The effect of commensurability in non-linear electron-sound interaction
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We study the generation of combination harmonics of two longitudinal sound waves
propagating in the same direction in conductors in a constant magnetic field, for the case when
the wavelengths of all waves are much smaller than the electron mean free path while the
frequencies are less than the collision frequency. We prove that resonance (commensurability
effect) may occur in this situation and manifest itself in a sharp dependence of the non-linear
modulus that determines the difference-frequency generation on the ratio of the frequencies of
the principal waves, provided this ratio is close to a rational number. The effect of the
commensurability is a resonance on, generally speaking, arbitrary non-extremal Fermi-surface
sections whose position depends on the frequencies of the principal waves and on the magnetic

field. The width of the resonance is determined by the collision frequency on the resonant
sections, averaged over a cyclotron period. The commensurability effect can be observed also

for non-degenerate carriers.

It is well known that a sound wave in a conductor in a
constant magnetic field H interacts resonantly with elec-
trons which traverse, over a cyclotron period 7, a path which
is a multiple of the wavelength in the direction of the sound
propagation’

T(p") q.5.(p\Y ) =2an, (1)

where p, is the component of the quasi-momentum p in the
direction of the magnetic field H, v, (p, ) is the velocity on
the Fermi surface along the magnetic field averaged over a
cyclotron period, g, is the component of the sound wave
vector q, in the direction of H, and n=0, +1,
+2,..., + n,,,. We assume that there are no open orbits,
and moreover that w; '> 7> T, where w, is the frequency of
the wave and 7 the relaxation time.

If there is yet another wave with frequency w, and
wavevector q,||q;, it interacts resonantly with electrons for
which the condition

T(Pz:m ) Q20 (Pz(z"‘) )=2nm (2)

is satisfied, withm =0, + 1, 4+ 2,..., + M s -

Generally speaking, each of the waves interacts reson-
antly with its own group of electrons, except for Fermi-sur-
face-section electrons with 7, = 0, which always interact re-
sonantly with both waves. When o ,/w, =n/m (n and m
being integers which have no comon divisor and |n|<n,,,,,
|m|<mp,, ) there are additional sections with electrons
which are at resonance with both waves, namely the sections
with p, =pi™ =pi where I= +1, =+2,.., & Lnax»
lax = Mmax/ || = Mo/ |m].

Thus, if the ratio w /@, — n/m when the frequencies are
changed one must expect to observe resonance peculiarities
in the generation of combination harmonics of the sound. It
will be shown below that these peculiarities (commensurabi-
lity effect) indeed may occur. The commensurability effect
is a resonance on non-extremal orbits such that, in general,
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where e is the electron charge, c the velocity of light, and §
the area of the Fermi-surface intersection with the plane
p. = const. We shall here restrict ourselves to considering
just the resonance on non-extremal orbits.

1. We thus consider a conductor in a magnetic field in
which two longitudinal sound waves propagate in the same
direction. The lattice displacement vector u(r,?) is written in
the form
u(r, t)=uy(r) exp {igir—io;t}+u,(r) exp {igr—iw,t}+ c.c.,

(3)
where u,(r) and u,(r) are slowly varying wave amplitudes.

To describe the interaction of the electrons with longi-
tudinal sound we shall, as in Ref. 2, where the generation of
combination harmonics was considered in zero magnetic
field, use the simplest model of a deformation potential in
which the electron-lattice interaction energy V= A divu
and the elasticity equation can be written in the form

po0’u/dt=AAu+AVn, 4)

where A is the deformation potential which we shall assume
to be independent of the quasi-momentum, p, the crystal
density, A the elasticity modulus, and 7 the electron density.

Everything that was said in Ref. 2 about the applicabi-
lity of this model for considering the generation of combina-
tion harmonics remains valid also in our case.

As the density, #n depends non-linearly on the lattice
displacement vector u(r,?), the initial waves (3) generate
waves with combination frequencies u‘*’ (r,z):

u® (r, t)=u'*(r, t) exp {i(qi£q)r—i(0,£0:)t}+ c.c. (5)

To fix the ideas we shall assume that w, > @, > 0.

Assuming that the synchronism conditions are satisfied
(the sound dispersion law is linear to high degree of accura-
cy) we can obtain by the usual methods equations for the
slowly varying amplitudes #‘*’(r):

ou (m)/on=a'Pu(n)u.(n)—yu* (n),
o'~ (n)/on=a"u,(n)u. (n) =y u" (n),

(6)
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where #'*’ and '~ are the linear damping coefficients for
sound at, respectively, the sum and the difference frequen-
cies, and 7 is the coordinate along the vectors q, and q,,

a(t)=i(21)—'Aa{x(z)(qh ©1; £(qz, T0)
+y P (£qe, £02; i, 01614, (7)

7 is the renormalized elasticity modulus, 2 = p,s, where s is
the true sound speed.

