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Anomalous heating of a plasma was investigated under conditions such that the lower hybrid 
pump-wave intensity exceeds the three-wave parametric-instability excitation threshold. It is 
shown that scattering of charged particles by superthermal fluctuations of the electrostatic 
field is a nonlinear stabilization mechanism and causes pump-power dissipation in the plasma. 

INTRODUCTION 

Relaxation and transport processes in a plasma are 
most fully described by a Boltzmann kinetic equation which 
treats the charged-particle collisions. In fact, since impor- 
tant macroscopic plasma properties such as the electric con- 
ductivity and the viscosity and heat-conduction coefficients 
are governed by particle ~ol l is ions , '~~ their calculation calls 
for solution of a kinetic equation with a collision integral. A 
correct determination of the latter for various plasma sys- 
tems is thus a most important problem of plasma theory. 

It is shown in Ref. 1 that in that nonequilibrium-plasma 
collision interval in which the level of wave fluctuations ex- 
ceeds the thermal-noise level, account must be taken of the 
dynamic polarization of the medium (in the absence of this 
polarization, the charged-particle collisions are described by 
the Landau collision integral). References 3 and 5 are devot- 
ed to a derivation of the collision integral with allowance for 
the plasma dynamic polarization. In particular, the collision 
integral of an isotropic plasma placed in a high-frequency 
(HF)  electric field close to the plasma frequency was ob- 
tained in Ref. 3. This integral is expressed in terms of the 
spectral density of the electrostatic-field fluctuations and in- 
creases anomalously near the parametric-instability thresh- 
old, since the plasma field fluctuations increase anomalously 
near the threshold. The conductivity of a plasma acted upon 
by an external H F  pump field was investigated in Refs. 4 and 
5 with allowance for dynamic polarization in the absence of 
parametric instability. 

The mechanism by which HF waves are absorbed in a 
magnetoactive plasma have been actively investigated in re- 
cent years with the aim of using them for supplementary 
plasma heating in devices intended for controlled thermonu- 
clear fusion. One of the frequency bands in which effective 
H F  power dissipation mechanisms exist in a thermonuclear 
plasma is the lower hybrid band (frequencies of the order of 
several GHz). A phenomenon extensively used for plasma 
heating in this frequency region is parametric resonance. 
The experimental results cannot be attributed only to Cou- 
lomb collisions and to Cerenkov Indeed, since 
the plasma becomes turbulent when parametric instability 
develops, the anomalous heating can be caused by scattering 
of charged particles from turbulent pulsations of an electric 
field that is described by an effective collision frequency v,, 
or by a turbulent conductivity a,,,, (a,,,, a v,, ). 

The H F  conductivity of a magnetoactive plasma near 
the parametric instability of a lower-hybrid pump was inves- 

tigated in Ref. 8. The analysis was based on linear fluctu- 
ation theory, so that a,,,, diverged as the H F  field pump 
field E, approached the threshold field strength E,,, (for 
excitation of parametric instability). It is quite clear that this 
divergence of the H F  conductivity is due to the unrestricted 
growth of the fluctuation-field intensity in the plasma, a 
growth predicted in the region near threshold (critical fluc- 
tuations by the linear t h e ~ r ~ . ~ . ~  Actually, however, no such 
growth occurs, or when the field fluctuations are high 
enough nonlinear instability-saturation mechanisms come 
into play. This should produce in the plasma a stationary 
superthermal fluctuation level much higher that that of the 
thermal  fluctuation^.^ The H F  conductivity of the plasma 
has then a finite value that should depend susbtantially on 
the pump field. 

In this paper we develop, on the basis of the Klimonto- 
vich-Silin'O-'* microscopic approach, a theory of the fluctu- 
ations of a magnetoactive plasma under conditions such that 
the parametric instability of the lower-hybrid wave is satu- 
rated. The results are used to investigate the anomalous 
heating of a plasma when the pump intensity exceeds the 
threshold for excitation of three-wave parametric instabil- 
ity, the latter taken to be the decay of the pump wave into a 
lower-hybrid wave and an ion-sound wave. It is shown that 
scattering of charged particles from superthermal plasma 
fluctuations, which is described by the effective collision fre- 
quency, is a nonlinear stabilization mechanism. We have 
used here the analogy between the role of ordinary binary 
collisions and particles scattering from fluctuations. The 
idea of this approach to stabilization was developed in Refs. 
13-15. 

