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Parametric excitation of spin waves is investigated under conditions of frequency drift at a
constant rate. This drift may be due either to accumulation of nonequilibrium spin waves via
relaxation of parametric spin waves, or to variation of an external electric field at a constant rate.
The waveform of a packet of parametric spin waves in k space and the dependence of the number
and phase of the waves on the pump power and on the drift velocity are determined. It is shown
that the spin-wave behavior depends substantially on the sign of the quantity Sdw, /dt, where S'is
the matrix element of the pair-wave interaction. In particular, at Sdw, /dt > 0 the number of
waves decreases with increasing drift velocity. At Sdw, /dt < 0 the dependence of the number of
parametric spin waves on the drift velocity exhibits hysteresis. The stability of a system of
parametric spin waves to small perturbations is investigated. Under conditions of intrinsic drift
due to accumulation of nonequilibrium spin waves, the number of the waves has a smooth
dependence on the supercriticality. This can lead to a systematic error in the determination of the

spin-wave damping by measuring the parametric-spin-wave excitation threshold.

1. INTRODUCTION

A nonlinear theory of parametric excitation of waves
has by now been developed in considerable detail. In first-
order approximation in the wave interaction (S-theory) it is
possible to determine characteristics such as the number N
of the waves, phase correlations, the absorbed power, the
frequencies of collective oscillations, and others (see the re-
view'). In this approximation, the stationary distribution
function of the parametric spin waves (PSW) is singular:

Nxe=Ngq (koz/vn)vG(ﬁ)k"(x)y/Z)6((1)—(1)?/2). (11)
Here

(g ) =N (k—k') § (0—0")
is the autocorrelation function of the wave amplitudes, w, is
the parametric-pump frequency, k, and v, are the wave
vector and the group velocity of the waves in the direction of
the solid angle {2 on the resonant surface v, = @,/2 in k-
space. Allowance for the scattering of the waves by one an-
other leads to finite widths of the packet with respect to both
the true frequencies, Aw, and the eigenfrequencies Aw,,
where Aw ™' is the correlation time of the PSW amplitudes
a, (1), while Aw, characterizes the dimensions of the PSW
packet in k space.

The existing theory explains most experimental facts on
parametric excitation of spin waves in ferro- and antiferro-
magnets (see, e.g., Refs. 1-8). However, the results of a
number of experiments initiated in 1977 contridicted not
only the nonlinear but also the linear theory of parametric
instability.>'°

In these experiments, performed with ferro- and anti-
ferromagnets, an anomalously rapid damping of the PSW
wave was observed compared with the relaxation frequency
determined from the threshold. This character of the damp-
ing can be attributed to the presence of elastic scattering of
the waves by inhomogeneities. A thorough investigation has
revealed that in antiferromagnets the anomalous relaxation
is most readily due to elastic scattering of PSW by the nu-
clear spins.!' As a ferromagnets, elastic scattering in them is

447 Sov. Phys. JETP 63 (2), February 1986

0038-5646/86/020447-08$04.00

weak and cannot lead to a substantial change of the damp-
ing.'>!3 Moreover, analysis'> of the experimental data has
shown that in ferromagnets there is only one microscopic
relaxation time, and that both dampings (I, of the anoma-
lous correlator and 7, determined from the threshold) are
caused by the same proper relaxation of the spin waves.

It was proposed even in the first study of relaxation of
anomalous PSW in ferromagnets'® that a PSW packet has an
appreciable width in terms of the eigenfrequencies,
Aw, R 7, . In a packet having a large wave-vector width the
anomalous correlator should be damped with a characteris-
tic time I',” !, where

Fk='Yx+A(1)k. (1.2)

