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We consider the large-scale properties of cholesteric liquid crystals. A procedure based on
eliminating the fast degrees of freedom is developed and permits a crossover from small- to
large-scale characteristics of any system. A distribution function expressed in terms of the
effective action is used to investigate dynamic properties within the framework of this model.
It is shown that both the static and the dynamic large-scale properties of a cholesteric coincide
with those of a smectic. We calculate all the static and dynamic large-scale characteristics that
can be expressed in terms of the small-scale elastic moduli, kinetic coefficients, and the helical

pitch of the cholesteric. A similar procedure is used also to describe the properties of chiral

smectics C *.

1. INTRODUCTION

Cholesteric liquid crystals are known to be produced in
systems consisting of molecules that have no inversion cen-
ter. The absence of the inversion center causes the ground
state of a cholesteric to be inhomogeneous: the director n is
twisted into a helix in this state.! The pitch L of the helix is
usually much larger than the atomic dimensions. The prop-
erties of an inhomogeneously deformed cholesteric depend
substantially on the ratio of the inhomogeneity scale A and
the helix pitch L. At scales A €L the absence of an inversion
center is immaterial and the cholesteric has the same proper-
ties as an ordinary nematic. It should be expected from gen-
eral considerations that for scales A>L the properties of a
cholesteric, just like those of any other layered structure,
coincide with those of a smectic. An attempt to corroborate
this statement by using an averaging procedure was underta-
ken in Ref. 2, where the large-scale static properties of a
cholesteric were considered (see also Ref. 3). The main pur-
pose of the present paper is a systematic derivation of the
equations of large-scale dynamics of cholesterics. Since,
however, a rigorous procedure for obtaining large-scale stat-
ic properties has likewise not been published heretofore, we
derive parallel equations also for the static properties.

We develop here a method based on eliminating the rap-
id degrees of freedom, enabling us to calculate both static
and dynamic large-scale properties of a cholesteric. We shall
show that from the large-scale viewpoint a cholesteric is ac-
tually equivalent to a smectic, and express the parameters of
a nematic that exists at scales A < L.

The energy associated with the inhomogeneity of the
director field is given for cholesterics by

Ex='/, [K, (Vini)2+Kz (G-jnniann‘QO)2+Ks(nivinj) 7. (n

Here K|, K,, and K are the Frank moduli. The presence in
expansion (1) of a term linear in the derivatives is due to the
abovementioned absence of an inversion center in cholester-
ics. The energy (1) reaches a minimum for

n=u cos ®+u’sin @, 2)

where
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O=q,lr+®,, (3)
1=[u"u]. 4)

The vectors u and u’ in (2) are mutually orthogonal unit
vectors, while ®, is an arbitrary initial phase. The solution
(2) describes a helix with pitch L = 27/q, and with an axis
directed along the unit vector l. The director field with large-
scale deformation will also be expressed, following Refs. 2
and 3, in the form (2), where u and u’ are mutually orthogo-
nal unit vectors as before, but now they vary in space slowly
(i.e., for scales A > L), and 9 is a phase no longer having the
simple form (3). We shall assume, however, that the Fourier
expansion of ® has no rapid harmonics (i.e., having wave
vectors ¢ * L ~!). This allows us to put

cos ®=sin ®=0, (5)

where the averaging is over scales ~L.

The variation of the direction can be resolved along the
unit vectors 1 and nX1. For the derivatives with respect to
time and to the coordinates we have, using this expansion,

on 7]
™ i (a2 1)s
at so[n ] n at e} (6)
V;n,-=s‘[nl] ,—(nVil) lj. (7)
Here
$o=0®/dt+u’ou/dt, s;=V,0+u’'Va. (8)

In view of the definitions (8), the quantities s, and s; are
connected by relations similar to those for the superfluid
velocity in the A-phase of *He (Ref. 4):
ViSj'*Vjsi=8mhnlmV(thjln, (9)
Viso—as¢/0t=8m,-,. V,l,al,,/dt. ( 10)

As aresult of (9) and (10), we can represent s, and s; in the
form

si=V,W+ (V:/Vz) (EminlmVil;Vils), (11)
$e=0W[0t+(Vi/V?) (Eminlm V 1;01,/0t) . (12)

The representations (11) and (12) demonstrate explicitly
that three degrees of freedom appear in our large-scale de-
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scription of a cholesteric; the smectic one, related to the vari-
able W, and two degrees connected with the unit vector 1. It
will be shown below that only the smectic degree of freedom
is of the Goldstone type and it should therefore be the only
one to enter in the large-scale description of a cholesteric.