We have calculated c~,,,, and found it to be proportional 
to the pump-wave intensity, contrary to the linear theory3.' 
that predicts unlimited growth of the conductivity near 
threshold. We show that a,,,, can be considerably greater 
than the conductivity due to binary collisions. The results 
can be used to interpret experimental data on lower-hybrid 
heating of a plasma. 

1. SPECTRAL DENSITY OF ELECTROSTATIC-FIELD 
FLUCTUATIONS IN A MAGNETOACTIVE PLASMA 

The procedure for deriving the equations for a fluctuat- 
ing electric field and for the spectral density of fluctuations 
in a magnetoactive plasma placed in an H F  pump field is 
described in detail in Ref. 8. Following this paper, we start 
with a system of equations for the microscopic distribution 

50 Sov. Phys. JETP 64 (I), July 1986 0038-5646/86/070050-07$04.00 @ 1987 American Institute of Physics 50 



function of particles of species a: 

(rai and pa, are the radius vector and momentum of the ith 
particle of species a )  and for the microscopic electrostatic 
field E(r,t): 

div E-4n ea dp Fa (r, p.r) . 
a 

We have introduced here the operator 

where e,  is the charge of the particle of species a and B, is a 
constant magnetic field, assumed to be directed along the z 
axis. We represent the electric field as the sum of an H F  
pump field E, and a fluctuating field SE: 

E (r, t )  =En ( t )  +GE (r, t )  . (4) 

We define the fluctuation of the distribution function as 

61, (r, p, t )  (r, p, t )  -(Fa (r, P, t )  ), 

where (Fa (r,p,t)) = nJa (r,p,t), fa is the single-particle 
distribution defined as the microscopic density averaged 
over a Liouville distribution, and n, is the equilibrium den- 
sity of the particles of species a. It follows from ( 1 ) that Sf, 
satisfies the equation 

a dfa 
{&+eaE0 ( t )  - } (6fa-6f:" )= - eana6E--. ( 5 )  

ap  8 P 

where Sf is the distribution-function fluctuation with the in- 
teraction between particles neglected. For the fluctuating 
electric field we obtain from (2)  

div 6 ~ = 4 n  e. J dp 6ja. (6)  
a 

We assume now that the plasma is spatially homogen- 
eous and average (1)  over a Liouville distribution. This 
yields for the single-particle distribution function the equa- 
tion 

The right hand side of (7)  contains the average product of 
the distribution-function fluctuation and the fluctuating 
electrostatic field, taken at one and the same point of space 
and one and the same instant of time. This quantity deter- 
mines the collision integral 

Solving (5 )  by the Fourier-transform method and 
transforming to a reference frame in which k,, = 0 we obtain 
the following expression for Sf, : 

where the subscripts 11  and 1 denote respectively vector com- 
ponents parallel and perpendicular to the field. Here R, is 
the gyrofrequency of the particles of species a ,  q, is the azi- 
muthal angle in velocity space, Jn is a Bessel function of real 
argument and of order n, 

In the derivation of (9) ,  we specified the pump field perpen- 
dicular to the magnetic field in the dipole approximation, 
i.e., 

E, ( t )  =Euy cos c1jot, 

and put p' = p - Ap, where Ap is the momentum change due 
to the H F  field. 

Substituting (9)  in (6)  we obtain the following system 
of equations for the fluctuating field 

where SEW""' is connected with Sf yr by the Poisson equa- 
tion (6) .  The linear susceptibility xan=x, (w + nu,, k )  of 
the plasma is given by 

Assuming the arguments a, of the Bessel functions to be 
small, we retain the terms m, n = 0, f_ 1 in the sum over m 
and n. In this approximation it is easy to obtain, using ( lo),  
an expression for the electrostatic-field-fluctuation spectral 
density averaged over the period 2 ~ / w ,  of the HF field8: 
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where the superior bar denotes averaging over the HF-field 
period, 

is the spectral correlation function of the particles interact- 
ing in the magnetoactive plasma in the absence of a pump 
field (cf. Ref. lo),  

Furthermore, it was recognized in the derivation of (12) 
that the correlator of the source fluctuations satisfies the 
equation'" 

with initial condition 

( 6 f m  6fp)r:tc:f,t' I t=tr=naGaa6 ( x - x l ) f a ( x ,  t ) .  (16) 

It can be seen from (12) that in a magnetoactive plasma 
acted upon by an HF pump field the electrostatic-field fluc- 
tuation density averaged over the period of the HF field is 
expressed in terms of the spectral correlation function of the 
noninteracting particles obtained neglecting the pump field, 
and in terms of the plasma functions that depend on the 
pump intensity and frequency. 

