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We consider the motion of a nonrelativistic electron in the field of two strong monochromatic
light waves propagating counter to each other. The wave function of the electron is obtained by
using a quasiclassical approximation and perturbation theory. An expression is obtained for
the gain of a weak test wave by using such wave functions.

INTRODUCTION

The motion of an electron in the field of a monochro-
matic light wave is described by the well-known Volkov
function. Exact solutions of the relativistic wave equations
were obtained in Refs. 1 and 2 for the motion of an electron
in certain cases of plane-wave fields. The motion of an elec-
tron in the field of two light waves propagating counter to
each other (standing wave), however, cannot be solved ex-
actly.

Electron diffraction by a standing wave was considered
by perturbation theory in Ref. 3. Perturbation theory was
likewise used in Ref. 4 to investigate the modulation of a
beam of relativistic electrons.

We consider in the present paper a quasiclassical ap-
proximation for the description of the motion of a nonrelati-
vistic electron in the field of pump waves. The wave func-
tions of the nonrelativistic electrons in the field of pump
waves (standing wave) are obtained using a quasiclassical
approximation. The corrections to these wave functions, ne-
cessitated by the rescattering effect (the electron absorbs a
photo from one wave and gives it up to the other by induced
emission) are obtained by perturbation theory. The electron
energy is not altered by the rescattering, but the momentum
is changed by an amount p’ = p + 27k, where p’ and p are
the electron momenta in the initial and final states, respec-
tively, while k is the pump-wave momentum. The electron-
momentum change can be accompanied by emission in the
IR band. Using the wave functions derived, we obtain the
gain of a weak test wave in this frequency band. We show
that the gain is an optimum if the angle 8 between p and k is
close to 7/2.

GENERAL RELATIONS

The Schrodinger equation for an electron in the field of
two strong electromagnetic waves is of the form

0¥ (r,t) o
ih———a—t—— om A‘p(l‘, t)
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where A,(@,) and A, (g@,) are the vector potentials of the
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two electromagnetic waves, respectively; ¢, = ot — kir,
@, = w,t — k,r(w,,w, are respectively the frequencies of the
first and second electromagnetic waves, and k, and k, are the
wave vectors of these waves); m is the electron mass.

We seek the solution of Eq. (1) in the form

1 Et
W(r,t)=Wexp[iPhi——z 3 ]
S g
Xexp[i ‘(,fl"‘) +152:“)]Wm(r,t), (2)

where ¥V is the normalization volume.
Here p and E are the momentum and kinetic energy of
the electron:
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Substitution of relations (2), (3), and (4) in (1) leads
to an equation for ¥, (r,?):
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We can leave out of (5) the terms

ki[dSi((pl)/d(Pily kz[dsz(‘Pz)/dCPz]’
e(A1+Az)/C, m_lkikz[dst(q}()/d(ﬁ]dSz((Pz)/d(Pz,
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if the inequalities" cp cos 6> e& #,; (i = 1,2) and v/c<1.
Equation (5) takes then the form

OV ini(r, 2 h® ih
iﬁ—-llii—t—(r—)-= ——AY i (r, t)— —l—pV‘Pm(r, t)
ot 2m m

VA2 (@) Wine(r, ). (6)

We consider for the sake of argument linearly polarized
electromagnetic waves

A (¢)=A;sinq,, (7
Az((pz)-_—Az sin Qa. (8)
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Substituting (7) and (8) in (6), we gct

011)‘(" ,t fl"
in (rt) AW (r, t)__pvqu(r,t)
gt 7m
2
+ 5 Ahslcos (¢i—9)— cos (i) | Wini(r, 1) (9)

It is natural to seek the solution of (9) in the form

Wini (T, t)=lpi(nor) (r,t)exp[iss(l', t)/h], (10)

where, if the inequalities pc»e& A, (i = 1,2), we have the
following equations for S5(r,?) and \I/,‘,?,’ (r,1):
N 3 (l', t)
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It follows from the forms of (11) and (12) that the solutions
of these equations should depend on ¢, + @, and ¢, — @,,
respectively. Neglecting the first, second, and third terms in
the right-hand side of (11), we obtain the solution
e’4,4,
2mct (ot o:)

COS((PF‘(PZ)‘Fmt (r,1).

Ss(r,2)= sin (@+@2). (13)
Neglect of the first, second, and third terms in relation (11)

is valid subject to the inequalities

f(oitw,)/2met<d,  e*AA,/(2met)2<l, p<e.

