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The quantization of the chromoelectric flux and action of a relativistic string is derived from
the condition of uniqueness of the solution of the effective field equations for the hadron phase

of quantum chromodynamics.

1. INTRODUCTION

In a recent paper' an approximate method of calculat-
ing hadron field correlators, based on the 1/N expansion and
the quasiclassical approximation, was considered. In the
framework of this approach the effective two-dimensional
action S, for the correlation functions of gauge-invariant
operators was obtained. The Euclidean field equations asso-
ciated with this action possess a topologically nontrivial so-
lution. From a physical point of view, this solution described
the chromoelectric field of an open, infinitely thin relativis-
tic string with quarks at its ends and with a bare tension
coefficient. In the present paper it is demonstrated that, be-
cause of the topological properties of this solution, quantiza-
tion of the chromelectric flux and of the action of the string
arises.

In Sec. 2 we give the basic stages of the derivation of S,
and its explicit form. In Sec. 3 we give a description of the
solution of the Euclidean field equations, with the accent on
topological arguments. Section 4 is devoted strictly to the
derivation of the quantization of the flux and action in the
nonperturbative phase of quantum chromodynamics
(QCD). In the Conclusion it is noted that when we take the
limit of the Abelian theory all the pheomena considered dis-
appear.

2. THE EFFECTIVE ACTION

In Ref. 1, in the framework of the 1/N expansion (N is
the number of colors), the effective action S.; for the Eu-
clidean correlation functions was obtained:

K(,...,n) =B~ | dp(4) Dip D{expl ~Sr-x (4, 9)]

X[M(T,)...M(T)1}, (1)
where

B= 5 du(4) Dy D exp(—Sy-x),
Srond, 9= J @2 (/GG B Dmyw), P
G""u=auAva—ayA""—efabcAubAv",
Dumdytie o A mdtied,

The gauge-invariant quantities appearing in formula (1),
M(T)=M*(T)

=9 [ Pexp (e Jas, a0 )] v,
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are regarded as the field operators of composite e~tended
mesons. Here a, B are combined indices of the Lorentz
group O(4) and the internal-symmetry group; ¢ and ¢’ are
indices of the gauge group SU(N). The integration over z,,
in formula (3) is performed along the contour I joining the
points y and y’ in the Euclidean space R *.

We shall list briefly the main stages of the derivation of
S.q. Neglecting the quark loops (the 1/N expansion) and
their spin, one can represent®® the connected part of the
correlator (1) as

K(,...,n)
1. (4
NZGPHJﬁxq{exp[——j d*{(f—ﬁ-}ymz)]
perm q=1 2 in A’ ' q
x<0(1‘)>4} , (4)
where
dAAy dx
Dz,= ~ Dz,(Y) ] , By=—r
q [ i wlY . vy

or="Tr [Pexp(—ie¢dz,.A,.)], )

and &, is the parity of the permutation of the Fermi fields.
The integration contour I' in the expression (5) is shown in
the figure. It consists of the contours I'; (i = 1,...,n) that are
contained in the operators M (I"; ) and whose ends are linked
by the quark trajectories x, (). In leading order in 1/N it is
necessary to take into account only planar gluon diagrams.
This means that in the integral

I, I

4]

L

r I, L

it

FIG. 1. The contour I'" corresponding to the correlator (1) in four-dimen-
sional space. The vertical lines depict quark trajectories and the horizon-
tal lines depict the paths of integration in formulas (3) and (1).
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(0(P)>A=B-’j dp(A) exp[—Sy-x(4)]

xTe[Pexp( - te Paza, )] (6)

it is necessary to sum only over a certain subclass of the fields
A ;, whose contribution is the most important in the indicat-
ed approximation. In Ref. 1 this subclass was defined as fol-
lows." We consider in R % an arbitrary two-dimensional sur-
face 2, without holes or handles and resting on the contour

. The surface is specified by the equation x, =z, (7*),

where u =0, 1, 2, 3, and i = 0, 1. We shall determine the
tangent components 4 {(7) = (dz,/3n' )A;,(2(7)) of the
fields.

