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A coil-globule phase transition (collapse) in a heteropolymer chain with random sequence of
links of various types under the influence of external fields (which are different for the
different types of link) is considered. It is shown that the system is renormalizable. A
renormalization transformation is constructed, which unifies neighboring links into blocks and
leads to a chain with a new linear structure. The equation for renormalization of the
probability distributions of the effective external fields acting on block links is obtained in
explicit form and solved. In most cases of physical interest, introduction of disorder in a
sequence of links leaves the globule-coil phase transition in the same universality class to
which it belongs for the homopolymer. It is shown that the swelling of the globule near the
transition point is characterized by a single scale that is independent of the sequence of the
links. Increase of the distance from the point of transition into the globular region enhances
the dependence of the spatial structure and of the free energy of the globule on the sequence of
links. The mean values and variances of the free energy and of the dimension of the random

chain in the phase-transition region are calculated.

1. INTRODUCTION

This study was prompted by the demands of protein
physics and continues a trend initiated by I. M. Lifshitz’s
classical paper.' In the physical context, one of the impor-
tant unsolved problems in this field is the need to go beyond
the scope of the model used for a homogeneous homopo-
lymer in the theory of coil-globule phase transitions,? and
the need to study the picture of collapse and structure of
condensed phases for macromolecules of heteropolymers
with inhomogeneous disordered link sequence (primary
structure). The importance of this problem for biopolymers
is obvious, and its formulation was discussed already in Ref.
1. ‘

Our present purpose is to analyze the role of an inhomo-
geneous sequence, frozen in the course of chain formation, of
links in the picture of the simplest transition of the coil-glo-
bule type. To be specific, we consider the collapse of an ideal
(immaterial) heteropolymer under the influence of an exter-
nal field. This model system is of independent physical inter-
est in connection with polymer adsorption (see the bibliog-
raphy in Ref. 4) and the helix-coil transition in DNA.’ Our
results are of primary interest, however, in connection with
the question of conformational entropy of a heteropolymer
in a spatially inhomogeneous state, inasmuch as in the
framework of I. M. Lifshitz’s approach’ this question is cen-
tral in the development of a consistent theory of heteropo-
lymer globules with volume interaction (see Ref. 6 for de-
tails; we call attention also to Obukhov’s alternate
approach’).

2. PRINCIPAL DEFINITIONS AND TERMINOLOGY

The partition function of an immaterial chain with
fixed ends, having the meaning of a Green’s function, can be
written in the form
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where the transition operators Q, are given by the expres-
: 1-3
sion

.= exp(—gu()/T) e, g9 =) g(Ix—x'])p(x')d'’.

Here @, (x) is the potential of the external field acting on
link number 7; these potentials are different for different 7,
since we are dealing here with a heteropolymer. In the transi-
tion-temperature vicinity of interest to us the correlation ra-
dius is large, i.e., the typical conformation of the globule
includes long free loops and only a relatively small core. Ac-
cordingly, all the external fields can be regarded as localized
at the point

exp(—@«(x)/T)=1+pb(x). (2)

We assume for simplicity the couplings between the links
g(x —x’) to be identical and independent of the species of
the links. In the simplest example the couplings g are Gaus-
sian, and in the general case we have for the kernel g in the k-
representation

g=1—(ka)?/2d, kax1, (3)

where a is the length of the link.