2. LARGE-SCALE STATIC PROPERTIES

In principle, the procedure needed to obtain the large-
scale characteristics of any system is well known and entails
effective elimination of the rapid degrees of freedom. For
cholesterics, this elimination is implemented in accordance
with the definition

exp (— —%jd’rFM )= jDiiexp(——;- f d°rE ) (13)

Here T is the temperature, F), is the large-scale free energy
of the cholesteric, and integration with respect to fi means
integration with respect to the director’s rapid degrees of
freedom, which contain Fourier harmonics with wave vec-
tors X L ~'. Relations of type (13) are usually the starting
point for taking fluctuation effects into account, as is the
case in renormalization-group approach to the theory of
phase transitions. In cholesterics, the fluctuations are weak
and integration with respect to ii is equivalent to minimizing
E with respect to i. This is usually a trivial procedure and
reduces to substituting i = 0 in E. In the case of cholester-
ics, however, the “‘slow” part of the director (2) contains
rapidly oscillating factors, causing coupling of fast and slow
degrees of freedom. Minimization of Er with respect to il
becomes therefore a nontrivial task.

By virtue of the condition n? = 1 the director n contains
two rapid degrees of freedom,” which we shall define by
angles 0 and ¢ containing Fourier harmonics with wave vec-
torsg X L ~'. An expression for the director in terms of these
angles is

n+n=[ucos(®+¢)+u’sin(O®+¢)] cos6+1sin0. (14)

We retain the symbol n for the slow part of the director (2).
Note that ¢ and @ in (14) differ in that ® is the slow and ¢
the rapid variable. In the approximation linear in ¢ and 6,
the only one we shall need hereafter, we get

n=[nl] ¢+16. (15)
We note that @ does not contain a term of the form
Pilts, (16)

where ¢, is a slow function. The point is that such a term can
be eliminated by the following redefinition of the unit vec-
torsin (3):

Su=[[l¥]u], oSu'=[[lp]u’]. (17)
It follows from (3) and (8) that in equilibrium
Si=Qoli, (18)

where /; is a unit vector. Thus, the large-scale deviations
from the equilibrium state of a cholesteric are characterized
by the quantities
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$—qo, 81 (19)

Heres; ands, are the s-components parallel and perpendic-
ular to 1. To calculate the direct contribution, due to the
presence of the nonzero quantities (19), to the free energy F
we must express the derivatives of n in (1) in accordance
with (17) and average the results over scales ~ L. This aver-
aging is carried out with the aid of the relations

Tnan="04,  8it=04—1i, (20)
Riima="/s (i Omntt8int8jnt+8:ntOimt) . (21)
These operations yield
F='/(K\+K;)s,*+'/.K[s1] V|l
+1/.K,(s1—q0) *+/s (Ks—K,) (Vili)?
+/16(3K,HKs) (Vil,) /16 (4K —3K.—K;) (V1) ?
/2K (51— q0) Eminlm V . (22)
Here and henceforth
V=V, (23)

The linear term of the expansion of Ex [Eq. (1)] in
terms of @ is, in the leading approximation,

K1V"9( [nl] ;s;—n,V ||lj) +K3qoes,-n¢. (24)

The mean value of this expression is zero, since 6 does not
contain terms of the form (16). Thus @ is not coupled with
the slow degrees of freedom, and minimization with respect
to 0 reduces to the substitution 8 = 0. The leading terms of
the expansion of E in terms of ¢ are

EF=’/2K2( \% ||(p) 2+Kz (S[]'—qo+ [nl];n,. le,,) \v) 1P. (25 )

It follows from the structure of this expression that the slow
degrees of freedom are linked with @ components of the form

P=Quliln, Qir=Qri, q),-‘=0, Quli=0, (26)

where @;, is a slow function. Substituting (26) in (25), re-
taining in V@ the leading order, and averaging, we get

Ew='/zK2QO(P-'JV4lj+1/2Kon2(Pijz- (27)

Minimization of EP with respect to @, ; yields the following
contribution to the free energy:

E,=—"/K:[ (Vily)*+ (Vi) (Vili) = (Vili)*— (Vi) (28)

To obtain the large-scale free energy of the cholesteric, we
must add expressions (28) to expression (22).