The approximate calculation of the average (6), ac-
cording to Ref. 1, reduces to integration over A4 {(7)
=A?(2) for a fixed surface = and subsequent summation
over all surface 3 with the boundary d% =T, i.e.,

@) u~ f ap(®) [ dulae () lexp(=ST42E) Yo (D).

@)
Here,
1 j 2 2 il A7
S[A( (“) =—Z' dng g g‘GihGln9 (8)
.. 04 aZ oo
T ©

where g = detg,;, 8, () = (92, /97" ) (32, /In* ) being the
metric tensor on 2. In order that the action (8) be dimen-
sionless, we have changed the normalization of the fields in
accordance with

eAe=(e/d) (Afd)=eds, e=eld, (10)

where d is an arbitrary constant with the dimensions of
length, ¢ is the bare dimensional charge (the symbol ~ is
henceforth omitted). Next, we represent O(T") in the form
of an integral over the Grassmann fields &, () (¢ = 1,...,N)
(Refs. 2, 4):

o= [[ v (rype 1z (2 )20, (1)

. d .  dy ]
S(E)=?d7§c ('Y)[E+L3A‘ i B g(Y). (12)
Here it has been taken into account that A4, a4z, 1 [;7(7)]
14

4, Zudn _ 4 dn
an' dy dy
The variable ¥ parametrizes the closed contour I' = 9%,
by x, = x, (¥), and varies monotonically from zero to uni-
ty, with x, (0) = x,, (1). After this, each term in the sum
over permutations in (4) is written in the form

S Tp=, Jau) §anta

g==i

X{ 1Dt (1) D" (1) 1ite (1) B () exp(=Serr),  (13)
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where

Sery=80(z) +Sy.ue (4) +8(E)

S L 0]

g1

1 .y
+ 4 J. d'n g"g"'g"Gu’G,,°
z

d dy’

+5ﬁd7 g (7) [W'Fie/ii%]cd Ba(Y). (14)

The term S(&) has arisen from the total contribution of
the ordered exponentials from the operators (3) and the
quark propagotars. The action (14) takes into account the
above-the-vacuum excitations generated by the operators
(3). It is invariant under arbitrary transformations of the
coordinates 7' and y. The kinetic quark term S,(x) is invar-
iantunder thereparametrization®y —»¢' = f(y),A-4' =1/
f(#). The Euclidean involution operation

('G'A'g'z) .=§1.§z.

ensures that S(&) is real.

(15)

3. EXACT SOLUTION OF THE EUCLIDEAN FIELD
EQUATIONS

The leading quasiclassical approximation is determined
by the contribution of the classical fields? to the correlator
(4):

E(4,...,n) ~ike (D8 (0)expl—Suy (4%, 8%, 2,2 ],

(16)
The equations of motion for these fields are obtained by var-
iations of S.; (14). For the field 4 { we have the Yang-Mills
equation on the surface Z:

DGY (Tl) =0, Do =g Vi+8f‘b°Ai°, 17N
9 (g"G*
V.Gh = _1/_ 9(g"G") 6T )
g" In
or
a‘ (g'/'Ga’ ik) +8fabcA‘cg‘th, k=), ( 18)

The surface term from the variation of Sy, is combined
with the result of varying 65(£)/84 { and leads to a bound-
ary condition for the stress tensor on d= =T":

dn’ h(a,ik a &
'BT (g"G*™ ey tel" ('Y)‘St )=0; (19)

here e,, is the two-dimensional antisymmetric unit tensor.
The quark color-spin vector

T2 (y) =i&e" (1) (A/2) caa (1)

is real by virtue of the definition (15). The classical Grass-
man field £ () appearing in it obeys the equation of motion

dg. | . ( Al ) dn
— Al =0,
d'Y + ie 2/, Ed 'Y

(20)