Knowing the Green’s function, we easily calculate the
total partition function Z, and the distribution function in
the spatial points x of the end of the chain ¢, (x):

z=[exdz,  wx)=6.(x)/z.
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We shall find useful also the following obvious recurrence
relations:

G (x)=Q.G,, (4)
1P1+1(X)=QAIJ: /‘j(?ﬂlh ddxv (5)
ZodZi=| Qb da. (6)

For the free energy we have hence
v=—TIlnZy=— TIDH ZJ/Z\ = — TZIDJ Q,xp,ddx.
t t

(7

We emphasize that the disordered primary structure of
the chain, i.e., within the scope of our model, a sequence of
operators Q, or simply of numbers /3,, is assumed to be fixed
(frozen). If this structure is known, we can calculate from
(4)-(7) all the necessary quantities step by step. But if we
are considering a random primary structure, then the quan-
tities G, (x), Z,, ¥(x), Fy, etc., turn out to be random. It is
shown in Ref. 8 that in this case it is most natural to describe
the difference between the coil and globule states in terms of
probability distributions of the quantities %, (x), i.e.,
Z {¥(x)}. It is precisely in the globular regime that the
distribution Z ,{¢(x)} approaches exponentially, with in-
crease chain length 7, a limit that is independent of ¢:

Ped (X)} ;= Piw(x)} (for a globule) (8)

in analogy with the fact that in a homopolymer the quantity
¥, (x) itself becomes stationary with increase of ¢; for a coil,
on the contrary, Z,(¢) does not tend at all to a stationary
value.

The property (8) is well known in the theory of one-
dimensional disordered systems, where relations of type
(4)-(6) are called Dyson-Schmidt equations. Usually
G, (x) is regarded as a vector in Hilbert space, and ¢, (x)
defines its “direction” or ‘“‘phase.” Expression (8) is re-
ferred to as the stabilization of the distribution of the phase
variable. This stabilization always takes place in models of
the Ising type, while the coil regime and the coil-globule
transition have no analogs in these models.

The most meaningful interpretation of (8) can be given
by likening ¢ formally to time and regarding (4) as a dynam-
ic equation of motion. In this analogy, the globule corre-
sponds to a stochastic regime. Indeed, the various operators
Q, do not commute with one another, therefore each suceed-
ing application of the operator in (4) leads to “rotation” of
the vector G, (x) through a finite angle, meaning thus insta-
bility of the “‘motion.” It is important that the instability is a
property of a dynamic equation that includes noncommut-
ing operators. The primary structure plays therefore the role
not of external noise, but of a sequence of signs in the expres-
sions for the initial conditions.’ The foregoing pertains pre-
cisely to the globular regime, because the result of the action
of the commutator of different operators Q, on the “coil”
functions ¢,, inasmuch as they are ‘“‘smeared out” over a
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large volume outside the localization region of the fields,
turns out to be negligibly small, so that the coil corresponds
to stable dynamic behavior. The coil-goluble transition is
therefore none other than a transition from a dynamic to a
stochastic regime in Eq. (4). Accordingly, the limiting dis-
tribution is an exact analog of a microcanonical distribution
in statistical mechanics.

The Green’s function (1) for x = 0 can, with allowance
for (2), represented by the series

where each wavy line corresponds to a factor 3,,, a solid
segment represents the “free-field propagator” (z —t') ~ /2
and the summation is over all the ¢;. The crux of the problem
is the power-law form of the propagator. It shows, in partic-
ular, that allowance for the excluded volume and the topol-
ogy of the loops in the fringe of the globule, if it is permissible
to neglect the influence of these factors on the core of the
globule, reduces simply to replacing d by a somewhat more
effective quantity. We shall therefore assume d itself to be an
arbitrary, not necessarily integer, quantity, subject to the
only conditiond > 1.

G.(x=0)=F

3. RENORMALIZATION TRANSFORMATION FOR
HETEROPOLYMER

If all the external fields are pointlike (2), the basic
equation (4) can be rewritten in the form

i
6= (1= 6"+ (B/a) | ha(0) 64 . )
0

Torecast (4) in this form we must take its Fourier transform
and use the following notation in the resultant k-representa-
tion

w=1—g(0<x<1),
ha(%) dn=(27) ~%gx (20%*/T (4/2) ) a*| k| *~*d| k|

According to (3) we have in the region of large distances or
small k
w=ka(2d)~",

ha(%)=ha %, hy=(d[2n)¥%[2T (d/2) for ka<1. (10)