The presence of a considerable eigenfrequency width of
the PSW packet was proved in Ref. 12 by direct experiment.
A later more detailed study'® has shown that the packet is
not only broadened but also shifts in k-space. This shift
should lead to broadening of the packet in terms of the eigen-
frequencies w, . If the wave eigenfrequency w, drifts in k
space, new waves enter into resonance at each instant of
time, and those PSW that were at resonance before are
damped. One can expect that if the eigenfrequency changes
after a relaxation time ,” ' by an amount of order 7, , the
width Aw, of the packet becomes of the order of y, . The
cause of this frequency drift is, in our opinion, the accumula-
tion of nonequilibrium spin waves (NSW) produced as a
result of PSW dissipation. The presence of a large number of
NSW at small k& was observed long ago.'*!* It is natural to
expect the number of NSW to increase linearly with timeina
certain time interval and then reach a stationary regime. The
nonlinear shift of the frequency on account of the NSW ac-
cumulation is

mk=(ﬂko+22 Texnie, (1.3)
"

where n, are the occupation numbers of the NSWand T, , is

the four-magnon interaction amplitude. If it is assumed that
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relaxation of one PSW produces one NSW (see Sec. 3), we

get
1 dmk dnk' ZTNp
= Ter ~ -
27 dt Z‘ ™ Y

(1.4)

1

where T is the characteristic value of 7, , and N, is the
number of the PSW. Substituting for N, the expression that
follows from the S-theory:

|S|N,,=7(§’—1)"', (1.5)
where S is the matrix element of the PSW-pair interaction
and £ ? = h 2/h % is the ratio of the pump power to threshold,
we get

1 d(l)k ~ 2T

v dt |8

(1.6)

©@-1",

The values of T and S are of the same order, so that the
estimate (1.6) demonstrates the presence of an appreciate
drift, where the dependence of the width on the supercritica-
lity agrees qualitatively with the experimental data.'®!>!?

In recent experiments artificial spin-wave frequency
drift was produced by varying the external magnetic field at
a constant rate. To interpret the experimental data for either
artificial or natural drift of the eigenfrequency, the corre-
sponding S theory must be modified. In the S-theory approx-
imation the study of the wave-packet form consists of two
states. In Sec. 2 we obtain first the form of the PSW packet
and its amplitude, given the total pump P, and the thermal
noise. This is followed in Sec. 3 by a self-consistency proce-
dure, since the self-consistent pump P, acting on the PSW is
itself dependent on the wave amplitude and phase. As a re-
sult, the behavior of the PSW system depends substantially
on the sign of the derivative Sdw, /dt. At Sdw, /dt <0, start-
ing with a certain drift velocity, the PSW packet can have
three stationary states. To determine the solution that can be
realized in experiment, we check in Sec. 4 the stability of the
solutions obtained and determine the frequencies of the col-
lective PSW oscillations. We show, in particular, that if the
stationary state of the PSW in the absence of drift is stable,
the stable states at Sdw, /dt <0, are those with amplitudes
close to the thermal noise as well as the highest-amplitude
state that goes over as dw, /dt—0 into the S-theory solution
(1.1), (1.5).

In Sec. 3 we investigate also the dependence of the num-
ber of PSW on the pump power in the presence of a self-
consistent natural drift with velocity proportional to the
number of the PSW.

2. FORM OF PSW IN THE PRESENCE OF FREQUENCY DRIFT

1. The S-theory equations formulated in terms of corre-
lators are ’
Onk/0t+27knk+2 Im (Pk.O'k) =2"{knko,
(2.1)
dov/ot+2] “{k+i ((Dk—(x)plz) Joxt2iPyny=0,
where n, = (|ay |*) and o, = {a,a _, ) are the normal and
anomalous correlators of the PSW amplitudes, and 7 is the
thermodynamic-equilibrium distribution function of the
waves.! The quantity P, is the self-consistent pump:
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Py=hV,+ 2 SkxOxe, (2.2)
oK

where S, , = Tk, kK K is the amplitude of the four-wave
interaction of a pair of waves with opposite momenta. The
PSW packet is localized near the resonance surface
oy = o,/2 and falls off rapidly with increasing distance
from it. It is convenient to transform in Eqs. (2.1) to new
variables, the frequency detuning £ = w, —w,/2 and the
solid angle Q! = (8,p) of the wave vector k:

(2.3)

Na, ;=vnnk/knz.

