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We show that the ultrametric space in spin glasses has a continuum structure. We find a
representation of this space in the form of a time space with a logarithmic metric which is
directly connected with the long-time logarithmic relaxation oberved experimentally. We show
that all finite-dimensional relaxation and susceptibility distribution functions can be expressed
in quadratures through the transition probability of a random Markov process. We evaluate

the complete probability functional explicitly.

I. INTRODUCTION

The recent progress in the study of the molecular field
theory of spin glasses is connected basically with the obser-
vation of the existence of a hierarchical structure of states
which is usually called an ultrametric topology.'~ It is very
clear that for further development of the theory one needs to
have the most detailed information possible about the actual
structure of the ultrametric space, for instance, one might
wish to be able to enumerate all objects contained in this
space. On the other hand, it is well known that the basic
quantitites characterizing spin glases are the various distri-
bution functions. The complete probability functional which
is defined on the ultrametric space is the comprehensive
characteristic of the spin glass. It turns out that one can
completely determine the structure of the ultrametric space,
define on it a complete probability functional, and find an
explicit expression for this functional. These problems are
the main topics of the present paper.

There is another set of questions for which an answer
will be given in the present paper. One of them consists in the
physical interpretation of the objects of the ultrametric
space. In particular, one might wish to have a rather simple
representation of this space. It turns out that one can accom-
plish that using the time approach proposed by Sompo-
linsky.* The present author showed in Ref. 5 that the time
approach can be formulated for spin glasses by introducing a
representation of the correlation function in terms of loga-
rithmic variables. It turns out that such a representation is in
the most direct way connected with the ultrametric topol-
ogy. The usual time space with a metric determined in terms
of the logarithmic variables defined in Ref. § is an ultrame-
tric space. The topology of this space is completely equiva-
lent to the topology of the corresponding space in a spin
glass. We thus obtain a very simple representation of the
space we need. As the time space can easily be enumerated,
we obtain thus also an enumeration of the objects of the
original space.

Moreover, as the time space is a continuum, this means
that the space of the states in a spin glass is a continuum
ultrametric space. We note that one can obtain the structure
of the ultrametric space in spin glasses, and derive a method
for enumerating the objects occurring in it and an explicit
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expression for the complete probability functional in it by
using directly Parisi’s approach.5-®

2. ULTRAMETRICITY OF THE TIME SPACE WITH A
LOGARITHMIC METRIC

We consider the space of normal time 7 and define in it
the distance z(¢, — ¢,) between two points ¢, and ¢, through
the formula

z(ti—t,)=o In (ltx_tzl/'f)v

z~1, a—0,

0. (N

In (1) 7is a microscopic time which we shall call paramag-
netic. We shall in what follows be interested only in the mac-
roscopic time. The second line in (1) gives the conditions
that the distance between the times ¢, and ¢, is macroscopic.
We note that our conditions are completely analogous to the
usual situation with the main logarithms in field theory,
while 7 plays the role of cutoff at small distances. We get
clearly from (1) for macroscopic times ¢,, ¢,, and ¢,

Z(ti‘—ta) =Sup {Z(tl_tz),
Z(tz_ta)}. (2)

From (2) it follows at once that the main property of an
ultrametric space, viz., that only equilateral and isosceles
triangles can exist in that space, is satisfied. We see thus that
the 7-space with the metric (1) is ultrametric. We now prove
that in order to exhibit explicitly the hierarchical structure
of the #-space with logarithmic metric we must eumerate the
different moments of time.

However, we first consider a general method for enu-
merating an ultrametric space. It is well known"'? that one
can represent an ultrametric space in the form of a heirarchi-
cal tree. The simplest tree of this type is shown in Fig. 1. Itis
clear that one characterize a hierarchical tree by the number
of the level of the hierarchy, &, and by the branching number,
J (in the figure k = 2, j = 3). It is then clear from the figure
that each element of the space can be characterized by &
numbersa; (/=0, 1,..., k — 1) varying fromOtoj — 1. Asa
result one obtains k-valued numbers in a j-row system of
enumeration. Moreover, the distance between different ele-
ments in the ultrametric space is defined as the number of
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steps to the common progenitor."? For instance, the dis-
tance between the elements 10 and 12 is unity, and the dis-
tance between 01 and 12 is two. It is at once clear from the
figure that, indeed, only equilateral and isosceles triangles
occur in the ultrametric space. For instance, the elements 01,
12, and 20 form an equilateral triangle, and the elements 01,
11, and 12 an isosceles one. From the examples given here it
is clear that if two elements are numbered by two sets of
numbers a; and b, the distance between them depends solely
on which of the @, and b, are the first to differ one from the
other. For instance, if a,#b,, the distance is zero, and if
a, = b, but a,# b, the distance equals unity. The situation
remains completely the same for arbitrary k and j. If all
a,=b,,n=0,1,.,]—1,but g, #b, the distance between
such elements equals k —/ (/ =0, 1,..., k — 1).