Equation (9) was investigated by us'® for the special
case of a homopolymer, when 3, does not depend on ¢, and
exhibited a “critical slowing down.” This property is par-
ticularly pronounced just for a heteropolymer. Indeed, the
behavior of the end of the chain near the field-action point O
depends mainly on the force of interaction between the point
O and the last or the last few links. At the same time, the
behavior of the end of the chain far from the point O is equal-
ly dependent on many links, since the end of the chain at a
large distance constitutes only a multilink “tail.”” It can thus
be stated that if « is close to unity the quantity G {” “follows
up”’ all the high-frequency fluctuations of the random pro-
cess 3,, whereas with decrease of « the ‘‘temporal” behavior
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of G |V is smoothed out and G " turns out to depend on ever
slower harmonics of the process /3,.

It follows from the foregoing that the heteropolymer
equation (9) can be analyzed by the dynamic renormaliza-
tion-group variant developed for the homopolar problem.'°
Recall that an infinitesimal renormalization-group transfor-
mation consists of excluding fast modes withx > 1 — A and
simultaneously making up blocks of 1 + 2A monomers each.
By repeating the procedure of Ref. 10, it is easy to verify that
the procedure described results again in an equation of type
(9)—already a very important result because it proves re-
normalizability of the problem—and this renormalization
transformation of the /3, sequence takes the form

ﬂt($(1+2A) )= Zﬁum (s) +8.(s)

X [1+AB =, (s) hua (s~ ) s a].

(11)

Here s characterizes the current step of the renormalization
and has the meaning of the number of bare (unrenorma-
lized) monomers in one block monomer. For simplicity, we
number the links in (11) in accordance with the bare mon-
omers, regardless of the current value of s. Naturally, in this
notation the renormalized monomers have numbers O, s,
2s,..., and the recurrence transformations of type (4) or (9)
connect G “*+* with G(¢). Owing to the critical slowing-
down property, we can assume that the next block monomer
starts out with the same value G, with which the preceding
ends, since we are interested after the renormalization only
in small k < 1 — A. This means that the block monomers are
made up of nonoverlaping sections of the chain.

Assume now that all the 3, are statistically independent
random quantities prior to the renormalization, i.e., at
s=1." From the overlap of the neighboring block mon-
omers it follows that the renormalized sequence /3, also con-
sists of statistically independent quantities. Averaging (11)
with this fact taken into account, we get

dB (s)

2s ~ = =2B(s) B () ha(s™") s a™". (12)

We see that the mean value of B(s) is renormalized just as
B(s) for a homogeneous homopolymer.'® The explicit solu-
tion of (12) is

d 1
B(s)— a’s|-X —
Flo=ats| -~ §

s

-1
hd(n)n"ﬂdu] . (13)
However, knowledge of the mean value for the hetero-
polymer problem is insufficient, and the question of renor-
malizing the probability distribution arises. We denote the
distribution of the bare values of 8, by P(S). By way of ex-
ample, it is useful to consider a chain with links of two types,
A and B, for which

P(ﬁ) =6A6(B_§A)+CBG(B-63)7 cates=1. (14)
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We denote the distribution of 3, (s) by P, (). It is conven-
ient to write the corresponding renormalization equation in
terms of the characteristic function P, (), i.e., of a Fourier
transform of P, (/3) with respect to the variable 3. To this
end we must average the quantity exp[iwf, (s(1 + 24)) ]
with the aid of Eq. (11); this yields

P20 (@) =P (0)<P,(0[1+ABi-i(s) ha(s7") s~ *a™"] ),

where the angle brackets denote averaging over 3, _, (s) (re-

call that this quantity is statistically is independent of /3, (s)

over which we have already averaged). Separating the terms

linear in A we obtain

2 aP,(0)
ds

=2P,(0)In P, (o) + % B(s)ha(s™™)s "a "

(15)