The quantities %, ny, vy, S,,.» are continuous functions of
|k|, and using the fact that the PSW packet is narrow we
obtain therefore from (2.1)

OMe, ol 0t-+2Yane, o+2 Im (Pg's, o) =2yan’,

2.4)
86., o/0t+2[Yat+i(etg(t)) o, o+2iPan., =0,
where g(¢) is the drift of the eigenfrequency:
g(ty=ox(t)—0:’. (2.5)

In the stationary drift-free case, these equations have as solu-
tions

g(ty=const=0, 7. o=|Pa|’n’/(e*+va*—|Pa|*). (2.6)

In the limit as n°—0 this solution tends to the standard S-
theory solution. In the case |Pg | >y, the solution of the
system (2.4) increases exponentially with a growth rate

Ve, n=—70+(lpo|z—82)'/’. 2.7)

The region of the instability of the waves in k space is given
by the inequality v, ,, >0, which corresponds to

[e]<(|Pa|*—7ya®)". (2.8)
In the linear-drift case of interest to us we have
g(t)=a(t—4). 2.9)

Such a frequency drift can lead to the appearance of PSW
packets that move in k space. The PSW distribution in angle
in such a packet is constant, and the eigenfrequency w{ var-
ies at a constant rate. At each instant of time in the course of
the drift, some waves land on the resonance surface
oy (1) = w,/2, and others depart from it. The incoming
waves have thermal-fluctuation amplitudes, and in order for
them to increase significantly it is necessary that the instabil-
ity threshold |Pg | > ¥, . In this case the waves that land in
the instability region increase with a growth rate

Vnzlpal_xn (2.10)
[see (2.7) ], pass through it within a time
1=2(|Pa|*—1a") *|a| T'=2[2y (|P|—y) I*]a|~,  (2.11)

and their number increases to

na(t)=~n® exp (2vat) &n exp [4(27) " (| P| —y) | ]™'] (2.12)
on the instability-region boundary. These wave leave next
the instability region and are damped within a time ~ 7. Far
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from the instability region, the drift can be neglected and we
have in accordance with (2.6).

Reg—n’woe™2, (2.13)
The central frequency w, of the PSW packet is on the edge of
the instability region and differs from w, /2 by

Aor=0x—05/2=(|Pa|*—7a?) "a|a|"". (2.14)

It follows from (2.12) that in the absence of thermal noise
the PSW amplitude is zero.

For a qualitative analysis of the PSW amplitude and
phase past the threshold it is convenient to use the condition
that the pumped-in and dissipated energy fluxed be equal:

RV sin p=1, (2.15)

where ¢ is the phase difference between the PSW anomalous
operator and the pump.' The vector So on the vector dia-
gram (Fig. 1) makes thus an angle ¢ = arcsin(y/h¥) with
the pump AV (we assume here for the sake of argument that
S§>0).ThesumhV + Soistherenormalized pump. We esti-
mate now the angle between P and So. It follows from Eqgs.
(2.1) that in the stationary case

Ox=—1iPxnx ['Yk+i((0k—(1)p/2)]—i, (216)

therefore
Re Py’ ox=—(0x—05/2) | Px|*nc[ 7’ + (0x—05/2)*] 7. (2.17)

At not too fast a frequency drift the packet is narrow in
frequency, so that |P, |> = 7, + Aw;, at the center of the
packet, and hence

Re Py'0v®—Aoxnx. (2.18)

Thus, at a positive drift Aw, >0 and the angle between
So and P is obtuse. Therefore |So| is smaller than the ampli-
tude (|AV|> — ¥*)"/? of the PSW in the absence of drift. In
the case of negative drift, Aw, <0 and the angle between So
and P is acute, |So| > (|AV|? — ¥?)'/? at any drift velocity.
Strictly speaking, at negative drift the condition (3.15) can
be met also in the case when the angle between the vector So
and AV is w — arcsin(y/hV) (line 2). For such a solution to
exist, it is necessary that the drift be large enough. As shown
in Sec. 4, however, this solution is unstable.