It follows from (22) that the degrees of freedom con-
nected with 1 are not of the Goldstone type and should be
excluded from consideration. In the approximation in L /4
of interest to us we can neglect the second term in the right-
hand side of (11), so that minimizing the free energy with
respect to 1 reduces to minimization at constant s; =V, W.
The minimization yields, in the leading approximationin L /
/1’

(29)
(30)

li=V(W/I VWl,
SJ.=[K1/(K1+K3) ][Vul, l].
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The end result of the minimization is replacement of the first
two terms of (22) by

—[K24(KA+Ks) ] (V1)

As for the remaining terms with 1in (22) and (28), they are
small corrections. They should therefore be retained simply
with /; replaced by (29). This replacement causes ¢;,/,V; /,
to vanish, and with it the last term of (22). Collecting and
transforming the remaining terms of (22) and (28), we ulti-

mately get
Fyw=(K./8¢.%) [ (VW)*—q*)*+ (3K,/16¢.*) (V*W)*+ ... .
(31

The ellipsis stands here for inessential terms proportional to
(V, VW) The first term of (31) was transformed with
allowance for the fact that |VW | =g,.

Expression (31) describes the elasticity theory for a
smectic, with moduli

B=quoz, K=3/3Ka~ (32)

The terms proportional to (V, VW)? [the ellipsis in (31)]
play no role whatever in smectics; this becomes particularly
clear when the long-wave fluctuations of the latter are con-
sidered.®’

We conclude thus that from the standpoint of large-
scale statics a cholesteric is indeed the equivalent of a smec-
tic. Expressions (32) for the moduli of this smectic were
obtained by de Gennes, who postulated the foregoing state-
ment and compared the energies of a smectic and a choles-
teric for two particular director configurations.’

3. HYDRODYNAMICS OF CHOLESTERICS

The hydrodynamic variables of cholesteric are, as for
nematics, the director n and the densities of the energy E, of
the mass p, and of the momentum j;. These quantities are
connected with the density of the entropy S by the following
thermodynamic identity

dE=TdS+udp+vdj+hidn,+V,(®,.dn,). (33)

Here u is the chemical potential, v = j/p is the velocity, and

hi=(0E|0n;—V0E[0V ;) (6;;—nin;),
D= (0E/0V 1) (85—nin;).

(34)
(35)
The last factor in (34) and (35) stems from the fact that the
longitudinal parts of #; and ®,; have no physical meaning in
view of the identity n,dn; = 0.

The pressure P is defined as usual as

P=pp+TS+vj—E. (36)
The thermodynamic identity for the pressure is
dP=8dT+pdp+jdv—hdn—V;(D;dn,). 37

The system of nonlinear hydrodynamic equations is of
the same form for a cholesteric as for a nematic?:

dplat+V =0,
6j./6t+VjT,,—V, (T]u,.mVnUm) =O,

(38)
(39)

520 Sov. Phys. JETP 64 (3), September 1986

0n¢/0t+f(+h¢/11=0,
OE/0t+V .Qi— Vi (viiam V aUm T T2 V. T — Opihi/ v, ) =0.

(40)
(41)
The reactive terms in (39)—(41) are defined by the expres-
sions
T,-j=pv.~v,»+P6.-j+(D,,,.V4nm+‘/g (1.—},) n;h,—‘/, ( 1+Z,) h;n,, (42 )
fi=UjV ,-n.-+’/z ( V{Uj_ le).') n,—-‘/z?\. (&,,.—n;n,,.) n; ( V,v,,.+V ,,.v,) N
(43)
Qi=(P+E)vi—'[: (1+A) ny(hv) +*/. (1—=A) hi(nv) + D f;.  (44)
Here A is the reactive coefficient. The divergence of the stress
tensor (42) can be reduced to a divergence of a symmetrical
stress tensor,® thereby ensuring conservation of the angular
momentum. The dissipative terms in (39)-(41) are deter-

mined by kinetic coefficients, viz., the torsional viscosity ;,
the thermal-conductivity tensor

Kix=RoduT% 1NN, Sa=0u—ninx

(45)
and the viscosity tensor
Niwtm="N1 (8:8 xm T8x8im) + (212—11) SnSim

+21s (R4 dim 1RO in)

+!/ 2M4 (ninIShm_*-nhnlSim +n{nm5hl+nunmsil ) + 27]5ninhnznm-

(46)