We seek the solution of (12) by introducing first a new vari-
able z = ¢, — @,; we can then rewrite this equation in the
form

(o) W0 a¥ i
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or

Wi (2) | 2mlo—ortvie-k)] d¥i (2)
dz* h(k.—k,)? dz
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where v is the initial velocity of the electron.
We climinate from (15) the term with the first deriva-
tive with respect to z, by making the change of variables

Y. (2)=P(2)u(z), (16)

where

cos 2V i (2) =0, (15)

[(01 - +v(k,—k,) Im
fi(k,—k,)*

P(z)—exp{ (17
We have for u(z) the equation
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We shall solve (18) by perturbation theory. We represent
u(z) in the form

u(z)=u,(2)+u,(z),

€0s z} u(z)=0. (18)

(19)

where u,(z) satisfies the equation

uo"(z)+[wf——kz)—m]‘tzo(z)=u, (19"

h(k,—k,)*
and u,(z) the equation
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The solutions of (19’) and (19”) are
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msz i,
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To obtain (20) it was necessary to meet the conditions

I O~ 0, TV (kz_kl)
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The last condition of (20’) is violated as #—0.
Taking (29) and (20) into account, we have

WiV (2) =1—ie®A, A {flo—w. v (k,—k,) 12mc*} ' sin z.

(20")

Substituting (10), (13), and (20”) in (2) and taking (3)
and (4) into account, we obtain the wave function of the
nonrelativistic electron in the field of two strong electromag-
netic waves at an arbitrary arrangement of the vectors k,, k,,
and p. We shall, however, be interested hereafter only in a
situation in which k, and k, are collinear and form a stand-
ing wave.
In this case the wave function takes the form

¥ =v" (1—ie’A\A, (Al 0,— 0, v (k.—k,) | 2mc*} ' sin z}.
(21)

where W? are basis functions defined by the relation
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It can be easily shown by direct calculation that the ¥{ satis-
fy the orthogonality relation (if k, and k, are collinear or
form a standing wave)

[ O W dem 206 (0=,

where ¥ is obtained from W{ by replacing the exponents p
by p’. The expression (22) for the wave function of the non-
relativistic electron coincides in the case of two collinear
electromagnetic waves with the wave function obtained in
Ref. 1 in the nonrelativistic limit.

We define the field of the amplified electromagnetic
wave by the relation

A;(r,t)=A;sin (0st—ksr), (23)

where w, is the frequency of the amplified wave and k; is its
wave vector. The processes investigated in this paper are
charcterized by an element of an S matrix for which the
expressions take, in first-order perturbation theory in the
test-wave electromagnetic field, the form

Syem—i | W/ (1 0P (r D et
P=eA;(r, t) p/mc.

(24)
(25)

The S-matrix element is, with allowance for relations (22)

and (295),
E'—E -p’
exp[z( 7 :tm,)t-i-i(%!)——:Fk,)r]

Mcos(mit—k,r)
h(l)t

eAsp
S P T T
! 2mceV

coo].

eA,(p’ p)

+i
mcho,

Ccos ((l)zt—kzr) ]
e’A A, (v—v') (k:—k;)

—~drdt
2me*hi{lo,— o, tv(k,—k,) ]}*

(26)

(the + and — signs pertain to emission and absorption,
respectively).
We use the known relation
4+

exp[iBsinz]= Z J.(B)e™.

N=—w

(27)

The expression for the S-matrix element is then
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Sp=—1

zemAcz;I)/ j‘ Z (eA: (p’—p) )Jm(eAz(p’~p) )

mchw, mchw,

x: xp{i [ P—_ﬁl F kot niki+noke+ (ke—ki ) ] r}

e’A A, (p—p’) (k.—ky)
(2me*) i (wi— 0.+ v(k,—k,))?
) ] dr dt.

Xexp [ i (E’;E
(28)

Integration with respect tor and ¢ in (28) leads to the follow-
ing expression for the S-matrix element:

Symi SARCT) W, (A p) ), (eAupp) )

2mcV mcho, mcho,

* 0yt tn.o.to,—

Ny, My

_ e’A A, (p—p’) (k.—k,)
(2me?) il o —o.+v(k.—k,) ]*

’

Xé( i(ﬂa+niﬁ)1+nz(ﬂz+(ﬂr—(ﬂz)
p—p’
XG['h—:Fk,‘i‘n,ki"r‘nzkz‘i' (kz—k‘)-l . (29)
The situation optimal for the considered effect is that of
two electromagnetic waves that form a standing electromag-
netic wave, and 'k, 1A,. It follows then, since the electromag-
netic field is transverse, that the arguments of the Bessel
functions vanish, so that a nonzero contribution is made by
the Bessel functions with n, = n, = 0. The S-matrix element
takes the form
(55 <o)
6 — = Wy
h

(30)

eAsp ‘A, (k,—ky)*
2meV (2mc*)*A(v(k.—k,))*®

Sp=—(2n)"i

X8 (E’hL B ksizki) .