2. To investigate the PSW packets produced in the case
of drift with constant velocity (2.9), it is convenient to
change from the variable ¢ to the variable w, the running
value of the frequency detuning, w = € + at. The stationary

FIG. 1. Complex plate of the pump vector. #V—external pump, y—
damping, P—self-consistent pump: O4—drift-free, OB(OC)—positive
(negative) drift. So = Z,. S, 0 —field of the pair-system reaction.
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drift of the packet is described by solutions that do not de-
pend explicitly on the time. They satisfy a system of three
linear equations:

7]
( @ +2¥aq ) Nyp,0t2 Im (Pg’6,u,0) =2707°,

i)
( o ™ +2y,+H2iw )0.,,,9+2iP9n,,,,9=0, (2.19)

a .
(a ™ +2y—2iw ) Ow,a—2iP,' N, o=0.

The solutions of this system should sbviously, satisfy the

boundary conditions

(wa—n°), Oug, Oua—=0 as w—zow, (2.20)

The solutions of the homogeneous system (2.19) have as
|w|— oo the asymptotic forms

Im (Pg*0u,0) @exp [2w (—Yatiw)/a]; exp(—2Yaw/a).

Not one of these solutions tends to zero as w/a— o, so that
no linear combination of the homogeneous-system solutions
satisfies the boundary conditions (2.20). This means physi-
cally that parametric excitation of drifting waves is impossi-
ble in the absence of thermal noise. To determine the form a
drifting PSW packet we must therefore find for the system
(2.19) a regular solution that satisfies the boundary condi-
tions (2.20). The requirement that the solution be regular is
equivalent to the external-stability condition imposed on the
stationary state of the PSW in the absence of drift.

3. Equations (2.19) that describe stationary drift of a
PSW packet can be made nondimensional by introducing
the new variables

xg=UJ/'Yn, nn=a/2Y02, HQ=PQ/'YD- (2.21)

The solid angle Q in Egs. (2.19) is a parameter; we therefore
omit the dependence on the solid angle when investigating
the eigenfrequency makeup of the packet at fixed Q. It is
convenient to introduce in (2.19) new variables

U(z)=Re(Il'o(z)), V(z)=—Im(II'c(z)),
M(z)=n(z)—n° (2.22)

and use a Fourier transformation to lower the order of the
differential operator:

f(z)= S foe™ d. (2.23)
As a result we obtain from (2.19)
(A+inA) Mu—V,=0,  (1+inA) Ur—idVs/dr=0,
(1+in) VatioUs/ 0h— | TT|2 [ M3+n"8 (A) ] =O0. (224
Following the change of variable
(2.25)

z=(1+inA)¥/in
we obtain from (2.24)

d_z‘j+(_i_ i|n|’)V= i nOG(HL) . (226)
dz? 4 4z 20z n

Solutions of this equations'®!” are Whittaker functions with
index m = 4, viz., W, ,(z) and W_, , ( —z), where
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n=—i|T1|*4n,

oo

—-z/2 *
— 5(1 +i) etdt.
T(1—x) |, t
We are interested in the solution of (2.26) on a parabolic

contour specified by the condition (2.25) for real A:
Rez=2), Imz=(A’n*—1)/n.

(2.27)

W (2) = (2:28)

AsA— + «
[Wan(2) [0, | Worn(=2)| >
Asd— —
| W (2) | o0, | W _w(—2) | 0.
Consequently

. AWU,'Ic (Z) ] A=>0
42 "{ BW—y,(—2), A<0

(Rez>0)

(2.29)
(Re 2<0)

AtA =0 (z= - i/7n) the function ¥(z) is continuous, but
its derivative is not. As a result we obtain
A Wx,‘l; ("l/'l’]) =BW—%,‘/: (l/T]) ’

AWL'% (—'i/‘r]) +BW"’¢,'/: (i/'n) =— I II l zno/z.