2. COLLISION INTEGRAL IN A MAGNETIC PLASMA 

Using the definitions introduced above, we express the 
collision integral in terms of the Fourier transforms of the 
distribution functions (4)  and of (6)  the electric field. It is 
convenient for this purpose to express (8)  in the formX 

We average the collision integral ( 17) over the period 27r/w, 
of the HF field, assuming that the velocity of the charged- 
particle oscillations in the pump field is much less than their 
thermal velocity, i.e., 

Here ma and m, are respectively the mass and thermal 
velocity of a particle of species a. Since the collision integral 
is the partial derivative of the single-particle distribution 
with respect to time, 

the main contribution to the averaged collision integral is 

made by the slowly varying part of the distribution function. 
Therefore 

Substituting in ( 18) the explicit expressions for the fluctu- 
ations (9)  of the distribution functions and ( 10) of the elec- 
trostatic field and integrating the result with respect to the 
azimuthal angle q, we get 

We have introduced in ( 19) the notation 

The quantities D,, and A,, in the collision integral ( 19) are 
respectively the diffusion coefficient in velocity space and 
the dynamic-friction coefficient, and are given by 

Note that in the absence of a pump field (E ,  = 0)  expres- 
sions (20) and (21 ) go over into the familiar expressions for 
the diffusion and dynamic friction coefficients in a magne- 
toactive plasma (see, e.g., Eqs. (50.10) and (50.1 1 ) of Ref. 
10). 

It can be seen from (21) that a weak field does not 
change substantially the dynamic-friction coefficient. On 
the other hand, in view of the anomalous increase of the 
fluctuations under parametric-instability conditions, the ve- 
locity-space diffusion coefficient (20) can increase substan- 
tially. We therefore assume below that the main contribu- 
tion to the collision integral (19) of a parametrically 
unstable plasma is made by the first term, due to the particle 
diffusion in velocity space. 

In the next section, the general relations obtained above 
for the collision integral of a homogeneous magnetoactive 
plasma will be used to describe the electstatic-oscillation 
damping due to charged-particle scattering by superthermal 
fluctuations. The mechanism of this scattering is physically 
similar to binary particle collisions, since the plasma collec- 
tive fluctuations can be regarded as a gas of quasiparticles, 
i.e., plasmons. Thus, wave scattering by fluctuations can be 
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characterized by some effective scattering frequency for the 
charged particles of the plasma, expressed in terms of the 
plasma turbulent conductivity, determined in turn by the 
collision integral. Since the effective collision frequency can 
considerably exceed the binary collision frequencies of the 
charged particles, the damping of the plasma waves by the 
fluctuations may turn out to be the mechanism that ensures 
effective dissipation of the HF pump power in the plasma. 

3. EFFECTIVE CHARGED-PARTICLE COLLISION 
FREQUENCY IN A TURBULENT PLASMA 

We introduce, as the property descriptive of charged- 
particle scattering by turbulent fluctuations of an electro- 
static field in a plasma, the effective collision frequency v,,. 
The plan for deriving an equation for Y,, is the following. 
Using the analogy between the roles of binary scattering and 
particle scattering by  fluctuation^,'^ we express v,, in terms 
of the turbulent plasma conductivity a,,, : 

The conductivity of a plasma placed in an HF pump field can 
be obtained from the energy-balance equation 

where I, (p) is the collision integral of the charged particles 
in the plasma and is defined by ( 19). Once instability has set 
in, the intensity of the fluctuation fields in the plasma in- 
creases, and the main contribution to the collision integral is 
made by the term associated with the particle diffusion in 
velocity space. As a result we have 

- 
where (SESE),,, is the spectral density of the turbulent 
electrostatic-field fluctuations in the plasma under paramet- 
ric-instability conditions, i.e., at E, > E ,,, . Since the spectral 
density of the fluctuations depends in this case on the effec- 
tive collision frequency, expression (24) is the equation for 
Y,, in a turbulent plasma. 