We now turn to the problem of the enumeration of the
various moments of time in the time space with a logarithmic
metric. It is completely clear that in such a space one must
perform the enumeration in a logarithmic scale. Let us have
a time interval [#,,¢,]. After all calculations we consider the
limit as #,—» — o0, ;= + «. We put

ti_to=Tka, (3)

where j and k are integers. We now introduce the following
representation of an arbitrary moment of time ¢, :

te=tot(agjt+ajt+ ... +aj*'+ ... +a),
a=0...j—1, 1=0...k. (4)

It is clear that (4) gives a representation of (¢, — #,)/7
in a j-row system of enumeration. We see that ¢ is deter-
mined by k£ + 1 numbers a;. We shall assume now that
j— . As a; ~j we get in this case clearly

z(ta—ty) =a(k—I+1)Inj. (5

The number / in (5) is determined by which of the ¢, and b,
are the first to differ from one another. For instance, if
ay,#by, we have [ =0, ifa, = by, but a, #b,, we have / =1,
and so on. As @ -0, z is independent of the actual values of
the @, and b, and depends merely on /. We now put

2(ti—ts) =Zmax=(k+1)Az, Az=cInj,
2(ta—ts) =2=(k—1+1) Az,
k—oo, Az—0,
a0, Azla—>o©, zpg—>o, (6)

],

The meaning of the representation (4) is completely clear
from (6). We simply divide z,,,, into k + 1 identical inter-
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vals Az; it is then important that j— « as only in that limit
will z(¢, — ¢, ) depend solely on which of the a;, and b, are
the first to differ from one another. And this, as we have
seen, defines the ultrametric topology. One sees easily that
the definitions (6) and (1) of the distances are completely
equivalent. On the other hand, it follows from (4) and (6)
that in our definition of the ultrametric distance each mo-
ment of time is defined by an infinite set of numbers g, in an
infinite-row system of enumeration with base j— oo . This set
a, also determines the structure of our ultrametric space.
The corresponding hierarchical tree has an infinite number
of hierarchy levels (kK — « ) and at each level of the hierarchy
each branch divides into an infinite number (j— o) of
branches. The ends of this tree are numbered by the com-
plete set of indexes a; and determine the moments of time z, .
One can show that such a structure of a hierarchical tree can
be obtained directly from Parisi’s theory for objects which
are called valleys in that theory. This means that the topol-
ogy of the space of valleys in Parisi’s theory and the topology
of the time space with the metric (1) are identically the
same.

We would like to note here the following fact. Usually
an ultrametric space is representated in the form of a discrete
set. On the other hand, the z-space in (1) is a continuum set
and the way to number it in (4) to (6) is simply the usual
way of going from a discrete to a continuous variable. We
have thus in (1) in fact defined a continuum ultrametric
space. As the ultrametric space in Parisi’s theory is isomor-
phous with ours it is also a continuum.

3. EFFECTIVE HAMILTONIAN

We shall consider a standard Ising spin glass. However,
there arise in the derivation of the effective Hamiltonian in
the time approach immediately difficulties for an Ising glass
which are connected with the use of a Glauber dynamics.
The way out of this position is well known.*> We must to
start with write down the equations of the dynamics for a
weak spin glass model. These equations have a rather simple
structure and one can easily derive the effective Hamiltonian
from them. After this is will be clear that the equation ob-
tained turns out to be valid also for the usual Ising glass. The
weak model Hamiltonian has the following form:

H= ——-Z Jomimy, + ZU(m.-),
ik i

U(m)=m?2b+um'[8, <{Ju*>=I,. (7)

The m; in (7) are classical fields, and the J;, are random
exchange integrals with a Gaussian distribution. In the time
approach one must write down the Langevin equations for
the m;, write down the stochastic functional for these equa-
tions, and average it over the J;,. We shall in what follows
consider only a molecular field theory. After averaging over
the J,, we must in that theory perform the standard decou-
pling in the stochastic functional.®'! If after this decoupling
we turn to the equations of motion for the m; we get an
equation for the motion of a single spin 7 in a field of Lange-
vin forces and in the self-consistent field of all other spins.
This equation has the following form:
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1 6m 410
— dt’' G
TR 5 t' G(t—t')m(t)
1 U 1
=——+¢ t+ h
T om (®) (),

(h(t)h(tz') >=41,D(t—t’),
(s(t)s(t')>=ﬁ6(t—t’), 10=Zlik- (8)

In (8) G(¢) is a retarded Green function, and D(¢) is the
correlator of the spins m(¢). Equation (8) determines the
m(t) in terms of G(¢) and D(¢) and the self-consistency
conditions consist in that these G(¢) and D(¢) are in the
standard way determined in terms of m(¢). Equation (8) is
valid both in the ergodic region and in the non-ergodic re-
gion. However, in the latter there arises a long-time, singular
part in G(¢) and D(¢). This singular part is just the charac-
teristic of the non-ergodicity of spin glasses.*>*~!! In the
present paper we consider only the non-ergodic region. We
split off in (8) the long-term contribution. We then get

1“6m 4]0
T T 5dt Go(t—t")m(t')
10U

1
__T_a__+g(t)+——hu(t)+—§(t)

<h0(t)ho(t’)_;——l;IODo(t—t’),
Ch()R(t')>=41,D,(t—t"), <h(t)he(t")>=0,
G(8)=Go(t)+G(t), D(t)=Do(t)+D.(2). €)

We split off from G(¢) and D(¢) the ergodic quantities G,(¢)
and D, (¢) which satisfy the fluctuation-dissipation theorem
and describe the usual thermodynamic fluctuations and the
non-ergodic, singular quantities G, (¢) and D (¢) describing
the long-time correlations. The present author® has shown
that G, (¢) and D, (¢) have the following form:

Ds(tl q(z), (10)

G.()=—A"(2)0(),
where z and a are defined in (1) while ¢g(z) and A(z) are
standard order parameters which characterize non-ergodi-
city in spin glasses.