The energy E of a cholesteric can be expressed to the
required accuracy in the form

E=j2/2P+Eo (p, 0)+Ep, (47)

where o = S /p is the specific entropy, and E is given by Eq.
(1). Rewriting now in terms of pressure in accordance with
(36), we obtain to lowest approximation

P=Py+K,1(e4uV ia—q0) g, (48)
where
Py=p(0E,/0p)o—E,, y=—(01n qo/d1n p).. (49)

Calculating ®;; and 4; in accordance with the definitions
(34) and (35), we get

0,=K, VnSij+K3nianmnj+KzB(jmnm (euman«nn—qo),
ha=8ii [ _Kg V,Vn+Ks V,n,n,.V,.n,—Ks V[nlanmnj

+2K, (8p4rp V ote—q0)" Eam Valtm— K2 Vom (€90:1p V glir— o ) €1ms1] -

(50)

(51

Finally, in accordance with identity (33) we obtain for the
temperature, to lowest order

T=T—p~'K3q,(0 1n ¢o/80) - (ymniV tm—qo) (52)
where
Toy=p~'(0E,/d0),. (53)

All the coefficients in (48) and (50)—(52) are functions of p
and g, whereas to close the system (38)—(41) they should be
expressed in terms of p and E. To the required accuracy, the
specific entropy o can be expressed in terms of E, using the
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relation E = E,( p, o), without affecting the dependence of
expressions (48) and (50)-(52) on the director.

4. LARGE-SCALE DYNAMICS

The equations of large-scale dynamics of cholesterics
can, of course, not be obtained by averaging the equations
given above over scales ~ L. We shall derive these equations
by a procedure of eliminating the fast variables, similar to
that used in the static case. We must integrate over the fast
variables the distribution function exp(if) that permits the
dynamic correlators of the system to be calculated, just as
the distribution function exp( — F /T') has enabled us to cal-
culate the static correlators. The effective action for such a
distribution function was constructed in Refs. 8 and 9 (see
also Refs. 10 and 11). The action I includes a dependence
both on the hydrodynamic variables and on the auxilliary
fields, with both Bose and Fermi parts, but we shall not need
the Fermi part of the action. The nonlinear hydrodynamic
equations can be obtained, as usual, as extremals of I.

The effective action I for cholesterics can be construct-
ed from Egs. (38)—(41) in accordance with the procedure of
Refs. 8 and 9. The Bose part of this action is

1= fatare, (54)

where the Lagrangian density .# takes, to our specified ac-
curacy, the form

L=p;0j/9t—V,p,Ty+ prmmnmanm'f'iT’f]mmVuPtVan
an oE

+ y‘—at—’ + y;f‘+y,h‘/'y,+iTy"/1,+p a—t

=VpQtVpTun Vi T+il*% V.o V,p. (55)

Herep;, p, and y; are auxilliary Bose fields; p; is conjugate to
Ji» P is conjugate to E, and y; is conjugate to n;; furthermore
y; must satisfy the orthogonality condition

y(n¢=0. ( 56)

We can accordingly always expand y; in terms of the vectors
land nX1:

y=y[nlltyl, yi=y*+y’ (57)

We have left out of (55) the dependence on p, since Eq. (38)
can be regarded as an expression for p in terms of j.

We must now separate in (55) the contribution of the
rapid degrees of freedom. We specify these degrees for the
director, as before, by means of the angles ¢ and 6 defined in
Eqs. (14) and (15). All the other variables in (55), viz,, p;,
Ji =pvi, ¥, ¥y, P, E, simply break up into sums of slow and
rapid parts (the latter will be marked with tildes). The effec-
tive action I,,, which describes the large-scale dynamics of
cholesterics, can be obtained now by analogy with (13) by
integrating over the rapid degrees of freedom:
exp(ilu)= SDcheDi)}D]';DyDy‘" Dp DE exp(il). (58)
Just as in statics, fluctuations play no role whatever in the
dynamics of cholesterics. The integration in (58) reduces
therefore to a search for the extremum of 7 with respect to all
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the variables listed in (58). This search is not trivial since,
just as in statics, the slow part of the director (2) contains
rapidly oscillating factors, so that the rapid and slow degrees
of freedom become linked.