For specific calculations, we confine ourselves to a de- 
termination of the effective collision frequency for a case of 
practical interest, when the pump frequency w, is close to the 
lower hybrid resonance of a magnetized plasma 

where up, and wpi are the Langmuir frequencies of the plas- 
ma electrons and ions, respectively. 

The parametric instabilities produced in such a system 
were tabulated in Refs. 16-2 1. In a plasma with relative plas- 
ma parameters 

parametric instability can set in with respect to pump-wave 
decay into a lower hybrid wave and an ion-sound wave: 

Here 

The pump can be regarded as homogeneous in this case if8 

The decay condition (25) is satisfied if w, 2 3w,, and 
T, % T.I6 The parametric instability then has a resonant 
character, since the decay waves are natural modes of the 
plasma. The excitation threshold of the instability is given by 

where y, and y- , are the Landau damping decrements of the 
ion-sound and lower-hybrid waves, respectively, and r ~ ,  is 
the electron Debye radius. 

If w, < 3w,, the condition 

for the existence of weakly damped ion-sound oscillations is 
not met and the decay (25) is forbidden. The pump wave can 
decay into a lower-hybrid wave and an ion quasimode," the 
latter due to the presence of a pump field in the plasma. Since 
the ion quasimode is a strongly damped wave, a decay in 
which it takes part is nonresonant and will not be considered 
here. 

At low frequencies the fluctuation spectrum ( 12) con- 
tains broad maxima due to random motion of the charged 
particles, as well as narrow maxima corresponding to fluctu- 
ations due to collective oscillations. The spectral distribu- 
tion of the fluctuations near the natural, frequencies (i.e., in 
the plasma transparency region, where 
IIm&,I41Re&,( and I I ~ E - , ( < I R ~ E - , I )  canberepresent- 
ed in the form 

Here wik are the natural frequencies of the plasma, i.e., 
oik = w,, ,w,  respectively for the ion-sound and the lower- 
hybrid waves, and I ;  is the intensity of the fluctuation oscil- 
lations at the frequency w, . 

Since it follows from ( 12) that near the natural frequen- 
cies 

the intensity of the fluctuations increases without limit in the 
kinetic-intensity region determined from the condition 
I ~ E ,  (a,, ki ) = 0 (these are called critical  fluctuation^^^). 
It was shown in Ref. 8 that in the case of the decay (25) we 
have 

where E,,, is defined in (26). Below the threshold of this 
instability, the HF plasma conductivity is 
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a a ln( 1 - E i/E :,, ). Linear fluctuation theory predicts 
thus that the density Wof the electromagnetic-wave energy 
absorbed in the plasma should increase without limit near 
the threshold of the parametric instability (E0+ E,,, ), since 
Wcca. 

We now show that allowance for the additional wave 
damping due to charged-particle scattering by superthermal 
fluctuations leads to saturation of the level of the latter and 
hence to a finite saturation of the plasma HF conductivity. 
The spe* distribution of the electrostatic field fluctu- 
ations (SESE),,, near the natural frequencies of the plasma, 
with allowance for ye,, is obtained from Eq. ( 12) in which 
the natural frequencies of the plasma are taken to be 
Ork = w , ~  + ive, : - 

(6E6E>,, k=n[Yk% (o-a , , , )  +7k16 (o-651,) 1. (29) 
- 
~",nd?L in (29) are the turbulent-fluctuation intensities at 
the natural ion-sound (O,, ) and lower-hybrid (wIk ) fre- 
quencies respectively, and are given by 

where 

It was assumed in the derivation of (30) that the real part of 
the dielectric constant is independent of v,,. It is easily veri- 
fied that Im 8, is finite at E,, > E,,, . 

Thus, if expression (29) for the spectral density of the 
fluctuations is used in (24), we obtain a nonlinear equation 
for Y,, in a turbulent plasma. The existence of a solution of 
this equation means that the interaction between perturba- 
tions in a nonequilibrium plasma produces a stationary tur- 
bulent state. 

We note that the turbulent-collision frequency was cal- 
culated in Ref. 12 for an isotropic plasma under the assump- 

tion that the contribution made to the Langmuir-wave dissi- 
pation by turbulent ion-sound fluctuations is equal to 
y + Y,, (E,), where y is the rate of Landau damping of the 
Langmuir oscillations. 