It is clear from (9) that all quantities characterizing
non-ergodicity are included in £ (¢). It follows from (1), (9),
and (10) that Eq. (9) is a generalized Langevin equation for
m(t). Of most importance in (9) is then the appearance of a
magnetic field £(z) which is time-dependent and changes
over macroscopic times. We defined macroscopic times in
(1). It is very clear that the macroscopicity condition is the
condition for the adiabatic approximation for solving Eq.
(9). If we use this condition we get easily an explicit expres-
sion for the complete probability functional for the field
m(t). It has th form of a Gibbs distribution in the slowly
varying field £(¢). The fact that there are the terms with G,
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and D, present in (9) which are usual for Langevin equa-
tions does not change the structure of our equation, as one
shows easily. The only consequence of these quantities is the
renormalization of the function'! U(m) which in the Gibbs
distribution must be replaced by the function

U(m)=U(m)—-2IT~'gm?, g=G,(0=0)=D,(t=0). (11)

Since the condition that there be an equilibrium which
is local in time is satisfied in our case, the probability func-
tional has the form

P{m(t)}= H{ J dm(t)eXP{—iTH[m(t)vt]}}_l

Xexp{—-—;—H[m(t),t]},

H[m(t), t]=U,[m(t) ] -E(¢) m(2),

H[s(2), t]=—8(8)s(s), s*(¢)=1. (12)

We note first of all that we can now replace in (12) m(z)
from the weak model by the Ising spins(¢), and we need then
simply use the last line in (12) for H[s(#),¢] and replace the
normalization integral over m in (12) by the corresponding
sum over s. We shall in what follows consider only the Ising
case. Moreover, when using (12) it is necessary to bear in
mind that m(¢) (or s(¢)) occurs in H not only directly, but
also through £(¢). We must take this fact into account not
only in the numerator in (12), but also when calculating the
normalization integral in the denominator. For what follows
we use the well known connection between the retarded G _
and the advanced G, Green functions:

G_(t—t')=G,(t'-1). (13)

We can symmetrize the expression for P{s(z)}. As a result
we get the following expression for the complete probability
functional P{s(¢)}:

Pis(t)} = 8}
Yor s
a(t)
d
Pos()y=exp {7 [ R0
+ 2 2L puryss) ),
p(t)—'Z_[G—s(t)+G+a(t)] —Tt—IA ( )1
p(D)=p(—1). (14)

In (14) P{s(2)} is expressed in terms of the external field
h(t) and the symmetrized susceptibility p(¢). In that case
h(t) is a random function with a correlator defined in (9)
which is expressed in terms of the characteristics of the ran-
dom field s(#). This also closes the set of equations. It is very
important that the correlator of the external fields #(¢) and
p(t) also changes over macroscopic times. It is just this
which enables us to write down P{s(¢) } explicitly. However,
the expression (14) for P is not the final one as it must be
averaged explicitly over 4(¢). As we must in (14) average a
fraction over /4 (¢) we must use the standard replica method
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(see, e.g., Ref. 12) which is used in such cases. To do this we
must introduce »n quantities s, (¢) (¢ = 1,...,n) and after all
calculations we must put n = 0. Using standard manipula-
tions for the averaging over 4(¢) and using (10) we get

Pisn0)=exp] e [ L Do 0-1)5u 050

TZ
)55 )] }.

We shall call the expression in the argument of the exponen-
tial in (15) the effective Hamiltonian. The connection
between (15) and (14) is well known. If we must evaluate
the average of some functional ® of s(¢) over P{s(¢)} it is
equal to

(O>=(Sp., [O{s(t)}P{s(£) } 1Ok
=1lim Sp,, ([ ®{s.(t) } P{s. () }],

where the s, (¢) in (16) are any of the n replicas. A very
important particular case is when

O {s(t)}=s(t)s(t).

The average in (16) then determines the correlator of spins
at different times. Equations (14) to (16) solve in principle
the problem of the averaging of any functional ®(¢). How-
ever, in reality the calculation of the traces in (16) is not at
all a simple problem.

It turns out that one can solve this problem explicitly by
using the ultrametric structure of ¢(¢) and p(¢) and that one
can thus write down an explicit expression for P{s(¢)}. The
next section is devoted to this problem.

In concluding this section we note that using P{s(¢)} in
(15) we can calculate not only averages of functionals of a
single replica s, (¢), but also averages of different replicas
s, (£), s, (£). These averages have a very well defined phys-
ical meaning as in the usual case.'? We shall not discuss this
in detail. We give only a single example which is important
for what follows. There occur two functions in (15): p(¢)
and ¢(¢), which are order parameters in spin glass theory.
One shows easily that they can be expressed in terms of aver-
age quantities as follows:

q(t—t") ={su(8) su(2") Yuv=C<s(2) 2p<s (") D pn,
p(t—t) =<5 ()5, (') >—<5,(2) su (') Dpusw
={s(t)s(t')>p—<s(2) dp<s(t') Y pdn,
((D>p=Spsm[(D{s(t)}P{s(t)} ]

In (18) wedenoted by (...), the trace over s(¢) with the
functional distribution P{s(¢)} similar to what was done in
(16), and by (...}, averaging over the random field 4 (¢).

We note here the following very important fact. Com-
paring the expression for p(¢) in (14) with the correspond-
ing expression in (18) we see that the susceptibility G(¢) can
be expressed simply in terms of a correlator of the fields s (¢).
This expression is indeed a variant of the fluctuation-dissipa-
tion theorem and is completely analogous to the correspond-
ing expression of the static susceptibility in terms of a corre-
lator. In our case the fluctuation-dissipation theorem thus
connects the susceptibility not at all with the correlator g(t)
but with the correlator p(#).

