shall denote by (, and l,, respectively): 

If r2 < 1, T, = T,, the photocount statistics is of the sub- 
Poisson nature ((, < 0)  whtn the threshold is exceeded suffi- 
ciently strongly ( n  > 5).  In this case the maximum value of 
I(, I = 0.5 (in the 4, < 0 case) corresponds to C = C, , n) 1, 
r2 = 0, 7 = 1. In an ideal situation (7, = co, T, = 0, 
C = C , , r 2 = 0 , ~ = 1 ) , w e f i n d t h a t ( , =  -1. 

4. SUB-POISSON STATISTICS OF LASER RADIATION DUE 
TO COOPERATIVE PROCESSES 

The sub-Poisson nature of the population of the upper 
active level can be ensured by cooperative (pair) deactiva- 
tion of atoms at the beginning of the pumping process. l 3 v 3  By 
way of example, we shall consider a four-level lasing scheme 
[active transition 2-1, steady-state Poisson pumping A3(t) 
of the level 31. We shall assume that these cooperative pro- 
cesses result in the loss of pairs of excited atoms from the 
level 3. The irreversibility of the summation of excitations is 

FIG. 2. Schematic representation of the levels and of pair deactivation in 
the pump channel. 

ensured by rapid multi-phonon relaxation. The energy levels 
and transition scheme corresponding to this model are given 
in Fig. 2. 

We shall write down the rate equations for the popula- 
tions of the levels N, and N3: 

Here, p = a/V; a (cm3/sec) is the pair deactivation con- 
stant; an3 = ~8~ is the probability (per second) of the sum- 
mation of energy per one atom excited to the level 3 in the cw 
lasing regime; E, is the steady-state concentration of atoms 
at the level 3; V is the volume of the system. The equations 
for the variables N,, <P, and I remain the same [see Eq. (3)  1. 
The correlation functions of the noise sources in Eq. (25 ) are 
found by the method described in Sec. 2: 

<r3(0)r3(~))=~6(~)+(ys+2afis)m36(~), 

Using the linearized equations for the fluctuations SN3 
which follow from Eq. (25), we can show that pair deactiva- 
tion results in sub-Poisson statistics of the number of atoms 
at the level 3: 

The spectral density of fluctuations of the effective pumping 
A,(t) = y3,N3 + rA2 ( t )  of atoms to the active level 2 is 
found from the system of equations (25) : 

- - 
where A, = y3,N3. 

We shall now give the expression for the spectrum of the 
photocurrent power obtained on recording the laser radi- 
ation in the case when T, = r3, derived from Eqs. (8) and 
( 13), using the correlation spectrum of the effective pump- 
ing (28) 

n (n- I )  ys2aEs 
+2n-- 

2 02+ (y3+2aiiS)' 
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An analysis of Eq. (29) gives the following result. At low 
frequencies (w 5 C for a gas laser and w 5 7; ' for a solid- 
state laser) the photocurrent spectrum has a dip of relative 
depth 

The maximum reduction in the photodetection noise 
(f ,  = - 1/16) is attained under the following conditions: a 
strong excess above the lasing threshold, 2aE3 = y3 = y,,, 
and C = C, .  We shall now quote the results of Ref. 24 ob- 
tained for cooperative luminescence of Er3+ ions in crystals 
of the fluorite type: y3- 102sec-', a- 10-l4 cm3/sec; the 
condition 2aE3 = y, is reached when ii, - 1016 cm-,. Such 
concentrations are possible in many systems at moderate 
pumping rates. 

The noise due to the spontaneous emission of radiation 
from the upper active level (.r;'#O) reduces the depth of 
the dip in the photocurrent spectrum. For example, when 
the conditions of Eq. ( 16) are obeyed, we obtain 

which under ideal conditions ( C  = C, , y, = y3, = 2aii3) 
ensures the minimum value of the parameter in the variance 
of the number of photocounts: f, = - 1/8. 

The maximum values of the parameter I f  I found in this 
section (in the {<O case) are smaller than those given in 
Ref. 13, where the pair deactivation effect was considered on 
the basis of one- and two-particle distribution functions of 
the excitations at the level 3. Such a quantitative discrepancy 
can be readily accounted for by the difference between the 
approaches: the model which can be reduced to the rate 
equation system (25) involves apriori averaging of the pro- 
babilities of the cooperative binary processes [term P N :  in 
the second equation of system (25) ] and ignores the spatial 
aspect. Clearly, terms of the P N :  type in Eq. (25), fully 
justified in the calculation of steady-state populations (see, 
for example, Ref. 25), are far too simplified in the case of the 
correlation characteristics. However, the ability to demon- 
strate clearly the appearance of cooperative deactivation in 
SPPS in the case of cw operation of gas and solid-state lasers 
is the advantage of the rate equations approach. We hope to 
attract the interest of experimental laser specialists to the 
problem of generation of light of improved regularity, tack- 
led by means of rate equations. 

The authors are grateful to I. V. Sokolov who taught us 
useful mehtods in the calculations by the Langevin method 

in the theory of lasers, and to D. F. Smirnov, I. V. Sokolov, 
and E. D. Trifonov for discussing the results. 
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