It is easy to verify that in view of the presence of the
term — ¢’V p;p (where c is the speed of sound) in the La-
grangian density (55) theintegration over the rapid acoustic
degrees of freedom makes negligible contribution to /,,. We
therefore disregard these degrees of freedom and put

Viﬁi=Vi5i=Oo ( 59)

It is also easy to verify that, just as in statics, 8 is not coupled
with the slow degrees of freedom, so that evaluating the ex-
tremum with respect to  reduces to the condition 8 = 0. As
for the remaining fast variables, their components coupled
with the slow variables are

y=Pfny  F=manau, (60)
Pi=—(1/2¢,) (ni[nl] ;+n;[nl] ) &;

+(1/8¢0*) li(nmu—[nl] ;[nl] ) - (V£ V,E)), (61)
¥i=—(1/2¢0) (ni[nl] ;+n;[nl]:) xs. (62)

Here B, m;, &, x ; are slow functions. For ¢ we have Eq.
(26) as before. The tensor m,, in (60) has the same proper-
ties as @;; in (26), and for the remaining quantities we have

Bili=§il(=)((li=0- (63 )
The second term is included in (61) to satisfy the condition
V.p: = 0 accurate to first order in L /1 (we need no such
termin v;).

We must now substitute the rapid parts of (15), (26),
and (60)-(62) in the Lagrangian density (55), express the
derivatives of the slow part of the director with the aid of (6)
and (7), and average the result over scales ~L with the aid
of (20) and (21). Integration of exp(i/) with the resultant
Lagrangian density over the variables @, and y; and with
respect to the non-Goldstone variable® /;, gives rise to the
appearance of functional 5-functions that are eliminated by
integrating with respect to the variables 7, , 5;, and ;. All
these transformations are quite cumbersome and we leave
out their details. The calculations yield the large-scale action
I,, and the Lagrangian density consisting of a reactive part
%, and a dissipative part .Z,.

To lowest order, we have for the reactive part of the
Lagrangian density

, 9js
@.=y (OW/0t+qV)+pOE/3t—,V p(E+P) + pi—
—thi{Po"H/szP'Y[ (VW)2—q.’ 1} —"/K, Vb

x[(V W)2'—q02]lilh+s/sKaVkpilinlh- (64)

Here /; is given by (29). We note that the variable y, has
dropped out completely, and also that we have discarded in
(64) the terms proportional to Vf[ land V, VI ( cf., the discus-
sion in the static case). As for the dissipative part of the
Lagrangian function, it is given in leading order by
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L=~ (Kol2461) y Vil (VW) =g )i (TIy,) y*+V pTRaV, T,

+lTJK—.hV,kap+ V'.pi’fiilnmanm+iTVApiﬁik;nmvnpu
+'/1s}vz‘{1VnPi‘ (Gijlahnl+65nl6kjl) (V..v;+iTV..p;)
—Ne VD (8intlilm

F8im il tSpn Lt Sy 1i,) (VaUm+iTV nPm). (65)

Here
Fn="15 (%oF%:) Oun*+%olds, (66)
Nan= 2N+ M) Lbddmt' (202 20,— 1) [Ldbim* +1lmbut ]
+ o (MMt ) (U Bum™ + Ui i H 1l O+ Ul mBut)
+('/4"Is+7/f-"lz =it /1) Ot Sumt

+ (l/ﬂ]s‘*‘/21']n+|/ﬂh+'/l.'ﬂz'*"/a'h) (6(tJ'6umJ'+6(mJ'6AlJ')' (67)
_ 8('/21]A—']|)2+(1—7V)211(./z“]‘—STIl)
e 16 ('/am+n) +2(1-A) 2y, ! (68)
1 d1ngq, oF
T=T,——K _gt]=—X
1=1, % Ly [(VW)*—q, 38 (69)

The structure of (65) is such that it leads automatically to
satisfaction of the fluctuation-dissipation theorem (cf.,
Refs. 8 and 9). Note that in the derivation of (65) we have
included in ., a term — (1/2) B;dl,/3t, having trans-
formed the derivative of 1 by using the reactive equation
W = — g,l-v and the representation (29).

Expression (64) with allowance for (29) agrees fully
with the reactive part of the Lagrangian obtained in Ref. 12,
and accords with smectic dynamics with the same smectic
moduli (32) as obtained in statics. Thus, from the stand-
point of large-scale dynamics, a cholesteric is equivalent to a
smectic whose dynamics is consistent with the expression for
its free energy. Expression (64) is connected with the dissi-
pative part of the hydrodynamic equations and permits the
large scale viscosity, heat-conduction, and permeation coef-
ficients.