(15)

(16)

(17)

(18)
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4. EVALUATION OF AVERAGES

One investigates the structure of the probability func-
tional by evaluating the simplest averages. We shall evaluate
these averages using the discrete time representation (4). To
do this we must first find the discrete representation for the
effective Hamiltonian (15). For what follows we add one
more term to (15) with an external magnetic field A which
we write in the exponent of (15) in the form

exp {—Z" Sd—;z su(t) }

Changing from the continuous times ¢,z ' to the discrete times
t,,t, (see (4)) we get

P(s,(8)}

h 21
= exp{ 'T- le"“ + 7?0‘2 (Qabsuasvb+Pab6uvsmsvb) }7

abpy

(19)

Sua=5u(ta) ,
qas=q(ta=t), Pas=p(ta—ts). (20)
It is perfectly clear from (6) and (10) that ¢,, depends sole-
ly on the ultrametric distance z, between ¢, and ¢,, i.e., on
which of the g, and b, are the first to differ from one another.
It is clear from (6) that z(¢, — ¢, ) runs through & + 1 val-
ues corresponding toachangein/ fromOto k andzfromz,,,,
to Az. According to (10) g,, also runs through the same
k + 1 values. Using the ultrametric structure of ¢,, we then
get from (20)

E’Qubsusvb=q0( Z Suaa...ak)z +q. 2( Z Suao...ak)z +

abuv Hao...ax o uay..ax
2
M '+qh, Z (Z suaowa R )‘ 9
Qp...Qk-y Mak
(Il,=QI-‘q:-1, q:sz(Zz). (21)

A similar formula also arises for the term with p,,, . However,
there is here an important difference from (21). The fact is
that, as is clear from (10), g, and hence also p,, decreases
for large times as a power law and not logarithmically like
4., - We must thus parametrize this term in such a way as to
take that fact into account. One shows easily that the corre-
sponding expression has the following form:

Zpabsuusub=_ i:, 2( Z Suao...a, )2

abp ® @o... 0k
A 2 Ay 2
() =2 X (Be))
Db uag  ay..ax Dr Wag...ak-y ak
Al'=Al+|"‘Al<0, A1=A(Z[),
An+1=0, p:=]'""“- (22)

Substituting (21) and (22) into (20) and performing a Stra-
tonovich—-Hubbard transformation for all quadratic terms,
we obtain the following expression for
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Plast) =Py =§ g [ 0 )
(5 () = P (50) = Gty P\~ BT
gy { (&) }

* IES Balo (— il P\ P8I (— &)

dhgl) { ( (1))2 }
X o " S Qo .
I,;IS [8n10gy' 1" oxP 81og1

E(l)

x I S M2 7 exp {—
Ha,

[8nlo(— AY /p1)]

)

« H dg;(mo...ak_l { ’ (E:"h“)o 05-1)2}
. Beulo (— Ay /pal” k8l (—A4y)
dh‘(zk) Qf ht(lk)...a
< 1§ oo |- )
Qo...Qp_y qk ] k

(k)
Xexp{ Z Cuao Lap_yS, na, . ak}’
Hnag ..
Csorroy_, —h+h<°>+h“’+ AR, +ES

Fhoo oo gy, (23)

Expression (23) for T’(s”a ) has already a rather simple
structure which enables us to use it to calculate various actu-
al averages. There arises, though, in the calculation of these
averages, a difficulty which is totally characteristic for any
spin glass theory at the present time. Using (23) to calculate
averages one must assume the number of replicas » to be a
finite quantity and to evaluate all integrals over # and &
which occur in (23) for finite #» and only after that one can
let n tend to zero. One checks easily that when one proceeds
in such a way one cannot obtain from (23) any simple recur-
rence relations which we, naturally, aim at. We are thus ob-
liged when calculating averages to take into account in the
intermediate calculations that n—0. This means an inter-
change of limiting transitions. A similar interchange of
limiting transitions is, for instance, characteristic for Parisi’s
theory.®® By all appearances the necessity for such an inter-
change of limits is not accidental but connected with the
occurrence of non-ergodicity. As we are just interested in the
non-ergodic region this necessity arises also in our theory.
We demonstrate the way to calculate averages using the ex-
ample of the calculation of the free energy. The free energy ¢
per spin can be expressed in terms of T’(s”a ) as follows:

Z P (s,) =1+np.g. (24)

8ua

As{in (23) isindependent of g, , the trace overs,,, gives the
following expression:

]___[ exp {Pu(Pk (le:h)-.‘ah_‘ ) } ’

Hao...Gx-q

(p,.(h)=ln(2ch%). (25)

One must integrate the expression in (25) over all 4 and §
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which occur in (23) with the appropriate weight. We con-
sider the integral over one of these variables £, ,4. It is equal

to
(k)
dhe,...a_, expl— (h A o)’
8]oqk'

(8nlog,)"
x [T A [0 y + a1,
N
3
A, (h) = ,
k( ) S [811]0 (_ Ak,/pk)]l/z

X exp{p,_. [~gm§—Ak—,)+(Pk(h+§)]},

Lo gy =h + B + hG) 4 o RGTD

G—2
FEO B 4 B
(26)

There occurs a product over u from 1 to » in the integrand in

(26). If we assume 7 to be finite the integration over # mixes

upall§, . If we, on the other hand, at once take into account

that we take n—0, we can put in (26)
‘]_I Ah (h+Cn) =1 +Z| In 4, (h+§u) . (27)

1 »
After this the integration over 4 in (26) can be performed
elementarily and afterwards, using a formula such as (27),

we collect everything in the exponent. As a result the inte-
gral in (26) turns out to equal

H exp{pa@r—1(C) },

»

j(ssjz nw© (“SZ;,)IDA,‘(CM).