(21)
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From formulas (20) and (21) follows the equation

dare . dnt
—ef AT =
ar ef"°4A, iy 0,

(T*)* — const. (22)
The formal solution of Eq. (21) is expressed in terms of an
ordered exponential:

s (= Pexp( e %5 o Zhar)] wro, o

which is an element of the group SU(N). The field £ () is
defined only on the boundary d% = T' and realizes a map-
ping of the closed contour I into the group SU(X). Since
SU(N) for N>2 is simply connected, this mapping is topolo-
gically trivial, i.e., 7,(SU(N)) = 0. An exception is pro-
vided by the case of the subgroup U(1), for which
7 (U(1)) = 7,(S") = Z, where Z is the group of integers.
Here, 7, is the homotopy group of the mappings.

It is known that the stable field configurations are topo-
logically nontrivial solutions of the classical equations.
Therefore, we shall consider the exact solution of Egs. (18),
(19), (21), which spontaneously breaks the gauge group
SU(N) to the local subgroup U(1).

We shall start from the ansatz

Gos (7]) =gimghlelﬂ=}‘,eikI“(T]) /[g(n) ]Iha

where A is a constant factor, and I° () is a function of 7
that belongs to the adjoint representation of SU(N). Substi-
tution of (24) into Eq. (18) gives

(24)

I/om'—efeA2I°=0, (I°)*—const, (25)

i.e., the quantity (24) will be the solution of Eq. (18) if the
vector I” (77) is covariantly constant. From the boundary
condition (19) it follows that A = ¢ and

F(n(p)=r)=1(y).

We note that in two dimensions the Bianchi relation

(26)

DGy? (T]) +DGY (T]) +D,°G® (71) =0

is fulfilled identically for the antisymmetric tensor G¢.
Thus, the field intensity has the form

G *(n)=ee™I"(n)/{g(n) ",
Gu(n) =eex[g(n) 1"I*(n).

We now determine the two-dimensional potential 4 ¢(7)
corresponding to (27). To begin we go over to a gauge in
which the vector I° () is constant. Since I? (1) is defined on
the open surface £ and satisfies Eq. (25), this can always be
done. The expression

(27

Ag(n)=Ia;(n) /e, (28)
where a, (77) is an Abelian field, satisfies Eq. (25).

Substituing (28) into (9), we have

Go*(n)=IFua(n)/e, Fa(n)=0a,(n)—0dsa:(n). (29)

This expression will satisfy Eq. (18), i.e., will coincide with
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formula (27), under the following condition: The quantity
dual to F; should be constant:

eik

[g(n)]"

This relation is not changed under arbitrary transformation
of the coordinates ;. Substituting the ansatz

a:(n) =[g(n) ]"€ad*A(n)

(which corresponds to the Lorentz condition a;; = 0) into
the relation (30), we obtain an equation for the function
A(m):

g—'/aai (g'/zgikakA) =%.

Fme Fa()=x, x=¢" (30)

(3D

(32)

The nontrivial solution of Eq. (32) for A(7) is found by
going over to conformal coordinates. Then the equation will
be satisfied if we set

A(n)=F',1n [ga(n) 1"+f(n),

where g is the metric of a surface of constant scalar curva-
ture R, f is an arbitrary function satisfying the condition
Af=0, and A is the Laplacian in conformal coordinates.
Thus, the equation of motion (18) has a solution of the form
(27), (28) only on a surface of constant scalar curvature®
|R | = 2¢. Surfaces of other types do not provide an extre-
mum of the action S (14).

With the world tensor (27) we can associate a Lorentz
O(4) tensor in accordance with

R=x2x, (33)

0z, 9z, , .
(;ll,lh .
an' an* ()

Gw'(z(m)) =

We then obtain the expression

G (z(n))=el’(n)0w(n)/[g(n) 1", (34)
where
_ 0% az, 0z, 9z,
O = an® an'  an' oy’

which coincides with the field intensity of a chromoelectric
hadron string. Such a field was studied earlier in Refs. 7, 3,
and 8, but its derivation from first principles of quantum
theory was less systematic from a logical point of view than
here.