The integral amplitude of the PSW packet (the number
of waves N, ) is expressed in terms of the Wronskian of the
Whittaker functions W, ) (z)and W _,, 4 (2) and of their val-
ues at the pointz = — i/7:
ko’
v

(2.30)

No= jMQ(x)

nko®

v

Yn d.‘t

i

IHglzn"A“W\‘,.,.‘(—:]—) W_,‘,A,,(T]\ C@an

=—'Yg
where
A=W, 5 ()W (—2) + W, 1, 2) WL, (—2) =—e™.  (2.32)

The integral characteristics of the anomalous correla-
tor are expressed in similar form

kJ

Vo=—1a o j Im (Hg'og(x))dz=N,, (2.33)
ko’
“Ua="a ” jRe(Hn'og(x))dx
nkg®

d
v | r‘[“ | ZnoA—-i d_Z[ W%,'/a (Z) W—‘K.'lx (—Z) ]z—-—i/n-
a (2.34)

Table I lists the values of the integral amplitudes N,
and Uy, referred to 7k 3 |1 |y n%/vq in all limiting cases
that arise at various values of the parameters 7 (the drift
velocity) and renormalized pump |II|.

Up to the threshold of the parametric instability and at
low drift velocity |7]| <1 we have the usual below-threshold
heating of the wave system. In this case

= i'Yn

ko’ | Pof® (2.35)
Ng= R — '
o= Ug (Ynz—lpnlz) "

just as in the absence of drift. In the case of a small excess
above threshold and very small drift |7|<(JI1|> — 1)%/? we
get

o’ n® |Pa]* ex
e (IPDII“‘YDZ)%

This is just the case that we have discussed qualitatively in
Subsec 1 of Sec. 2, and the present result (2.35) agrees qual-
itatively with the earlier estimate (2.12). It can be seen from

the table that the amplitude ratio is here

4(|Pal*~1a))*
3oye

(2.36)

Nn=ﬂ;

Uo e a (|Pa|’=1a)" (2.37)
— =~ —(|II|*—1)*sign n=— ——————_ '
. (1| =" 1] "

At a higher drift velocity |9| 2 (|II|*> — 1)*/2 the number of
the PSW has a limit close to the thermal value:

(2.38)

ko’ iy | el
No=n “[1+(21n2/|a|)’*]|—$l—n°.

v Q

With increasing drift velocity, the integral amplitude
Re(P%o0, ) decreases in proportion to |7| ="

TABLE I
1 i i id
= Wx, 1, (-?) Wex, 1y, (F) Kd—z[w":'/*(') Wy, ’/‘(—')]l'=-"/'fl
Ini<€i]| 1] <1 1
(le] <y P]) (|P|<?)} (1— | I | 3/ 0
1n]<€(|11]2—1)" [m]>1 2 ch (2§)
Ual<(Pr—"m (P> } (mp—tyn |~ 2she9)

(I p— 1) <n| <1 }

. 2l
WP =iy <lel < S |11 /'[3"@ T

3'/ In I‘/l

Inl>n| } oxp (1 | % | ) sh (ixn)
(lal>1PIY) inm
*Note. 2¢ = 5~ '{|M|2arctan[ (1|2 — 1)"/?] — (JO|2 = 1)'/2},

25/377,

mz 1.26, C = 0.577... is the Euler constant.
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X sh (i ) In

[P — 1] —37ssignn

2 .
-—-Eexp(nlxl)x

4m?
[ILJ2+4|nfe=C
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We determine now the position of the center of the
packet Aw, and its width §, in terms of the eigenfrequen-
cies. If the PSW packet amplitude is large enough, waves
having frequencies far from resonance make a small contri-
bution. Neglecting these “tails,”” we get