-1 (B)=
(28)

Since in the calculation of the integrals in (23) over ¥’ and
£ ® wehaveon eachbranchj = p, _, /p, terms, we get from
(28) on each branch similarly to (25) an expression

T[ eXp{Pr-1Qr-1 (C.ff;fik_z )}

Kao...Qx-2

(29)

We have thus again obtained an expression of exactly the
same structure as the initial one. Repeating the iteration we
getat any level of iteration / a recurrence relation connecting
@,_, with @,. This recurrence relation has exactly a form
such as (28), but with k replaced by / (¢} ) by ¢g;,and soon).
After all iterations we are at the last level left with integrals
over #® and ¢ [%. Instead of §, we have then simply the
external magnetic field # for which there is, of course, no
index u. We can therefore at the last level explicitly split off
the factor n. We get then for the total free energy, using (24),
the following expression:

1 dh, (
(8714, )"'

Q(h)= ) In A, (h+h).  (30)

h?
8l,q

Moreover, it is clear from (22) thatp, —» o« asj— o O
that we can use the saddle-point method for the integrals
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over £ in (28) and (30). It is convenient to express the final
answer in terms of the function R, (4) which is defined as the
solution of the equation

R[(h) =h—4joA[,T—‘M[ [R[(h/) ],

Mi(h)=q. (h)=Td¢:(h)/dh. (31)

We shall indicate in (31) and in other formulae in what
follows T3 /dh by a prime. If we take the saddle point in § in
(28) and (30) we get the following final expression for ¢ (/)
and the recurrence relation for the ¢, (/):

e g -2
= —_— X —_—
¢ Brloge)™ P\ 7 8loge

){q’o[Ro (hthi)]

21
+T;’~A.,'M02[Ra(h+hi)1},

dh, h? {
-1(h)= - R, (h+th,
o= o exp (- ] i)
21
+ A,'M,Z[R,<h+h,)1},

q),.(h)=ln(2ch—};,—). (32)

One shows easily that (32) reproduces Sompolinsky’s func-
tional® for the free energy but we shall not discuss this in
detail.

In deriving (32) we managed to integrate explicitly
overall§, ., but, itis true, at the price of interchanging limits
as we have already mentioned. It would appear that one can
in exactly the same way integrate in (23) over all §,,, and
obtain an explicit expression for P(s,, ) in the form of inte-
grals only over the physical fields 4, . However, it turns out
that this cannot be done directly for the following reason.
We managed to integrate over £, only after evaluating the
trace over all s,, but we cannot do this before calculating
this trace and this is connected with the fact that the replicas
are only symbols and not at all physical objects and they
require a well defined limiting transition. To derive the re-
quired expressions we must therefore proceed similarly to
what we did when deriving (32) and just investigate the
average of various functions overs,,, . When evaluating these
averages we first of all calculate all traces over s,,, then
integrate over all £, and only after that as the last step we
recover the expression for i’(s#a ) in which we are interested
in terms of integrals over the physical fields 4, .

We demonstrate the proposed plan of action by the ex-
ample of the calculation of the average of a spin function

S(s., ) which depends only on a single time ¢, while f(s,,, )
may depend on different replicas, for instance, we may have

f(su) =5,

f(sw) =SuwSw, N7V

(33)

and so forth. Let f(s,,) depend on m different replicas
S1pse-sSmp - We shall then assume, of course, that m is finite
everywhere, for instance also in the limit as # — 0. The neces-
sity to take the limit as » — 0 under the condition that m is
finite was just the reason that it was impossible to evaluate
directly in Eq. (23) the integrals over the §,,, , without calcu-
lating beforehand the averages over thes,,, .
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For what follows it is convenient for us to introduce two
functions:

m

W, (e o) = 3 {HM

2 ch (hy/T) }f (51:- 8m),

8g...8m  W=1
m

o=t m= N {[[ 228D Y s

o 2ch(h/T)
Elimz {H exp(hsu/T)}f(s,...s,,.). (34)

The last line in (34) is obtained by direct calculation and is
the main limit we need.

The further calculations are very similar to the deriva-
tion of the expression for the free energy and we reproduce
them therefore only briefly. Exactly as in the derivation of
(25) one sees easily that the trace over all s, leads to us
obtaining instead of (25) the following expression:

II Wh(;l(bko)...b Attt -Cw(u::.,.b k_,)BXp {P»CPu(Cu:?..ak_l )}

Kag...ax-¢

(35)

Acting in exactly the same way as in going from (25) to (29)
we get from (35) the expression

]___[ Wy-s (Ctg::lb)h_z. o r(:b:.l..}'bn_z ) eXP {Pr-1Pa-1 (Cu::‘o)k_z)}'

Kdo,..0k-3

dh
¥t (Br . Em) = jm
hz Bh(;l-l—h’ e cm+h)
< o0 (- o) ae

m

By(hs. . ha)= H{ f d,

(81 (=AW /pa) 1"

n=1

+ par (B +EL) ] W, (hy+Es. . hntEn).
(36)

2

&
X [ S
P LT =AY

We have thus again obtained an iteration process for the
quantity ¥, (4,,...,h,, ). Iterating (36) further and evaluat-
ing the integrals over £, by steepest descent we get

f(su)>=W(h,...h),

W (b ) = (-5

vebm)=) ————exp\ —

' (Baloge)” P\ T 8l,q,
XW,[R, (h,+h)... Ry (hmth)],

‘Ft—l(cx-..cm)=5 (_S_N;l?q’T)T,';exp(_ g;';T)

X ¥, [R,(5+h).. R (Eath)], (37)

where R, (h) was defined in (31). It is clear from (37) that
in the last stage of the iteration in all arguments of ¥ the
external magnetic field # which is independent of i appears
rather than the §,. The average of f(s,, ) can thus be ex-
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pressed in terms of the function W with coincident argu-
ments. On the other hand, it is clear from (37) that for this
function of a single variable there is exactly the same iter-
ation scheme as for a ¥ of m arguments. We therefore get
finally ‘

f(sw)>=p(h),

o= | (= =) ol Bu(h ) )

dhy
— e
(8nl,q,)"

: dh h?
pi-1 ()= jmex ( 81ug )pz[R &+n) 1,

pi(h)=W(h... ). (38)

We have written down the boundary condition for p, (4) for
I =kin (34).