4. PLASMA CONDUCTIVITY FAR ABOVE THRESHOLD 

We consider the regime far above threshold, where the 
effective collision frequency significantly exceeds the Lan- 
dau-damping rates of the ion-sound and of the lower-hybrid 
waves: 

Ye, (Eo) >yo, 7-1. (33) 

It must be borne in mind, however, that the nonlinear equa- 
tion (24) for ye, is valid only if 

Ye, (Eo) ( 0 . k .  (34) 

Substituting expression (29) for the field-fluctuation 
spectral density in Eq. (24) and integrating with respect tow 
and k, we obtain a nonlinear equation for ye,. The form of 
this equation is determined by the structures of the terms I", 
and7: in expression (29) for the spectral density of the field 
fluctuations, i.e., by the amplitudes of the fluctuations at the 
ion-sound and lower-hybrid frequencies, respectively. Solv- 
ing this equation under conditions (25), (33), and (34), it is 
easy to verify that ye, is governed mainly by the ion-sound 
fluctuation level. We have then 

mi Y Y- 
veff = 3 2 ( 2 )  'h -(k,,r,.) L( L)' (%y o,, (35) 

me wart m l k  E t h r  

where k, is the wave number that satisfies the decay condi- 
tion (25). It can be seen from (35) that the effective collision 
frequency is proportional to the pump-field strength and is 
inversely proportional to the square of the external magnetic 
field strength. From (33) and (34) follow constraints on 
those pump-field strength values for which expression (35) 
is valid: 

m 
lo-' L ( k ~ r ~ e ) - 4  mi (F) thr 

~ n , ~ r , ) ‘ % ( $ ) % ( ~ ~  De rl'/. % Yo (2)'". - (36) 

It follows from (23) and (35) that the density of the 
electromagnetic-field energy absorbed by the plasma has the 
following dependence on the pump amplitude: 

Substituting in (35) typical values of the parameters of 
the hot plasma attainable in existing tokamaks, we can readi- 
ly show that the effective collision frequency governed by the 
turbulent conductivity of the plasma can exceed the frequen- 
cy of the electron-ion collisions by several orders of magni- 
tude. This results in an effective HF-power dissipation 
mechanism that accounts qualitatively for the lower-hybrid 
heating process. 

Notice must be taken of the similarity of our present 
results to those of Ref. 23, in which a quasilinear theory of 
parametric decay instabilities in a magnetoactive plasma has 
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been developed. It is shown in Ref. 23 that quasilinear satu- 
ration of the parametrically excited noise is due to deforma- 
tion of the electron distribution function. The turbulent- 
plasma H F  conductivity that determines the anomalous 
absorption of the H F  pump field was calculated and found to 
be proportional to E  [cf. Eq. (35) 1. In Ref. 24 it is indicat- 
ed that under conditions of saturated parametric ion-cyclo- 
tron instability the oscillation energy-density level is propor- 
tional to E : .  This agrees with the experimental results for 
anomalous absorption of electromagnetic waves in a colli- 
sionless magnetoactive plasma (see Ref. 25), which have 
shown that in various parametric instabilities the power ab- 
sorbed above threshold is proportional to E:. 

Nonlinear saturation of parametric decay to the pump 
wave into lower-hybrid and ion-sound waves is the subject 
also of Ref. 26-28, in which the most effective saturation 
mechanism was assumed to be the secondary instability of 
the excited lower-hybrid wave. Let us compare expression 
(23) for the absorbed power with the corresponding expres- 
sion derived from Eqs. ( 12), ( 13), and (21) of Ref. 27 in the 
case o0 2 3o,, . For typical thermonuclear-plasma param- 
eters (no = loi4 cmP3. T, = 5 keV, B, = 50 kG, kr,, = 25 
and p = 55. loP2) the power absorbed by the plasma as a 
result of charged-particle scattering by fluctuations is of the 
same order as that obtained in Ref. 27. Note that as the mag- 
netic field is increased or the plasma density decreased, the 
saturation mechanism we are proposing becomes more effec- 
tive. Note also that the absorption of the power pumped into 
the plasma becomes more effective with decreasing pump 
frequency, in accord with the conclusion of Ref. 27. 