The non-linear susceptibility y?(q,,0,;q,,) deter-
mines the correction 8n® to the electron density,

Gn‘“=[x‘”(q,, O1; qz, ©2)
+5® (qs, ©2; q1,01) 1V, V, exp {i (q,+q,) r—i (@ +o,) t}+c.C.
(8)
necessitated by the action of the two waves (V' =V,
X expliq,r — iw,t} + V, expliq,r — iw,t} + c.c.).

2. We now turn to an evaluation of the non-linear sus-
ceptibility y'”. We write down the Boltzmann kinetic equa-
tion for the electron distribution function f
of, of , du of

at ar dt ot

of of
—(VV),——(vVWV)—==1I(f), (9
(vv) 3. (A h, 9
where ¢, is the time of motion along the trajectory in the
constant magnetic field H, ¢ the energy, I( f) the collision
integral, and V' the potential energy

V=V, exp {iqir—iot}+V, exp {iqr—iw,t}+ c.c. (10)

So far we shall not assume that the vectors q, and q, in
(10) are parallel. The signs of w, and @, can be arbitrary. We
write the derivative dt,/dt in (9) in the form

dt,/dt=1—V Vat,/dp. (11)

We can use for the collision integral in our case the following
approximation

I(fy=—[f~fo(e+V) /7,

where f, is the equilibrium distribution function and
7 = 7(p) the drift relaxation time.

Solving the kinetic equation by an iteration method we
easily get an expression for y'». We can write it in the form

X(Z)(qh ®1; G2, (!)z)

(12)

=% (G, @15 Gz, ©2) %D (A1, @15 Gay ©2), (13)
where
1 2 eH
XO(Z) (q:, ®4; 42, (1)2) = E—W ——;—l j de dt, dp.
| 4H+T
X[ 1+io exp{—ig(t,, q, 0)} 5 dt; exp{ip (&, q, ©)} ]
t
*f,

XR —2

(g, 0) P (14)

R(q, 0)={exp [iT (¢:5,—0—it") ]-1)~,

(b0, 0)= ] &' (qv(t)—a—ir),
r [']
— 1
= T jdt I(t), q=qitq, o=0t0.
']
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For y* we have

2

x'(z) (qh @y, G2, (!)z) = - '(2—nF

|_e{1_‘ J‘dt,dp,de

t+T

wR(q, 0)exp{—ip(ty 0, 0)) ) dt:explip(t,q, )

/] 2 at, 0
o Y e gyt
x{q’ ap, BV B ap at,

4T

X exp{—i (ts, @ 01) }R (a0 01) | dts
3

9
X@; exp{ip (ts, qi, m,)}-gfﬁ-_ (15)

We restrict ourselves here to the case when q,7y ~¢,ry
~qry ~ 1, wherery is the characteristic Larmor radius and,
moreover, (q,H) ~ (q,H) S 1.

In accordance with what was said above we shall as-
sume that o, ~0, <7~ ' <, where Q is the cyclotron fre-
quency, Q) = |eH /m*c|.

In that situation we get from (14)

Yo (q1, 015 2, @2) =%0'?=(1/2)0°n/20¢", (16)

where n, is the equilbrium electron density and £ the Fermi
energy.

To evaluate y{*’ we must recognize that the resonance
factors R(q,»), R(q;,®,) in (15) have poles in the variable
p. close to the real axis (at distances much less than the
characteristic Fermi momentum p). If g,q,, > 0 the poles
of both factors R(q,w) and R(q,,»,) lie on the same side of
the real axis and one checks easily from (15) that one can
neglect the quantity y‘* in comparison with y§* (because of
the parameter , , /§2). When g, ¢,, <0 the poles of the fac-
tors R(q,w) and R(q,,»,) lie on different sides of the real
axis. Each of these factors has one or more fixed poles close
to the points 7, (p, ) = 0 and a sequence of fixed poles the
positions of which depend on the z-components of the wave-
vectors. When the ratio g, /¢,, tends to a rational number, a
subset of the poles of the function R (q,») may approach a
subset of the poles of the function R(q,,®,). In that case the
main contribution to y(® is caused by pairs of poles of
R(q,») and R(q,,»,) which lie close to one another but on
different sides of the real axis.

Thus, let kq, ~nq,,, where k and n are integers which
do not have a common divisor, such that

|2nk/qsl,

1257/ qe| <| (Ts) mes| - amn

Inthat case we can get from (15) after some transformations

A. P. Kopasov 384



3 1
12 (q1, 015 qa, 02) = 4010 (—q,q, )'q‘lqj""l ;ﬂ (1-—760;)sign<6—;1— (Ti,))

m*(p,) [ Jni (@ P.) T inoi (a2, p2) Jia (qus P2) S+ occ
2 . .
#(p:) [2nkl (qz/qu~ —) + it q»z/qu]

X

where 8( — ¢,4,, ) is the theta function and &, the Kron-
ecker symbol,

Ju(q, p)

t

=_;_j texp{ Sdt q(v(t, p)— v(p,))-HnQ(p,)t} (19)