Equations (38) solve in general form the problem of
evaluating any average of a quantity which depends on a
single time z, . We note here one important particular case. If
f=5,,, we obtain an iteration process for M, (h) which de-
termines the average moment M (4). This iteration process
is obtained simply by replacing in (38) p, and p by M, and M
with the boundary condition

.M;.(h)=th—;b—,-E7llijlol st {Hexp(—hfsu)} .

=1

(39)

The iteration scheme for M, (h) and Egs. (31) and (32)
close the set of equations for R, (k) and ¢, (h), M, (h) which
determines the free energy and the average moment of the
system.

We have thus shown that the calculation of the simplest
averages reduces to iteration schemes of the kind (32), (37),
and (38).

We now formalize the iteration scheme (38). We intro-
duce the operator P, _ ., which changes one function W (4)
into another function /4 through the following formula:

hi?

dh,y
Pr(¥ )= i exil = ) WIR ) )

p{w ()= exp (= 5m) WIRGeR)L

(40)

(8 Iq )”’

As in Eqgs. (32) and (38) one must distinguish the last iter-
ation. We note that the quantities P,_ ., and P{W(h)} are
functions of the magnetic field # which occurs as a param-
eter in (40). We now define operators for a finite number of
iterations:

Pl' n{‘l’(h)}=pl,l+i{pl+i,l+2 [- 0. pn—l,n(qf(h))]}v

F,{\If(h)}=15{130,,[‘{f(h)]} (41)

In these notations Eq. (38) with the boundary condition
(34) have the following simple form:

fy=p{im L exp[%g s i}

We shall in what follows the transition to the limit » will be

(42)
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implied. We note that the field 2 which occurs as a parameter
in the expression for the operators P F,, and Fk is the exter-
nal magnetic field A.

We have thus learned to evaluate in a general form aver-
ages of a single-time function f(s,, ). It is easy to calculate by
the same method also averages of functions of several times.
Let us need, for instance, to average the function
1840 )f2(5,5 ) where the common ancestor of the times a
and b is at level /, i.e., the ultrametric distance between them
equals z,, = z,. It is convenient to associate a picture with
all these words; for instance, we associate the picture of Fig.
2a with two times g and b. In exactly the same way as we
derived Eq. (42) we get then

S ) f1(s) ]
1

{fi(Sa) f2(Su5) >=F {P; h[Z exp( -
XBPin [Z,exp( s,.) fz(su)]}

As an example we write down yet another average of a func-
tion of four times: a, b, ¢, d. For the many-time case the
distances between different times often coincide. We shall
associate with each time distribution its own picture. For
instance, for four times there are different figures, two of
which are topologically non-equivalent and those are depict-
ed in Figs. 2b and 2c, while the others are obtained from
them by a permutation of the indexes. The ultrametric dis-
tances for these figures b and ¢ are, respectively, equal to

(43)

Z1==2qp.

Zac = 2ad=2Zbc= 26421,
Zay=23y Zca=23

20a=2pd=2ca=21,

(44)

Zac=21c=22, Zab=23.

FIG. 2.
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We write down the average only for the case of Fig. 2b:

fi(spa) fo(Sun) f3(Sue) fi(50a) 2
=F1.{p1.h[phk(pi(h))phh(pz(h))]
X Pl Pralps (R)) Pa(pi ()]},

=z,
pi(h)= Zexp[ i;— Zsu] fi(s).

In (43) and (45) we evaluated for the sake of simplicity only
the averages of products of f; (s, ), but, as we shall see below,
this is unimportant and one can easily lift that restriction.

We have thus learned how to calculate in general form
the mean values of arbitrary functions of type (42), (43),
and (45). These expressions, however, are not very helpful.
It turns out that they can be represented in a rather simple
and helpful form by recognizing that we have an infinite
number of levels of hierarchy levels k, while ¢g; and A; are
infinitesimally small quantities. We deal with this in the next
section.

(45)

5. DISTRIBUTION FUNCTIONS AND COMPLETE
PROBABILITY FUNCTIONAL

We now consider the continuum limit of our expres-
sions. It is clear from (31) and (40) t/pat in the chtinuum
limit when ¢;, A;—0 the operators P,_,, and P become
linear integral operators:

Bios (0 (B)) > | Paios iy 20, h) W (W) I,
POY ()~ | P(h )W () an,
P(z,_y,h,2,,h)

4l [ 1
=6(h—h')+ T—zo{? q.'8" (h—h')—A, M (h) 8 (h—h') }

(h—h')z}

P(h,r')= “Shas

5 o]
(8ul,og,) ™ P

sy 0
) (h)—Ta—hG(h). (46)

In the expression for P(h,h ') in (46) we neglected infinitesi-
mal terms as A} —0 as compared to g, and in the expression
for P(z,_,,hz,;,h") we changed from a numbering of the
hierarchy levels by the index / to a numbering, correspond-
ing to that level, by the quantity z, defined in (6). We then
get from (41) and (46)