We shall determine the contributici: of the classical
fields to S.; (14). Substitution of the expression for G §,
(27) into Sy (A4) gives

ell*

Srald) =5

z

d’n[g(n)]"’=21n—ao,A(Z),

(35)

where A(ZX) is the area of the surface = swept out by the
string. The quantity

1 el el eC,(F)
2na 2 28  2d&
where C, (F) is the Casimir operator of the fundamental rep-

resentation of SU(N), plays the role of the bare tension coef-
ficient of the string. It has the same structure as in lattice

0 =

(36)
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gauge theories.” The term S(£° ) does not make a contribu-
tion to S, since it vanishes by virtue of the equation of
motion (21). In the calculation of the kinetic quark term
So(x) it is necessary to take into account that the quarks
situated at the ends of a string form parts of the boundary
d=. By virtue of this, we write

i _ Oz, 0z, 0n' dn
T om‘ont dy dy

=gan(n(y)) 0"
The variation of the quark action

2 1 .i.h d i
So=] ay {_Z_(g,,f‘—;‘—ﬂrnZ) +8T"(7)A;-—"-} (37)
"t

dy

with respect to %’ (¥) leads to the equation of motion of a
quark (in the natural parameter y = s)

dZi .dhdl
m( " g, 909

ds? ds ds (38)

3
) — eTuGa,ih dn .
ds
Variation with respect to A gives A< = (1#?)'/2/m. Taking
this into account, we can express the kinetic term in (14) in
terms of the length / of the quark trajectory:

n

s.0= 23(m fariny®) - Yo

g==t

(39)

g=1

the form of which is determined by Eq. (38).
As a result the correlator K(1,...,n) takes the form

~ik, (1) §c°’.'(0) {exp[ —koA (D) ——i mgl, ]} ¥, (40)

Here the factor W takes into account all the nonleading (in
1/N) contributions that arise from allowance for Gaussian
fluctuations about the classical fields. Amongst these contri-
butions, in particular, are sums over surfaces and quark tra-
jectories (see formula (13)), over zero modes, etc.

To conclude this section we shall give a short explana-
tion. The final answer for the correlator (1) should be a
function of the contours I'; (i = 1,...,n), while the area of a
surface of constant curvature is a function of the entire
boundary d% = I', which includes not only the I'; but also
the quark trajectories. However, after these trajectories have
been found (by solving Egs. (38) ), they become functions of
the ends of the contours I';. This classical problem, like the
problem of the determination of the coordinates of the sur-
face X (the position of which is also determined by the con-
tours I'; ), can be fully solved, if this is desired, but this is not
the purpose of the present paper.

4. QUANTIZATION OF THE CHROMOELECTRIC FLUX AND
ACTION

According to Eq. (21) the classical color spinor (the
fundamental representation of SU(N)), defined on the
boundary d2 =T, is covariantly constant. As follows from
the preceding section, into Eq. (21) it is necessary to substi-
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tute the gauge field 4 {(77) (28), which is the exact solution
of the Yang-Mills equation (18) with spontaneous breaking
of the gauge symmetry SU(N) to U(1). According to the
boundary condition (19), (26), the color vector (the adjoint
representation of SU(XN)) on_the boundary is replaced by
the kernel (20) of the integral operator of the quark color
spin, i.e.,

P(n(y)=I(y) =it (1) (A"/2) cala(y) =T (¥).

The action of such operators in the space of holomorphic
functions f(£ *) and the action of a product of operators are
specified by the formulas'®

r1) =11 Gt atar e, vr@res{ 1 0t}

(41)

(11 (&) (42
S ] | AT SPACY AT ST MLA 3
(43)

(The extra factor i has arisen because of the Euclidean con-
jugation rule (15) and ensures that the integration measure
is real.) By means of the expression (43) one can check that
the quantities (20) satisfy the algebra of SU(N):

[7(y), T°(y) 1=if*T(y)

and that

Yirwrm=c.mi, (44)

where C,(F) = (N2 — 1)/2N is the Casimir operator, and

E=iY it

c=1

(45)

is the kernel of the unit operator in the fundamental repre-
sentation.