From the energy and momentum conservation laws in-
herent in the delta functions of (30), we obtain an expression
for the test-wave frequency at which amplification is possi-
ble

=2(v/c) w, cos 0, (31)

where @ is the angle between the vectors p and k, (0<<7/
2). Knowing the S-matrix element we can obtain the total
probabilities of the induced emission and absorption pro-
cesses. The total probabilities must be averaged over the ini-
tial energy distribution f(E) of the electrons in the beam. We
assume that the function f(E) is normalized to unity, i.e.,
Sf(EYdE =1, and that the function f(E) has a width
AELE.

We write then the expression for the emission and ab-
sorption differential probabilities in the form

AW, .= |8

: 32
(2) (32)

Substituting (30) in (32) and integrating the result
with respect to dp’, we get
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( c
veos O
We assume next that p is directed along A;. The & functions
in (33) can be represented in the form

G(E—‘Ee.a) _ G(E_Ee.a) PC
|0E'/9E—1|  2hw,cos®

where E, , = E, 4+ 8E is the energy of the electrons that emit
or absorb a photon of a given frequency w;:

8(E'—E+o;s)= (34)

mc? (a)a)2 hws
= =), 8E=———, BE<AE, (35)
8cos’0 ‘o, 2cos* 0 SE<A

where AE is the width of the distribution function.
Integrating with respect to dE in (33) and using (34),

we obtain for the difference between the total probabilities

for emission and absorption of a photon of frequency w,:

(eA;)E*? af [
AW =4nt ——— OE ——
T mctws 8 dE

(;:c‘:)z]z( vci)sﬁ)é' (36)

In the derivation of (36) we used the approximate equality
[(E)—{(E.)=28Edf/dE, (37)

the derivative df /dE is taken at the point E = E,,.
The gain of the electromagnetic wave is determined in
the linear regime by the relation

G=8n (j/e) AW R (38)

where & ; is the amplitude of the electromagnetic field inten-
sity of the amplified wave and j is the electron-current den-
sity.
THE GAIN

Substituting in (38) the expression for AW from
(36), we get

G=16n’(j/e) ritisE* [

e*4,* ]2( c )‘ 1 df
(2mc?)? veos® / cos*® dE’
(39)
where 7, is the classical electron radius. Relation (39) was
obtained by using (35). We make one remark. Expression
(39) for the gainisvalidif AE /E > 1/w,t (tis the interaction
time). Further estimates show that this criterion is valid. In
thecaseof theinverse condition AE /E < 1/w,t, however, the
spontaneous-emission line is determined by the homogen-
eous width connected with the finite region of the interaction
between the electrons and the field. The formal transition

fromdf /dE tohomogeneous broadening is analogous to that
in Ref. 5.
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If the distribution function width is AE> #iw,/2 cos” 6,
we havedf /dE =~ 1/(AE)? Taking this factinto account, the
expression for the gain can be written in the form

A2 (s £)3(68111)‘(i)“_1__
G=16n (]/e)rotza( AE 2mc® v’ cos0’
where & | is the amplitude of the electric field strength.

The expression for the gain was obtained subject to va-
lidity of relations (20). These relations are violated in the
classical limit #iw, —0.

(40)

CONCLUSION

The foregoing result can be interpreted as follows. Non-
relativisitc electrons interacting with a standing electromag-
netic wave can absorb photons from one wave and transfer
them to another. This rescattering changes the electron en-
ergy by an amount of the order of the recoil energy 27k-v,
and the energy of the quantum emitted in the recoil process
can be of the same order.

We present a numerical example. We estimate the gain
in the case of an amplified wavelength A; =50 um. We
choose the electron-beam parameters to be: j = 30 A/cm?,
(AE/E) =103, v/c=0.66, and d (the beam diame-
ter) = 1 mm.

Let the standing pump wave be produced by a CO, laser
with the following parameters: A ' = 10.6 um, E, (energy in
the pulse) = 1kJ, and pulse duration A7 = 10 ns. In this case
cos @ = 0.15 and the gain G'" calculated from Eq. (40) is
found to be unity.

It can be easily verified that the aid of the above param-
eters that in our case AE /E > 1/w,t, therefore the decisive
factor is the inhomogeneous broadening which takes into
account the initial energy distribution of the electrons in the
beam. One remark is in order.

The gain was obtained in the single-particle approxima-
tion. For this approximation to be valid it is necessary (see,
e.g., Ref. 6) to satisfy the relation

t(4nuN.c*/m)* <. (41)
It is easily seen that the condition (41) with our parameters
is met.
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"These criteria follow from the form obtained for ¥,,,, see (10) and
(20").
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