P (¥ (h)}—~ jP(z[, h,z,,h' )W (R")dR',
P (W)Y [ F ey w 01y an,
P(z,h,z, k") =§ dh,dh,...dhn P (2,0, 2,14, B) P (2144, By,
Zigay Bo) o . P(Zpey, By, 20, B,
Fa, )= § dhP (h, ) P (oo, Rz, k). (A7)

We defined in (47) two very important quantities:
P(z,h,z',h'") and F(z,h') where F depends on the external
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magnetic field /4 as on a parameter. From the equations ob-
tained it is clear that P satisfies the equation

P(z b,z b)) = | dhiP (s, h, 2, R)P (2 by, B7),  (48)

which, as is well known, is the basic equation for the transi-
tion probability in the theory of Markov processes while the
variable z plays here the role of the time. It is completely
clear that F(z,h) is the single-particle distribution function
for the appropriate Markov process. We have a Fokker-
Planck equation for F(z,4). The same equation is satisfied by
P(z,h,z',h") as function of 4 ', but as function of 4 this func-
tion satisfied the adjoined equation. We write down these
two equations which we easily obtain from (46) and (47):

a*P

1 01’}
L A@)M -
YR i (2) M (z, h) L

1
A 1{_ ’
0z 4l zq(z)

oP

1 P 1
—_— 4[0{_2_ ql(z/)

9
+ 4 ’ 4 4 }
TN @) = PM ()1 ],

9z’

oF { 1 *F 1 0 }
—=41,1 —q’ —_— A —_
S = @) o T A (2 - [FH (5, )]

’

M(z,h) = jP(z, h,0,R") thh7- dn’,

P(z, h,z, h)=6(h—h'),
F(o, h')=P(h, h'),

' (z)=q/, A'(z)=A/. (49)

Equations (47) to (49) give us the transition from a discrete
representation which we numbered by the index / to a con-
tinuum one which is determined by the variable z.

One sees easily that Eq. (49) are the same as the analo-
gous equations in Parisi’s theory which were obtained in
Refs. 13, 14. The only difference consists in that in Parisi’s
theory there is a parameter changing in the range [0,1] while
we have a logarithmic variable z which changes in the range
[ ,0]. One can show that, by virtue of gauge invariance,*>
x may be any monotonic function of z, for instance, we may
assume that

z(z)= 1:_ = ! (50)

z 1+aIn(|t—t"|/T) ~
We have thus also established the connection between the
time theory and Parisi’s approach. All results, therefore,
which we obtain (in the continuum limit, of course) can be
completely extended also to Parisi’s theory.

We now turn to a consideration of many-particle distri-
bution functions which we did not consider earlier. We show
that any many-particle distribution function can be ex-
pressed in quadratures in terms of the transition probability
P(z,h,z',h"). Wefirst of all consider in detail the single-parti-
cle distribution function. From (42) we have

Sou)>= JanFih) Yyexp [ 2o 35 Jrea,

n=1

F.(h)=F (0, h). (51)

It is at once clear from (51) that the single-time spin distri-
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bution function f’(sﬂb ) obtained from (15) by integrating
over all times except ¢, is equal to

n

D(s,) =§ dh,F, (hl)oxp[ }—;‘—Z‘ S ] .

p=1

(52)

Iff(s, ) depends only on a single replica we get by evaluating
the trace over all other replicas in the limit as # — 0 from (51)
and (52) an explicit expression already for the spin distribu-
tion function P(s, ) which is obtained from (14) like (52)
from (15):

L\p(h $,/T)

2 ch (hy/T) (33)

P(sy=] dnF, o)
It is clear from (51) to (53) that the single-time spin distri-
bution function is obtained by averaging the usual distribu-
tion functions in a magnetic field K (4,5, ) or K(h,s):
I;
K (h,s,)=cxp {fll Zs,, }

exp(hs/T)

2¢h(h/T)

K(h,s)= (54)

over the single-particle molecular field distribution function
F,(h).

Exactly the same situation arises also for the many-par-
ticle distribution functions. One shows easily, using equa-
tions such as (43), (45) that we have for the arbitrary r-
particle distribution functions P, and P,

Br(Sue .80 )= jdh,...

ol X[ X )

=1

hosnl T
L dh.F,(h, .. h)H‘“p( nSn/T)

dhrlfr (hi e hr)

(1. 8)=)dh,.
Prlsi.s) j 2l (/)

m=1

(35)

where the F. (h,,...,h, ) are r-particle molecular field distri-
bution functions. We have here marked the different mo-
ments in time ¢,, by the index m. Therefore, F, depends not
only on the variables 4,,, but also on the ultrametric dis-
tances z(¢,, — t; ), m, k = 1,...,r between these times. As we
already discussed when deriving Egs. (43) to (45) it is con-
venient to represent the picture of the ultrametric distances
by figures such as 2a to 2c. We write down F,(z,,,h,,h,)
corresponding to Fig. 2a and F,(z,,25,23,1 ;1,0 .k, ) corre-
sponding to Fig. 2b (the definition of the z, is given in (44)):

Fy (243, Ba, hy) = jdhiF(zub, hy) P (24, Ry, 0, Bo) P (Zgs, By, 0, By),
FA (Z,, Z3, B3, ha, hbv hcv hd)
— [ an, an, an,F @, 1) (2o oy 22, 1)
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XP (21, by, 23, hy) P (2y, 2, 0, Ra) P (22, by, 0, b))

XP (25, hs, 0, ko) P (25, ho, 0, ha). (56)

The way to write down expression such as (56) is clear. With
each figure there is associated a well defined expression. The
upper line is associated with the function F(z,4) and the
other ones with P(z,h,z',h ') and one must integrate over the
free h; variables. The variables z,, are determined, as in
(44), by the ultrametric distances between the different
times ¢;.