¥(p,) is the velocity averaged over a cyclotron period and
the quasi-momenta p{/*’ are determined from the condition

T(pi")5: (i) u=2mhl, (20)
1is a positive integer and /_,, a positive integer such that
liaxs<| Q12 (T7 ) mas/ 200k | < (Lmast1) . (21)

Generally speaking, 77, can be a non-monotonic function of
D, . Therefore there are some values of the product k/in (20)
to which several values of the quasi-momentum p, may cor-
respond. It is clear that we must take into accountin (18) all

1

(+’—(27L) A q,9.9" n,/0e",

- - *n (v)l——mz) 1 ( 1, ) . < i)
(Do — 1A3g.0, o s : E S —_—
o (2A)1A%g1g2 { Ter - 4 ( o ©29), 1 5 Sor | sign )

(18)

—q (K .
b, vy

r

solutions of Eq. (20). We note that if the electrons of the
sections p, = p\*” are at resonance with both waves the elec-
trons of the cross-sections p, = — p{*” are also at resonance
(the dispersion law €(p) is by assumption an even function
of the quasi-momentum p). The contribution of the sections
p, = —p® t0 (18) can be expressed in terms of the contri-
bution of the sections p, = p{¥*’. It is described by the second
terms in the braces in Eq. (18).

In obtaining Eq. (18) we assumed that the difference
1(q,/9.,) — (n/k)| €1. If, however, the ratio of g, and ¢,,
is such that this difference is not small for any values of » and
k satisfying the inequality (17), the main contribution to
'’ comes from electrons with small 3, . This contribution is
described by the term (or terms) with /=01in (18). As in
this situation one can neglect terms with / 0 in (18), it is
clear that Eq. (18) is valid for any ratio of ¢, and ¢,, .

3. We now evaluate the coefficients a‘*’ in Eq. (6)
which determine the generation of combination sound fre-
quencies. From (17), (13), and (18) we get

(22)

[max

brd r_n* (pl)
a %) (7.)

[ J:;,-_m)zv(q1 — g2, Pz) J i (a1, Pz_);,kl (—q2 p)
[2nkl (01/ws — m/k) + iT Ty /g ]?

where m and k are positive integers (k < |q,, (77, ) max /27,
m < g, (ID, ) may /27|) for which |w,/w, — m/k | is a mini-
mum. Here /_,, is given by the obvious condition

lmnz<lqlz(T§x)max/2ﬂm| <(lmax+1)-

(In (22), (23), as in section 1, q,11q,, g,>¢,>0, @,
> @, > 0.) It follows from Eqs. (22) and (23) that the coeffi-
cient ' " is determined by the static response of the electron
system to the inhomogeneous field; this response is indepen-
dent of the magnetic field and is produced by the electrons
from the whole of the Fermi surface, while the electrons
which interact resonantly with the two sound waves contrib-
ute to the coefficient « ' as in the case when there is no
magnetic field.?

Bearing in mind that in our situation J, (q, — q,,p, )
~J; (@120, ) ~1fork~1 (and also for k = 0), we get from
(22) and (23), for any ratio of w, to w,,

[a /e | ~1+(s/ve) (:0eT)?, (24)
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- c.c.]l A l)},
) =AM
r=riy

(23)

r

where v is the Fermi velocity.

It is clear from (24) that the ratio |@'~/a'*| can be
very large. In order of magnitude it is the same as in zero
magnetic field.” The contribution from the resonant parti-
cles to a'~) dominates if

(S/UF) (qzvﬂ)z>>1- (25)
As an example we consider the case when in (23)
wax = 1, k=1, m =3, and we assume that 77, is a mono-
tonic function of p, . The resonance contribution to a'~ will
then come from electrons with p, =0(v, (p, = 0) =0) and
from electrons from the non-extremal sections p, = + p{>.
If | (w,/®,) — 3|> 7~ /9 the contribution from electrons
, =0 may be larger than the contribution from the sections
p, = +p. When |0,/0, — 3| S 777/ they are, in gen-
eral, of the same order of magnitude.
We see thus that in this case there is resonance (com-
mensurability effect) manifesting itself in a sharp depen-

l
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dence of the non-linear modulus a'~’, meaning also of the
amplitude of the sound with the differences frequency, on
the ratio w,/w, at w,/w,~3, (s/vg) (g,vr7)* 2 1. The ratio
of &'~ at resonance to o'~ far from resonance is, generally
speaking, of the order wunity, provided that (s/
vr ) (g-v7)? 2 1. The width of the resonance is determined
by the reciprocal relaxation time 7~ on the non-extremal
sections.

The commensurability effect does not manifest itself in
the non-linear modulus a'*’ and hence in the sound wave
with the sum frequency. One can check from Eq. (18) that if
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the principal waves propagate in opposite directions the
wave undergoing resonance caused by the commensurability
effect will be the one with the sum frequency and not with the
difference frequency.
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