E=j wV(w)dw/j V(w)dw

(2 A2 )
T 2v(0) A=—0 N Jamia 1’
(2.39)
w= ijV(w)dw/fV(w)dw
() (%) ]
TTvol\ ot e Vot /e
8,2 ="
In the case when |7|<(|IT|> — 1)*/%,
o , a|Pq|?
—_ D, |2 —vy %) — ,
Awox Ial(l a|*—Ya") -8-'{;;([1')9[2-'102)
oyt = — L 1Pl (2.40)

4ya(|Pa’—ya")"
In the other case, when the number of PSW is substantially
higher than that of the thermal ones, |P |*>a>|P |y, we have
|P° I 2 az
20 Y (P 2lale )

Aﬁ)k =

|Pal? o (2.41)
Q
1 > A’

z yE(PalR2lale?) Ot
In all other limiting cases the PSW numbers are of the same
order as of the thermal and will not be considered here.

For the number of PSW to be quite large and experi-
mentally observable, the following condition must be met:

[n|<|TI|* arctg[ (|TT|*—1)*]— (| TT|*—1)". (2.42)

8i2= I P, | z_,YDz.{_

We determine now the total number of waves in a packet and
the integral amplitude of the anomalous correlator, by inte-
grating (2.31) and (2.34) over the angles in k space, since
the values Ny, , ¥, and U, were obtained for a given direc-
tion (:

N = Nn.de,
T= jok
I,

Ml
p=—Re(II'Z/yN).

The expressions for N and u in various limiting cases take the
forms

N=Nq(n|a|ye/)"|Po|?
X exP[‘/s(lPOIZ—Yoz)"'/‘GIYO]»

p= (| Po|*/1e*—1)" sign a—a|P,|*/8(|Po|*—7.*)
at |a|<(|Po|* — ¥8)**/7,. We have used here the fact that
the surface-wave packet is narrow in terms of angle, so that

(2.43)
dQ d(l)k

~——(Uo—iVa) dQ=—ilIN (1—ip) |II| %,

(1Po]*—1

02) =

(2.44)
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we can put

|P(cos 0) [2=|P,|?(1—B cos* 6), (2.45)

where N is the number of thermal waves in a layer of width
Aw, = 7y, near the resonance surface:

No=4n*nk*y/v. (2.46)

This is the level from which development of parametric in-

stability begins. In the limit when 3 <|Po|?, |a|<|Po|* we
have

N=N:|a| (wp"|Ps|ys?)~* exp (x| Po|*/|a]);

(2.47)

= (4| Po|*/a)In(|a|/2¢|Po|).

At |a|> |Po|*>7*
2 2

N=N; IP“' =ﬂ_1n_li|_. (2.48)

Yo" a 2%,

In the case 12> |a|> (| Po|> — ¥2)*' /7o
N=Nz|Po|?/B"ys?,  p=(at/27s*)". (2.49)

3. PSW INTERGAL AMPLITUDE—SELF-CONSISTENCY
PROCEDURE

Knowing the expressions (2.44)—(2.49) for the num-
ber of waves in terms of the total pump, and the connection
between P, and the anomalous correlator (2.2), we deter-
mine now the dependence of the total number N of the PSW
on the pump amplitude 4.

1. For artificial drift, the self-consistency procedure re-
duces to finding the connection between the number of
waves and the pump power, using relation (2.2) from which

it follows that
|V |*=|P|*+2yuSN+ (1+p)*y*| P|~*(SN)?, (3.1

where

p=—Re(P"Z)/yN. (3.2)

The solution of this equation is

lSlNl IPI’S 42 2 pl-2—1 Y

= i 5 e () VP P14
3.3)

If the following condition is met (

Inl<(JI*=1)% (O] (e|<(P*=1)*/Y, |PlY),
(3.4)

the number N of the PSW is large compared with the thermal
noise, and u is determined by Eq. (2.44). From (3.3) we
obtain

| S| N, } _

RV|?
|SIN (PP—pyy -t g=

I S l RS

(3.5)
The simplest to analyze is the case Sa > 0. In this case only
the solution N, (¢) in (3.5) is meaningful. Figure 2 shows
plots of Ny, vs |P| from (3.5) and (2.44) at a fixed pump
power 4 2, low thermalnoise level

g=|S|N./y<1 (3.6)
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FIG. 2. PSW integral amplitude vs self-consistent pump from
Egs. (3.5) and (2.44): a—Sdw, /dt>0; b—Sdw, /dt<0;
curves 1 and 3 correspond to different thermal-noise levels
(NP SNP).