We see thus that any r-particle function F, (4,,...,h, )
for any ultrametric distances between the times z(7; )
(i,k = 1,...,r) can be completely expressed in terms of the
distribution function F(z,4) and the transition probability
P(z,h,z',h'").Since, as can be seen from (47), F(z,h) canalso
be expressed in terms of P(z,h,z’,h ") we need only know the
transition probability.

It is now already completely clear that for our problem
we can write down also the complete probability functional.
To do this we must in (55) let r— . We then get

P = [Dr@FR@) ep {2 20T T},

cxp{h(Ds()/T}

P{s(t)}=th(t)F{h(t)} H 2ch(h(t)/T) '

t

Dh(t)= Hdh(t)

The functionals P{s, (1)} and P{s(s)} are the complete
probability functionals introduced in (14) and (15). They
can be expressed explicitly in terms of the local Gibbs distri-
bution K(h s, ) and K(h,s) and in terms of the complete
molecular ﬁeld probability functional F{A(z)}. To write
down an explicit expression for F{A(z)} we must again
change to discrete times 7, similarly as was done to derive
(23). We then get

(57)

F{h(t))=F (k)

= jdh“”P(h R(©) Hj. dhl"P (2o, B, 2, h))

X dehéfa),P(z,,h,,iﬂ,zz, haa)) H jdh,,(:)ak .

Aoy M9...0Kk-4

X P (21, o gs Zns By ,)H 8 (hayap— Pon a,_,) -
(58)

The presence of a 5-function in the last stage instead of P is
completely analogous to the corresponding property of Eq.
(23) and is connected with the fact that z, = Az is the last
term which corresponds to macroscopic times and in the
continuum limit Az—0. We note also that in that limit
Zp— 0.

Allexpressions in (57) and (58) are, of course, normal-
ized. If we must evaluate the explicit expression for some -
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particle distribution function we must in (57) and (58) inte-
grate over all s(¢) or h(t) corresponding to all times bar ¢,
when we obtain expressions such as (52), (53), (55), (56),
and similar ones.

The problem of calculating complete spin and molecu-
lar field probability functionals has thus been solved in a
general form. One might wish to note that obtaining the ex-
plicit form of these functionals turned out to be possible only
thanks to the ultrametric topology of the time space.

6. CORRELATORS AND SUSCEPTIBILITY

To close the molecular field equations one must, as can
be seen from (18), calculate two-particle correlators. We get
for g(z) from (18) and (55)

h, h,
q(z)= _fdh, dh,F,(z, hy, h,)th - th -

— [ anr 5, myar a, by. (59)

The evaluation of the correlator p(z) is somewhat more
complicated The fact is that, as can be seen from (55) when

ta #tb

{818 ? =< SSv0? e

(60)

Itis clear from (18) and (60) that p(z) = 0. If we recall that
in deriving the expressions we need we used everywhere
steepest descent for the §,, and if we examine the correspond-
ing expressions before evaluating the saddle points we see
that only when the saddle points are calculated is (60) ob-
tained. This means that p(¢) = O only in the dominant order
in the steepest descent parameter j— o . One should have
expected this as it is clear from (10) that G, (¢) ~p(¢) ~ 1/t
and it is clear from (22) that the point-law decrease in p(¢)
at once leads to being small in the steepest descent param-
eter. It is rather complicated to calculate the corrections to
the saddle point and we shall therefore use the following
circuitous method. We turn to (23). We multiply (23) by

S.q» integrate the expression obtained by 4 f,’),,, , and sum
over all s, . One easily sees that we then get
Y s, (61)

where the sum over b in (61) extends over all 4 such that

z(l,,~tb)<z,. (62)

We then get from (61) the following expression in the limit
as n-0:
t

J s, (85, (0) =5,(82) 5.(0) Yyum 1—q (0) +A (2).

~t

(63)

1300 Sov. Phys. JETP 64 (6), December 1986

The last line is obtained from (10), (14), (18), and the
boundary conditions for ¢(z) and A(z). We can thus evalu-
ate A(z). If after differentiating with respect to 4" we carry
out the whole procedure for obtaining the recurrence rela-
tions and afterwards go over the continuum limit we get
1—q(0)+\ (z)=5F(z, RYM' (z, h)dh. (64)
Equations (59) and (64) close the set of molecular field
theory equations as the functions F(z,#) and M(z,h) which
occur in (59) and (64) are in turn determined from equa-
tions in which g(z) and A(z) occur. The equation for F(z,h)
is written down in (49) and one easily obtains the equation
for M(z,h) from the definition in (49) of this quantity and
the equation for P(z,h,z',h ") in the first variable. We write
down explicitly the equation for M(z,h):

oM 41g
9z I*
M0, h) =th(h/T), M'(z. h)=ToM|oh.

1
{—2 q (2)M”(z,h) —=A" (2)M (2, )M’ (z, h)} ,
(65)

We can thus obtain an equation and an explicit expression
for any correlation function. Concluding we write down ex-
plicitly the three-particle correlation function correspond-
ing to Fig. 2d (it is, of course, non-vanishing only when

h #0):

(SaSp8.>= fdh1 dhy dhy dh, dhy F (z2,0,) P (24, by, 22, )
X p(zls hlv 07 h«':)

hy h, .k
X P (32, by, 0, hs) P (2, ha. 0, ho) th— th— th - (66)
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