Since B(s) can according to (13) to be regarded simply as a
known function of 5, Eq. (15) is linear in In P, (@) and it is
easy to find its characteristics and write the explicit solution:

P,((o)=P‘( ® exp [j ha(s" ") s" ~*R(s")a™* ds'/2]) . (16)

4. ANALYSIS OF RENORMALIZATION RESULTS

The first that can be seen from (16) is a decisive change
of its entire behavior when the bare value Ba ~ ¢ does through

the value
1

a8, = [ j e ]—x= {(2n/d)d/z/;;(d/z), d>2

0, d<2’
(17)

that corresponds to the point of the coil-globule transition in
the homopolymer (the explicit expression with d>2 is a
Gaussian g-function). In fact, as 3 goes through S,,, the
behavior of [B(s) changes radically: The quantity
B(s)s~¢"%a~ 9 remains bounded for any s if 5</3,,, but di-
verges at finite s if 8> 3,,. Obviously, the behavior of P, (5)
changes just as drastically. This leads already to an impor-
tant conclusion: the critical point of the coil-globule phase
transition in an infinite statistical heteropolymer is deter-
mined by the condition

B=ﬁtr.

To emphasize the nontrivial character of the result
(18), we call attention to the following: a periodic heteropo-
lymer with the same ratio of the components C, and Cy goes
through a coil-globule transition not under the condition
(18), but at another point. Consider, for example, a periodic
polymer ABAB.... (for which, of course, C, = C, = 1) and
assume that 5, = 0. We obtain obviously simply a homopo-
lymer with bonds twice as long, which is described by the
usual homopolymer equations with the substitution g, — g,
i.e., a—2'%a, and for which the transition point is deter-
mined by the condition B, = 297?8,,. In the same situation

(18)
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(Cy —Cp=1,B,=0) Eq. (18) gives for a statistical se-
quence a different answer: 8, = 28,,.

The foregoing example illustrates a very interesting
property of the system. In fact, in a long-loop situation the
heterogeneity of the sequence 3, is effectively smoothed out;
this is qualitatively quite clear. But the smoothed value of
B¢ actually obtained is determined by the small-scale prop-
erties of chain. Thus, it can be seen from (13) and (16) that
the behavior of B([J’ ) and P, (/3) becomes universal only at
large s, and is determined only by the asymptote of /, («) at
small x. The behavior of these quantities at small s, however,
depends on the entire function 4, (x), i.e., on the small-scale
details of the arrangement of the “bonds” g(x). The small-
scale properties of the inhomogeneous sequence 3,, as seen
from the example with the periodic polymer, are also very
important for the determination of .. The result (18)
states thus that 3., =/ for a statistical sequence.

As to the form of the P, (f) distribution, it is easy to
conclude by analogy with the central limit theorem,'? where
the analog of (16) takes the form T’S (w) = i’s (w), that as
s— oo the distribution becomes asymptotically normal. The
corresponding mean value is given by Eq. (13), and for the
variance we get from (16) the following expression, which is
valid for all s and d:

[B%(s)—B*(s) 1/B*(s) =s~"(F*—B*)/p>. (19)

This expression takes the same form as, according to the
central limit theorem, the analogous equation for ordinary
values of B averaged over blocks of length s. The substantial
difference is, however, that B (s), and with it according to
(19) also BZ%(s), can in our situation be singular.