The hydrodynamic equations corresponding to the ex-
tremals [ are of the form

6E/0t=—V,[(P+E) Ui+Mi(thu";)+Mihvh(vnVnW)]

+V,[v0R/V 0,
+TOR/OV\T+M Y ORIIV;M+M,0RI3V,M,], (70)
0]/ ot=—V, T+ VORIV, (71)
OW ot=—vV W+6R/3V, M, (72)

where we have used the notation
M="/K,[q,™* (VW) 2=1] ViW—/4V, (Ks/qo*) Va VIV,
1”.-)'=3/s ( K:;/qu:) VjVij,
T‘,»=P6,-,~+pv(v,+M,V ‘W+M’n V,.V.-W,

T, is the stress tensor, P is the pressure, and we have intro-
duced the large-scale dissipative function

R="/323V TV T+ TignmV 01V aOm—"[a1a [ V0.Vt
(V) + (Vo Vi) —4(Vyy) 2]
+E, (Vi) *— (E90/ T) LV TV M,
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In the large-scale limit we get thus the usual hydrody-
namic equations for smectics.*'? The coefficient £, describes
a phenomenon known as percolation, ' i.e., flow of a layered
system (smectic or cholesteric) with constrained layers. In
accordance with (65) and (72), the percolation coefficient
is £, = 1/y,4% (the physical meaning of the terms with the
kinetic coefficient £, will be discussed below).

The large-scale viscosity coefficients 7{* are expressed
according to (65), (67) and (68) in terms of the small-scale
bare viscosities of the cholesterics:

(M)

e =2 @ntn), 0 =" 20200,

V]A(M)='/2Y]:+Y]|’—27]ss
0= =g ot gk,

="+ 20— s+ ns.

It is important to note that the large-scale viscosities are
independent of the pitch 27/g, of the cholesteric helix. This
conclusion can be experimentally verified by measuring the
dependence of the viscosity on the concentration of the opti-
cally active additive in ordered nematic-cholesteric mix-
tures.

Unfortunately, there are at present for the viscosity co-
efficients of cholesterics nowhere near complete data, for
any scale, to compare with the equations presented above.
One can only expect from general considerations the coeffi-
cients 77, and 7, to be somewhat larger than the remaining
ones (since they are not related to the presence of liquid-
crystal order). It follows therefore, in the large-scale limit,
that the coefficient 7{*’, expressed in terms of “large” bare
viscosities, must be relatively large. No such increase is ob-
served for the coefficient 7{*’, in which the “large” viscosity
coefficient is canceled out by the term, 7.

Let us discuss some of the terms left out above. Thus, we
have disregarded the term (1/2) ye,;;l, V.v;, that stems
from y; f; and leads to the appearance, in the right-hand side
of (72), of a term

"'|/:8,,.',‘anin. (73)

Accordingly, account must be taken in the right-hand side of
(71) of the omitted term

18 Vi{laVml (K2/240) In ((VIW)*—¢s*)] ).

We have also omitted above from the equations for the mo-
mentum density and the director the reactive purely choles-
teric terms (i.e., those which are not invariant under spatial
inversion). Thus, Eq. (40) may acquire a term proportional
to

(74)

anj(ejlmvmnn-l_enlmvmnl) (6li_nlnl) . (75)

An anlogous term should be added also to Eq. (39) for ;.
Averaging of term (75) and also of many others of like struc-
ture adds to the right-hand side of (72) a term proportional
to (73), while averaging of a corresponding term to the
equation for j; adds to the right-hand side of (71) a term
proportional to (74). The terms (73) and (74), multipled
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by certain coefficients, enter thus in the right-hand sides of
(72) and (71). Although these terms are of the same order
in L /A as the dissipative termsin (71) and (72), itis easy to
verify that they entail negligible corrections to the spectrum
of the modes obtained in the large-scale theory, and can in-
deed be omitted.

Besides these purely cholesteric reactive terms, we have
also left out some purely cholesteric dissipative terms. We
shall need only the pair of such terms with coefficient &,,
which must be added to the right-hand sides of Egs. (40)
and (41), respectively:

_Ezqoethnjv nT, Va (TEzqoejimn,-hi) .