.

and various drift velocities. If the supercriticality exceeds
the thermal-noise level (£ 2 — 1)1/2> £, it follows from (3.5)
and (2.44) that

[SINy=y(&*—1) "~ {*/ay In[ (T*—1) "/E] } .

The first term in (3.7) corresponds to the known .S-
theory result. The number of PWS decreases with increasing
drift  velocity. At very low supercriticalities,
(&£2—1)"2<|n|'3 Eqgs. (3.7) are not valid, since the con-
dition (3.4) is violated. In this case the number of waves is
small compared with the thermal ones and is described by
Eq. (2.49). At large supercriticalities the condition (3.4) is
likewise not met, and one must use for N Egs. (2.47) and
(2.48), but the behavior of N as a function of the drift veloc-
ity @ remains qualitatively the same. The calculated plots of
N for £ = 1073 and various values of the pump power and
drift velocity are given in Fig. 3.

At negative drift velocity both solutions (3.5) can be
meaningful. It can be seen from Fig. 2 that at not too low
noise levels and not too high drift velocities there exists a
unique solution corresponding to the root &, in (3.5) and
described by Eq. (3.7). As Sa— — O this expression coin-
cides, naturally, with the S-theory result. If the noise level is
low and the drift velocity high enough, we have in accor-
dance with Fig. 2 three solutions for the number N of the
waves and for the renormalized pump P.

The smallest of the solutions N corresponds to a situa-
tion in which the noise level is so low, and the drift velocity

(3.7

SN/y 7
gl 2
C g
7
/L y
/
g 7 7

J
(1501
FIG. 3. PSW integral amplitude vs supercriticality at Sdw, /3¢ > 0 and

at different intrinsic drift velocities: @ = 0 (1); aS/2?|S | = 1072 (2),
3107 (3), 3 (4).
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high, that the time of passage through the stability region is
too short for the PSW amplitude to increase to a significant
values. The two other solutions correspond to the points 4
and B in Fig. 2; the solution corresponding to the larger
value of NV is represented by the point 4 and is stable, while
the intermediate value is represented by the point B and, as
shown in Sec. 4, is unstable. ‘

Figure 4 shows a set of plots of the number N of the
waves vs the pump power ¢ ?, calculated for various values of
the drift velocity @ and for a thermal noise amplitude
£=10""2

Thus, at fixed drift velocity, the dependence of the num-
ber of PSW on the pump power exhibits hysteresis. If the
radicand in (3.3) is positive (£ > £,), where

2_|h2V|2_ |P|z ~ 14 a'la

2 'Yz - 1_,_“'2 : 4,{‘/,{3/6 In[ (f;z—l)"’/E]}"' 4
(3.8a)
two stable states of the PSW can exist. With increasing pump
power at > {,, where
3 |a al \"* "’

s (S [ ]y, o
there remains a single state, which turns as a—0 into the
standard S-theory solution with an amplitude close to the
known expression (1.5).

2. If the drift of the frequency w, is due to accumulation
of the PSW relaxation products, it must be determined in a

SN/y

¥ 7
7
F1s 7
2
1
! | o
0 7

2 J
(ﬁzyz/},z_/)’/z

FIG. 4. PSW integral intensity vs supercriticality at Sdw, /3t < 0 at dif-
ferent intrinsic drift velocities: @ =0 (1); aS/2y*|S| = — 1072 (2),
—3.107'(3), —3 (4).
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self-consistent manner. The PWS drift velocity is deter-
mined by the rate of the NSW accumulation.