The P, (B) distribution becomes thus monomodal and
its variance (19) becomes small at large s. The length of a
block monomer in a coil or at the transition point can be
increased all the way to the total length N of the chain. In a
globule, however, there is a finite correlation radius along
the chain or, equivalently, a finite characteristic length / of
the loop in the fringe of the globule. Near the phase transi-
tion we have />1 and this is precisely why the scale / is
unique and independent of the realization of the random
chain or of the coordinate along the chain, because the P, (3)
distribution is narrow at s ~/> 1. The size of the scale /, since
it is unique, is determined simply by the mean value of 5(s).
A simple analysis shows that renormalizations in the globu-
lar regime preserve an accuracy of the order of unity all the
way to a scale such that

B (s~0)1-9a—~1. (20)

The meaning of this estimate is made clear by the fact that
192 is the unperturbed Gaussian volume of the block
monomer, and B(/) is the virial coefficient of its interaction
with the external field. Using (10) for the analysis of the
asymptotic of the integral (13) at a small lower limit, we
easily get
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J‘l: . 1 1 —~2/(d—2)
[_2. (d—2)a (E_?)] ,  4>d>2
IPB)~ § exp(na*/P), d=2  (21)
T ad 2/(2—d)

The scale in a globule can thus be increased only up to
1(3).Is this enough to make the variance of 3(s) small? This
question is vial if d < 2, when the right hand side of (19) has
near the transition point a large factor B ~? besides the small
factor s~'. [Equation (20), however, shows that
[ ~'B ~2~1'—4 therefore the variance of B(s~ 1) becomes
small near the transition point at d > 1 but not at d < 1. We
shall consider hereafter just the case d > 1.

Thus, at d > 1 the loops in a coil and near the point of
transition to a globule turn out to be quite long, and the
heterogeneity of the sequence of the links evens out over
their length. The probability distribution for 5(s) becomes
thus monomodal, even if the distribution P(/3) was initially
bimodal as in (14), or even more complicated. This circum-
stance has an important physical meaning: notwithstanding
the presence in the heteropolymer chain of several species of
distinctly different links, we are unable to classify sufficient-
ly long sections of the chain, in a physically meaningful man-
ner, into qualitatively different types: the chain cannot be
regarded as a sequence of globulized and coil-like segments
with different fluctuations of the density of the link types.

5. CALCULATION OF THE DIMENSIONS OF A RANDOM
HETEROPOLYMER

The starting point of the analysis of the spatial structure
of a chain should be a recurrence relation for the 3 function
(5). For example, the mean squared® distance from the ori-
gin O to the link # is equal to

Ri= S X (x) die=— (A (k) ) xmo=—0a O: (%) /0%*  (22)
and for pointlike fields (2) we easily obtain

R,z+,=(Rf+az)[ 1+ (p./a%) jhd(x)wt(%)dn]-i .(23)

A. Coil regime. Using once relation (23) renormalized
to s = NN, and assuming that ¢, («) in this equation pertains
to the start of the chain, i.e., ¥, (x) = ¥(x) = 56(x), ¥, (k)
=1, R, = 0, we obtain directly a characteristic of the entire
chain—the mean squared distance R, between its ends:

Ry*=Na*[1+Bi—e(s=N)N*=92h"[da’] 1

1
(j he(xN-")dx for N> 1 is evaluated using ( 14)) . (24)
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Since B(s) is renormalized just as B(s) for a homopolymer,
we get directly from (24)

(Ry=?)""=R ™ (B), (25)

N

where R ("*™ is the homopolymer dimension calculated in
Ref. 10. To calculate the mean values of the other powers® of
R, it is necessary to expand in (24) in powers of the second
term in the square brackets, and to use expression (19). For
example,

- B2 3 *2
RN ;R x‘omw (ﬁ)l:i + 62 : ﬁz 3hd Bz (N) N—-d—la—2d]

p? 8d2
e
_ homo ﬁ ﬁz 3hd - a hd
R( )(B) 1+ ﬁz 8(12 N ('E-—_ 2

lnN) L d=2 .

N—(d—z)/z) 2’ d>2

(26)

d % -2
(%‘“2hidN(H)/2> A<

DRNE[

2N'/x

The second term in the square brackets of (26) is the fluctu-
ation correction. It is, of course, the first term of a series but,
most importantly, by far not in powers of the variance of S,
which is not assumed small, but in powers of N ~'. The vari-
ance (~N ~!/2) of the size of the coil (27) is also small, and
is additionally decreased when the coil comes close to an
ideal one (for which R, = Na?). The latter is due to the
smallness (atd > 1) of the fraction of the coil links that inter-
acts with the local field.