These are precisely the terms that generate the kinetic terms
we included in (70) and (72) and containing the coefficient
&, that has in the large-scale theory the meaning of the cross-
over thermomechanical percolation coefficient.

5. CHIRAL SMECTIC C (SMECTIC C*)

A helicoidal structure similar to that of cholesterics is
possessed also by the smectics known as chiral C and usually
designated C *. Besides spontaneous violation of rotational
invariance, smectics are known to be subject also to violation
of translational invariance along one of the directions, and
the result is a layered structure. The unit vector normal to
the layer, which we designate 1 in the present section, is not
collinear in smectic C with the director n. Smectic layers are
therefore not iosotropic: they have a preferred direction
which we designate by the unit vector :

v=[nl]/[[nl]],

Smectics C *, just as cholesterics, consist of molecules
that have no inversion centers. As a result they have in the
ground state, in analogy with (2), '

*=1, vl=0. (76)

v=u cos (g,lr) +u’ sin (g,Ir), an

where u and u’ are mutually orthogonal unit vectors that are
also orthogonal to 1.

We shall describe smectic ordering with the aid of a
function W similar to the one introduced above for the large-
scale description of a cholesteric, and having the meaning of
the density-wave phase in smectics. By virtue of its defini-
tion, the function W is such that the equation W = const
describes the position of a certain smectic layer in space,
such that the vector VW is normal to the layer. Hence it
follows that

I=VW/|VW|. (78)

In view of the conditions (76) imposed on it, the vector v has
one degree of freedom, so that its variation can always be

represented in the form
Svi=— (LI VW|)vVW+!/,[v1] .. (79)

The angle @ introduced in this manner is a nonholonomic
variable, so that only its variation is meaningful. For the
commutator of the variations it is easy to obtain from (79)

[61, 8:)o=(2/| VW |*) €0inlu V.6 W V8, W. (80)

523 Sov. Phys. JETP 64 (3), September 1986

The angle ¢ is the cause of the additional Goldstone mode
considered in Ref. 13 and present in smectics C.

In real smectics C the director makes a small angle with
the normall to the layer. Hereafter we regard this inclination
angle g, as a small parameter. With allowance for this small-
ness, we can confine ourselves to the following terms of the
expansion of the free energy that describes the smectic and
orientational orders:

F="/B[q, (VW) 1]+ (1/2| VIV |*) KouaV VA WV V. W
than (Ve —27q9viw )(vip— 2% v, 1)
where

Kx'h‘mn ’=K1 aiklﬁmnl—'— K, imJ' lhl‘ny 6iuJ' = 6:‘;;— lilky

Qip=0ly [Vl] {[Vl] h+az‘v.-’v,,+q3l;l,,.

(82)
(83)

Here, B, K, and K are moduli characterizing the smectic
ordering, and K,, K;~pc?a®, where p is the density, ¢ the
speed of sound, and a the atomic dimension. B /pc” is a small
quantity (usually 1073-1072), meaning that the smectics
are close to'a point of second-order transition into the nema-
tic state. The quantities @, can be naturally estimated at
a~pc’a*@}. The wave vector ¢, in (81) represents the
thickness of the smectic layer and is of the oder of 10’-10®
cm™!, while the vector g, represents in accordance with
(77) the pitch of the helix in smectics C *. The ratio go/g; is
the small parameter of the problem and is a measure of the
weak perturbation of the symmetry center.

An important feature of smectics C * is the presence of
dipole (besides the smectic and orientational) ordering.
This ordering is allowed just in smectic C * and is due, first,
to the angle made by the molecules with 1 and, second, to
their chirality (i.e., to the absence of inversion centers). The
dipole moment produced in smectics C * is directed along the
vector v introduced above [see Eq. (76)]. In view of the
presence of the dipole moment, it is necessary to take into
account in the free energy, besides the local term (81), also a
nonlocal dipole term, which we write in the form

Fa=—2p (V) V2(Vv;). (84)

Here u is a constant of order pc*( gqa)%63.