Application of formula (42) to the right-hand side of
the equation of motion (21) leads to the following result:

d i
5. (1) dy=—iC.(Fa(n (1)) G- E(1). (46)
Solving this equation, we obtain
E(y) ="M (0), (47)
where the phase
T v
d i
oY) =C.(F) 5ds—dz—a‘(n)= rf dsa, (48)

does not depend on the index ¢ = 1,...,N, this being a conse-
quence of the spontaneous breaking of the SU(N) symmetry
to U(1). The phase @ (y) forms mappingsS ' —»S ', whichcan
be decomposed into homotopy classes characterized by a
winding number Q, since for the mappings the homotopy
group 7, (S') = Z. In other words, for the spinor (47) to be
single-valued as a function of the parameter ¥ it is necessary
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to require that the result of going round a closed contour
lead to a phase that is a multiple of 2, i.e.,

o()=r jdya,:C,(F) ¢dn‘ai=2n0,

0=0, =1, =*2.... (49)
Mappings of a given class cannot be continuously deformed
into mappings of another class without destroying the sin-
gle-valuedness of &, (¥).

The relation (49) leads to quantization of the chromo-
electric-field flux

eih

g'/:

2nQ
C.(F) ~

0= ¢d1]ia‘ = ?1 j ding™

I'=9Z

F, Ej‘ ding™'F =
z

(50)

Using the expressions (30) and (36) we find that the action
Sy.m (4") is also quantized:

Sy.M=JT:|Q|- (51)

Another quantity that takes discrete values is the area 4(2)
swept out by the string:

A(Z)=2n|Q|/e*C.(F). (52)

We note that, despite the relation (36), the action S+.
m (A°") does not in fact depend on the magnitude of the
arbitrarily introduced scale parameter d. This is a conse-
quence of the fact that, according to (33), the surface = hasa
constant scalar curvature R ~ 1/d 2.

The topological number Q can be written in an explicit-
ly gauge-invariant form, using the last equality of (50) and
(27):

I e )
— dz ‘Iz-F — d? ik Ja G.°®
Q _Z:n‘[ ng —_,mj ne™l*(n) Gy (n).

z

(53)

At the end of Sec. 3 we used a gauge in which the vector
I° was constant. By means of gauge SU(N) transformations
it is possible to rotate the vector locally from point to point.
The dual quantity *F'is an invariant under such transforma-
tions (see (53)), despite the fact that its concrete relation-
ship with the gauge-noninvariant quantities a;(7) and
I? () depends on the choice of gauge. For example, if to the
quantity (28) we apply a transformation from an SU(2)
subgroup, then *F is written in terms of new quantities a;
and I” as

¢

, , I ~ ,
°F = 2g'/: {eubclﬂ 3{1” ahW— +6,a,, —‘ah(h },
a, b, c=1, 2, 3.

The relation (50) gives the gauge-invariant flux of the
field F;, . One quantum of this flux is equal to

®,=2n%c/C,(F). (54)

(If we had followed analogies with the theory of supercon-
ductivity and considered the flux of the (total) field G ¢
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(29), we should have obtained a gauge-noninvariant expres-
sion for ®,, which, moreover, would have contained the bare
charge &, which is unreasonable.) It can be seen from the
expression (54) that with increase of the number N of colors
the flux quantum ®, decreases, since

O,~4nhc/N, N>1.

By means of global SU(N) rotations it is possible to go over
in a continuous manner from one value of £, (0) in formula
(47) to another. This freedom of choice of £. (0) does not
correspond to yet another homotopic classification. The sit-
uation somewhat resembles that in the CP, model, but there
is an important difference. In the CP, model the spinor field
is specified on the entire surface, whereas in our case £, (¥) is
defined only on the boundary d%. Henceforth, in calculating
quantum fluctuations, one must regard the quantity & ¢'(0)
as the zero Grassmann mode and integrate over it.