At B<pB, (for a coil) the results (26) and (27) are
asymptotically correct at N> 1; moreover, Eq. (25) is rigor-
ously exact. These results remain valid also at B>, for
relatively short chains N ¢/ (B ) (or for chains with N given
in the immediate vicinity of the transition point).

B. Globular regime. In a truly globular situation we
should have not only B> f3,, but also N>I(8). The diver-
gence of B(s) (as well as of B2%(s)...) as s~I(8) becomes
therefore essential. Just as in a homopolymer, the scale /(B)
is none other than the characteristic loop length of the glo-
bule. The inequality N>/ (B) means that globulized chain
contains many loops, and the divergence is interpreted as a
manifestation of the fact that at scales s>/ ([—3 ) the chain is
strictly held together by the external field. For a heteropo-
lymer, however, one can go even farther: it is natural to as-
sume that over the scale on which the block links are rigor-
ously held together in the globule, the probability
distribution Z,{y} (8) is stabilized over a length of the
order of one block link. To explain this fact, let us examine
relation (9) once more and assume that the renormalization
in it has already been advanced to a relatively large scale
s> 1. If at the same time the function G, (x) is localized over
distances ~as'/?, then G, , ; (x) becomes practically inde-
pendent of the form of G, (x) and is determined only by the
integral Z, and by the primary structure of the chain on the
section from ¢ to ¢ + s. Accordingly, ¥, (x) should become
independent of ¥, , , (x) at a value of s such that as'/? be-
comes comparable in order of magnitude with the size of the
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]' [Bz ’]"’ 1—[Rx*/Na’]

(B<<B:r). (27)

|
localization region#(x), thelatter being ~al '/2in aglobule.
We arrive thus at the conclusion that the mutual influ-
ence of the functions ¢, (x) does not extend farther than a
length / along the chain. In particular, the value of R, for a
globule is independent of N and is determined only by the
last section of a chain consisting of ~/ links. To calculate
this value we must use Eq. (23), renormalized to s~/, to
obtain R, ,, regardless of what is used here for ¥,; (it is
simplest to put ¢, (x) = 6(x)). Asaresult weobtainfor Ry a
formula of the same form as (24), but containing / in place of
NandB,_n_,(s~1) in place of B,_, (s = N):

Ry*=a®l[1+Bi=n-i(s~1)I="*h, [da’] . (28)

In contrast to Eq. (24) which is exact for the coil, its
analog (28) for the globule is accurate to unity. Continuing
the calculations at this accuracy, it is natural to expand in
(28) in powers of the second term in the square bracket;
terms of higher order in B 2 turn out to be small here by virtue
of I> 1. As a result we obtain the mean value and the vari-
ance of R, for a set of globulized random chains:

E=R"°“°’(B)[1+_const BBZ z—*(s)] R ~ o (B),

(29)

R\, _p
R e (E2E)

under the condition N>/(8). We omit for R and R’ the
subscript N, on which they do not depend in the globular
regime. We have used the equal sign in (29) in view of the
continuity of the dependence of R on the variance of 3; the
fluctuation term in R, just as the variance DR, were deter-
mined by us only apart from a factor. Just as in (26), the
expansion in (29) is not with respect to the variance of 3,
which can be arbitrary. The small parameter in (29) is in
fact/ ! (B), i.e., the proximity to the transition point.

pr=(E (30)
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We see that the mean distance R, between the ends of a
heteropolymer chain practically coincides in the globular
regime (29), just as in the coil regime (26), with the analo-
gous distance for an “average” homopolymer with B = .
The fluctuational correction term in (29) for d > 1 is small
near the transition point if /() > 1, as is the analogous term
in (26) for a coil. It must be understood, however, that on
moving farther from the transition point into the globular
region the dependence of R on the primary structure be-
comes stronger, and the difference between R and R "om®
not only increases qualitatively but becomes also qualitative.