The nonlinear stage of parametric instability near low- 
er-hybrid resonance was investigated in Refs. 18-20. In Ref. 
18 the nonlinear saturation mechanism was taken to be in- 
duced scattering by ions, which is substantial in an isother- 
mal plasma. In Ref. 19 was proposed that the parametric 
instability in the frequency region w, 5 2wLH is suppressed 
by induced scattering from the electrons. Since we are con- 
sidering a nonisothermal plasma with o, 2 3wLH, a direct 
comparison of our present results with the conclusions of 
Refs. 18-20 is impossible. We note only that the mechanisms 
proposed in these references for the saturation of parametric 
instability were found to be less effective than the secondary- 
decay mechanism of Ref. 27. 

CONCLUSIONS 

As noted in Refs. 20 and 21, whereas a linear theory of 
parameteric instabilities in lower-hybrid plasmas heating 
has been well developed, nonlinear saturation of the fluctu- 
ation and the associated heating are still far from under- 
stood. Experimental investigations of lower-hybrid plasma 
heating gave rise to a number of conjectures concerning the 
importance of fluctuations. It was emphasized in Ref. 6 that 
electron and ion scattering by turbulent pulsations of an 
electric field can be the cause of the observed rapid plasma 
heating by a fast magnetosonic wave (FMSW). It was noted 
at the same time that the heating ob~erved cannot be attri- 
buted to Coulomb collisions and to Cerenkov or cyclotron 
damping of the excited FMSW. Similar conclusions were 

drawn in Ref. 7 from investigations of anomalous electron 
heating in induced 1s scattering in a lower-hybrid wave field. 
To explain the observed heating, the effective collision fre- 
quency should exceed the pair-collision frequency by an or- 
der of magnitude, a premise confirmed by measurements of 
the electric conductivity and of the electron diffusion along 
the magnetic field with increasing H F  field. Experiment re- 
vealed a correlation between the heating, on the one hand, 
and the excitation of ion-sound noise, on the other. Strong 
scattering of the lower-hybrid wave by low-frequency den- 
sity fluctuations (6n/n<0.4) was observed in Ref. 9 There 
the investigations pointed to turbulent heating of the parti- 
cles. This enabled the authors of Ref. 29 to suggest that the 
H F  power absorbed by the resonant electrons is rapidly dis- 
sipated as a result of the anomalously high coefficient of 
diffusion in velocity space. 

Investigations of lower-hybrid heating in the Alcator A 
tokamak [30] have shown that the lower-hybrid waves can 
be strongly scattered by density fluctuations at the edge of 
the plasma pinch. Decay spectra and a strong increase of the 
low-frequency oscillations during the time of the H F  pulse 
were observed, as was a linear dependence of the power of 
the lower-hybrid decay wave on the pump power P, in the 
range 200 W <Po < 100 kW. The authors pointed to a possi- 
bility of attributing the observations to scattering by density 
fluctuations. 

Microwave-scattering3' and C02-laser emission scat- 
tering32 methods were used in a number of recent experimen- 
tal investigations of fluctuations in a tokamak plasma. It was 
shown that the fluctuations have a maximum at the edge of 
the plasma pinch, where their amplitudes can reach an/ 
n z  1. In this regime, the rates of the particle and energy 
transport processes are determined by Bohm diffusion, i.e., 
intense fluctuations cause strong scattering of the H F  radi- 
ation incident on the plasma. The amplitudes of the low- 
frequency density fluctuations measured in the Alcator-A 
tokamak reached 100% at the diaphragm radius. It was 
found that the fluctuation intensity is linear in the plasma 
H F  pump power in a wide range of Po. 

A numerical ~ i m u l a t i o n , ~ ~  on a microscopic scale, of the 
lower-hybrid plasma heating has shown that the magnitude 
and sign of the charged-particle acceleration depend on the 
strength of the electric field with which the particle is in 
phase. If a particle moving along the gyro-orbit is no longer 
in phase with the wave by the time the next resonance sets in, 
its acceleration during the succeeding instant of time is inde- 
pendent of the preceding acceleration, so that heating takes 
place on the average. Such a decorrelation can occur if H F  
noise (fluctuations) are present in the plasma. 

The theory developed in the present paper for HF con- 
ductivity of a magnetoactive plasma is thus in qualitative 
agreement with the experimental data and with the results of 
numerical simulation. 
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