5. CONCLUSION

In the preceding sections we have described a topologi-
cally nontrivial solution of the Euclidean field equations that
spontaneously breaks the gauge group SU(N) to the local
Abelian subgroup U(1). The non-Abelian structure of the
theory was used at the following points:

1) the 1/N expansion in the number of colors in the
derivation of S,y (14);

2) the intensity G ¢ (77) (27) is expressed in terms of
the vector I° (), the magnitude of which is determined,
with allowance for the boundary condition (26), by the col-
or spin of the quark. This spin is nonzero for N>2 and there-
by ensures a nonzero value of the intensity (27); the require-
ment of covariant constancy of the vector I° () follows
from the non-Abelian equation (18);

3) the quantization of the action and of the flux ® is due
to the single-valuedness of the color spinors £, () defined
on the closed contour I'. We note that the quantities &, (7)
themselves appear only in the non-Abelian theory (formula
(11)). Thus, in the Abelian case we would have neither S ¢
(14), nor flux quantization, nor the very field configuration
that describes the bare string.

The solution considered is nonperturbative in the
charge ¢. This follows from the fact that the metric g (%) in
terms of which the field 4 ¢(77) is expressed (see formulas
(18)-(33)) is the solution of a nonlinear equation (in con-
formal coordinates, the latter reduces to the Liouville equa-
tion). The topological classification should ensure stability
of the solution. Together with the fulfillment of the quasi-
classicality criterion S>7 for Q> 1 this gives grounds for
hope that the quasiclassical approximation can be success-
fully applied (on the basis of the solution described) to the
calculation of the remaining integrals (13) in terms of which
the hadron correlators (1) are expressed.

"The subclass of two-dimensional fields is distinguished from other field
configurations in that it is this subclass which contains a topological
section whose homotopy classes are characterized by the number Q (see
Sec. 4).
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2The method of steepest descent in the presence of Grassmann variables is
considered, e.g., in Ref. 6.
3This question is considered in more detail in Ref. 1.

'G. Iroshnikov, Proceedings of the International Seminar “Group Theo-
retical Methods in Physics”, Yurmala, 1985, VNU Science Press BV,
Utrecht (to be published); G. S. Iroshnikov, Yad. Fiz. 44, (1986) [Sov.
J. Nucl. Phys. 44 (1986)].

28. Samuel, Nucl. Phys. B149, 517 (1979).

3G. S. Iroshnikov, Yad. Fiz. 38, 512 (1983) [Sov. J. Nucl. Phys. 38, 304
(1983)].

4. Ishida and A. Hosoya, Prog. Theor. Phys. 62, 544 (1979).

SN. V. Borisov and P. P. Kulish, Teor. Mat. Fiz. 51, 335 (1982) [Theor.
Math. Phys. 51, 535 (1982)].

1129 Sov. Phys. JETP 63 (6), June 1986

SP. Raymond, Field Theory: A Modern Primer, Benjamin/Cummings,
Reading, Mass. (1981), p. 214 [Russ. transl., Nauka, Moscow (1984)].

’S. Ryang and J. Ishida, Prog. Theor. Phys. 66, 685 (1981).

8G. S. Iroshnikov, Dokl Akad. Nauk SSSR 280, 88 (1985) [Sov. Phys.
Dokl. 30, 47 (1985)].

°P. Becher, M. Béhm, and H. Joos, Gauge Theories of Strong and
Electroweak Interactions, Wiley, N. Y. (1983), p. 182.

%A, A. Slavnov and L. D. Faddeev, Vvedenie v kvantovuyu teoriyu kali-
brovochnykh polei (Introduction to the Quantum Theory of Gauge
Fields), Nauka, Moscow (1978), p. 62 [English translation published
by Benjamin/Cummings, Reading, Mass. (1980)].

Translated by P. J. Shepherd

G. S. Iroshnikov 1129