The simplest characteristic of the sensitivity of the spa-
tial structure of a chain to a change of a sequence of types of
links is the variance of the dimension. Note that in the coil
regime DR tends tozeroas N— oo (27).On the contrary,ina
globule DR tends as N - o to a finite limit. On the whole, the
value of lim DR as a function of B has a singularity at
B = B,,ie., atthe end of the transition. The character of the
singularity is determined by Egs. (21) and (30).

We call particular attention to the case 2 < d < 4, which
is most important in practice. In this case the dependence of
DR on 3 has in the globular region a maximum at

B=B:-(d—1)/(d-2), 31

i.e., at a finite distance from the transition point. A similar
dependence was obtained earlier in a computer experi-
ment.!! Thus, the theoretical result shown in Fig. 1 agrees
with the results of the computer experiment.

The quantity R characterizes by definition precisely the
end point of the chain. In a globule, however, the loop sizes
are also of the order of R, and moreover, the probability
distributions for them is the same as for R. Therefore R (29)
is the average dimension of a loop in one long globulized
chain, and DR (30) is the relative scatter of the dimensions
of various loops in one chain. The number of loops in a chain
is ~N /1(B), since the fraction of particles in the core of the
globule is small near the transition. The radius of inertia of
the globule,* which characterizes it as a unit, is a self-averag-

DR a/\
/Btr ﬁ
b
Ber=0 7
e ¢
/jtrzﬁ /g

FIG. 1. Dependence of the variance of the inertia radii of random chains

onf for B7 — B?* = constand for different dimensionalities:a) 2 <d < 4,
b)l<d<2,c)d-1.
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ing quantity: it receives statistically independent contribu-
tions from a large number of loops. Accordingly,

R~R, DR~DR(N/I(B))". (32)

6. CALCULATIONS OF THE FREE ENERGY OF A RANDOM
HETEROPOLYMER

The general expression for the free energy (7) for point-
like external fields (2) is reducible, according to (23), to the
form

Fy=—T Zln[ (H,2+a2)/R,L]=—TZ In(1+a¥/R?),
H t

(33)

where we have left out the term In(R,/R )% which is insig-
nificant in the thermodynamic limit (itis S1ln N).

We determine first the mean value of the free energy of a
random globule. To this end it is necessary in (33) to expand
in powers of (a’>/R?) and then average each term of the
expansion in the manner described in the derivation of (2).
Since the R, are uniformly distributed, according to (28), in
a globule for almost all the links (except at the start of the
first loop), we easily obtain

[
)],

Fy=F ™ (B )[ 1 + const

F o™ (B) ~—TN/I(B). 4

A clarification is in order here. If (33) is formally averaged
with the aid of (28), the fluctuation term contains / =2 in
place of the correct / ~', because (a*/R ?), the main term in
(33),islinearin (s = /) in the approximation (28). In fact,
however, the absence of a term quadratic in B(s = /) in (28)
is due not to some fundamental cause [as in (24) ], but to the
fact that (28) is approximate. We find therefore that the
fluctuation term in R 2, i.e., in the free energy, is of the
same order for the globule as in R ® with some other a, as
indeed written in (34). Thus, the fluctuation correction to
the free energy of the globule (34), just as to its size (29),
becomes small as the transition point is approached for any
d > 1. The analogous fluctuation terms for a coil turn out to
be proportional to negative powers of N. Such terms are
meaningless in the free energy, i.e., in a coil we have, as also
for a homopolymer, F = 0.

The result (34) has an important physical meaning. It
means that not only the transition point (18), but also the
thermodynamic type of transition in an infinite heteropo-
lymer is the same as in an ‘““average” homopolymer. In other
words, introduction of an inhomogeneity in a linear struc-
ture of a polymer leaves the coil-globule transition in the
same universality class to which it belongs for a homopo-
lymer (atd>1).