To obtain the large-scale free energy of smectics C * we
must follow the procedure described above for cholesterics.
The free energy (81) is easily averaged over scales ~g, '
with the aid of the relation

Vivk:‘"i/zﬁihl-

(85)

Before we average the dipole term (84), we note thatif V,v;
is expressed in accordance with (79) it is easily seen that
V2 can be replaced by — g, > This makes the averaging
trivial. It can be readily estimated that the only substantial
term from among the resultant ones reduces to a renormal-
ization of @, . A'direct verification shows that elimination of
the fast degrees of freedom W and @ makes no substantial
contribution to the large-scale free energy. The large-scale
free energy of smectic C * coincides with (81), where now

=0, 8t taslily, ar='/2 (O‘t+‘°‘z+ﬂlqoz) . (86)
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Nonlinear dynamic equations for smectics C were ob-
tained in Ref. 13 using the Poisson-bracket formalism. With
an insignificant modification due to the presence of the di-
pole term (84), they are suitable also for smectics C *. These
equations for W, ¢, and the momentum density j are:

w SE 6F
= VvVW-— 2 —_
5 = VVW-& (VW] 5 | VW] 50
liViT
—EZIVWIT’ (87)
I SE oE LV.T
=0 —&iniliV o0 — I — — W|— -t —,
o~ UVeendVan — T o= LIV o — b=
(88)
0ji/ot=—V,Ty+F+ Vi (Nitmn Venln) . (89)

Here &;, T, 9., are kinetic coefficients, and in view of the
smallness of 6, the tensor 7,4,,, has the same structure as the
viscosity tensor in cholesterics, subject to the obvious substi-
tution 8, —8&; in (46). The stress tensor T, determined
from the local part of the energy density E (see Ref. 13) is

0 dE E
T=v.-v+(——1)E + w ;
iR=PUiUy Pap Sun deWVi +6VhV,,WV'VnW

) oE oE
_V"_—VW+_— i + t"nln m
IV T g VO Banha Vs
oE 2 1 oE
Fepin——————= V; Vo WLl — — epmim n
Vg (VW] b el [¥1] 2o
(90)
where
dE JE 0E 1,
(91)

AV W VW ov, [VW] T

The force F; in the right-hand side of (89) is due to the
presence of the dipole term (84):

6F F F
Fi= 5 : V(Vu+Vu[Vklilm 66 < +—;‘8mmlm[\’l]n O

Vi Vm v

]. (92)

To obtain the large-scale dynamics of smectics C * we
must follow the procedure described by us for cholesterics.
Averaging of the effective action over scales ~g, ! reduces
in this case to averaging of Eqs. (87)—(89). It is obvious that
averaging of (87) and (88) is equivalent to replacing E by E
in these equations, and the latter coincides in accordance
with the foregoing with the large-scale energy density. As for
Eq. (89), its last term is not affected at all by the averaging.
When T, [Eq. (90)] is averaged the term dE /dV, W is
replaced by dE /dV, W, the last term of (90) vanishes, and
the averaging in the remaining terms reduces to the substitu-
tion E—E. Allowances for the term F; of (89), averaged in
the same manner, leads to a final equation
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(M)

0ji/ 0t=—V T +Vh(nl'kmnvmvn)~ (93)

The tensor T is determined here from the large-scale en-
ergy density by the procedure (90). It can be directly veri-
fied that elimination of the fast degrees of freedom leads to
inessential corrections to the averaged equations; these cor-
rections are small in the parameter k /g, where k is the char-
acteristic wave vector.

Thus, from the large-scale standpoint, the entire differ-
ence between C and C * smectics reduces to the presence of
terms proportional to g, in the expansion of the free energy
(81), and to the presence of the kinetic coefficients &,
£, qoin Egs. (87) and (88). These terms lead, in view of
the smallness of g,/g; , to small efects. Therefore, in particu-
lar, the orientational-mode spectrum in smectics C * has the
same diffusive form as in ordinary smectics C:

o=—il(asq."to,q,*) [1+¢.*/T (g *+'/2n.0.7)].

In the derivation of (94) we used the smallness of a ~ 6 3.

Thus, the situation in smectics C * differs radically from
the case of cholesterics, considered in the preceding sections,
where the transition to large scales restructured the natural-
mode spectrum (one propagating mode was obtained in lieu
of the two small-sale diffusive nematic modes).

In conclusion, the authors thank G. E. Volovik for sup-
plying his unpublished results on large-scale statics of cho-
lesterics.

(94)

"Note that the number of slow Goldstone degrees of freedom is not neces-
sarily equal to the number of fast degrees of freedom.

IThis statement will be made more precise below.

3Just as in statics, the second terms in the right-hand sides of (11) and
(12) can be neglected here.
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