The probability distribution for the free energy of a glo-
bule is normal, since the chain contains many loops,
N>l([5’). In fact, the sequence of terms in (33) can be
broken upinblocks containing/ terms each, and these blocks
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are practically independent of one another. To estimate the
variance of the free energy we must reason as follows. The
terms within the blocks are strongly correlated and the
spread of their sum is of the same order as the relative spread
of one term @/R ?, and this quantity is easily calculated with
the aid of (28) and (19). The addition of the contributions
of the blocks, however, is subject to the central limit
theorem. Simple calculations yield the following very simple
result:
Fy—Fy 1 p-p’
Fs* N p
which is independent of the dimensionality of the space.
Equation (35) allows us to find the probability of losing
the thermodynamic stability, defined by the inequality
F,, <0, of the globular state at B8 # S,,. Since Fy has a Gaus-
sian distribution, the probability in question is small under
the condition

N>B*/(B*—p°).

(35)

(36)

Consider an example in which B? — B? remains constant
when Bis varied. Atd > 2, for example in the most important
three-dimensional case, the condition (36) reduces in the
transition region simply to N<1, because B> 3, >0. At
d <2, however, when ,, = 0, it turns out that the free ener-
gies of different heteropolymers of length NV (differing in the
squence of the elements) vanishes in the interval
|B | SN ~'/2.In a finite chain, however, it is meaningless to
speak of two different states at |Fy| ST, i.e., the transition
becomes smeared out in an interval of width
|B|S N ~@~72 A comparisonshows that atd > 1 the usu-
al thermodynamic smearing of the transition point exceeds
the smearing due to the uncertainty of the primary structure.

7. CONCLUSION

We have thus obtained a sufficiently complete solution
of the problem of collapse of an immaterial heteropolymer
under the influence of a pointlike external field. Recall that
the results (25)—(27) for the coil phase are exact. Moreover,
they are asymptotically exact in the limit N— o also for a
nonpointlike external field. Also exact are the results that
the transition point (18) and the transition order (34) are
the same for a stochastic heteropolymer and an “average”
homopolymer. The results (29), (30), (34), and (35) fora
globule near a phase transition are valid accurate to numeri-
cal factors.

We have not considered the regime of a well shaped
globule with short loops far from the transition point. The
point-field model is obviously senseless for the description of
this regime, and the renormalization-group method is use-
less. Yet a highly varied behavior of a globule and interesting
peculiarities can be expected in this region. This is clear, for
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example, from a comparison with the data on helix-coil tran-
sitions,'? where it is precisely for moderate loop lengths that
one observes the most interesting effect, viz., successive
“melting out” of individual segments of the chain. Of course,
the analogy with the helix-coil transition is complete only for
point fields, and for physically natural extended field the
behavior of the globule should be even more varied. Al-
though there are three exactly solvable models of heteropo-
lymer globules for definite field shapes,®'*'* the question of
their description far from the transition into a coil remains
on the whole open and timely.

Even more important and quite subtle is the question of
the qualitative conclusions that can be drawn from the re-
sults of the present paper for proteins. We discuss this in part
in Ref. 11.

We are very grateful to S. P. Obukhov who read this
paper in manuscript and made many helpful remarks. We
are indebted also to O. B. Ptitsyn and A. V. Finkel’shtein for
helpful discussions.

"We do not consider here the subtle question of the applicability of a
random primary structure to simulation of biopolymers. For details and
a bibliography on this subject see Ref. 11.

2We have in mind, of course, a thermodynamic average over all states of
the given random chain.

¥To prevent misunderstandings, we point out that in our notation

R ‘;#J |x|®¥y (x)d “x for any @ #2,and RS = (R%)*?, where R } is

defined in (22).
“The square of the inertia radius is the ratio of the moment of inertia to the
mass.
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