It is easy to verify that the number » = 3n, of NWS is
equal to the number of PSW dissipated within a time
(27,) ~". Indeed, the main PSW relaxation channel is via
coalescence with formation of a new NWS. The resultant
spin wave (SW), however, again decays to form two SW of
lower frequency. As a result, one PWS and a thermal SW
with momentum k, are transformed into two SW with mo-
menta k; and k,, i.e., relaxation of one PSW increases by
unity the number of SW that are not connected with the
pump (this accumulation mechanism was proposed by V. S.
L’vov).

Four-magnon scattering processes to not lead to excita-
tion of high-frequency SW. Indeed, in four-magnon pro-
cesses there are preserved not only the SW energy
E =2 o, n, but also their number n. Therefore, if the SW
were initially excited in the low-frequency region, most of
them will subsequently remain localized in this k-space re-
gion. Thus, the NSW should accumulate and lead to drift of
the eigenfrequencies w, . The velocity of the natural drift is
therefore specified by Eq. (4). More detailed estimates can
be found in our preprint.18 An expression for T, in a ferro-
magnetic given in Ref. 19. In the limit k'>k we have for
M ||[100]

27"
To =2ng [1 + (ﬂ”-) ]
@y

Do S lletT-

(034 ®p

)},
(3.9)

where w,, = 47mgM, g is the gyromagnetic ratio, M is the
magnetization , w, is the pump frequency, and w, is the
frequency connected with the crystallographic anisotropy.
For an yttrium-iron garnet at room temperature we have
0y =2m4.9:10°s, 0, = 270.23-10°s ", As a result, for
the frequency w, = 9.4-27-10° s~ at which the experiments
of Refs. 10, 12, and 13 were performed, the drift velocity is
anomalously small: 2T |S |~ !=3.5Xx 1072

When the pump frequency is changed by 30% the value
of 2T |S |~ ' fork’>kis increased by an order of magnitude. If
the parameter 27 |S |~ is not too large, the number of the
PSW can be found with the aid of expression (3.7)

|SIN=(|rV[*=y)"

—{3TNy*In [ (|AV|?/y*—1) [E]}™. (3.10)

At low supercriticalities £ < £ we have
&:—1=(37/2|S|) In g, (3.11)
TN="/y(5*—1)"1In [ (§2—1)"/E]. (3.12)

At high pump powers the solution is close to (1.5) of the S-
theory. A numerical calculation of the pump power for dif-
ferent values of the parameter 27 |S' |~ shows that even at
low values of this parameter (27 |S|~'2 10~3) the solution
deviates substantially from the .S theory. It should be noted,
however, thatat{ < £ the number of PSW increases insignifi-
cantly, so that it is impossible to observe in experiment the
increase of the number of the PSW at a small excess above
threshold. If the threshold power is defined as the pump
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FIG. 5. Dependence of N on h?/h? (h, is the threshold pump ampli-
tude) at different drift velocities: 1—a = 0, 2—27/|S | = 0.3, 3—2T/
|S|=1,4-2T/|S|=3.

power at which the number of PSW is 2% of the correspond-
ing number {2 = 2, the “measurable” threshold power ¢,
increases. Figure 5 shows the numerically calculated depen-
dence of the number of PSW on the pump power in units of
h2/h 2. The plot obtained in these coordinates is close to the
S theory, but the measured threshold differs from the true
one by 10-20%.

4. STABILITY OF STATIONARY STATE AND COLLECTIVE
SPIN-WAVE OSCILLATIONS IN THE CASE OF FREQUENCY
DRIFT

To investigate the stationary state of PSW one must
consider the evolution of small perturbations against the
background of this state. In this case,

Mz, £) =My (2)+ 8 (2, ), Uz, )=Us(2)+0(z, 1),
V(z, t)=Vo(2)+7 (z, ), (4.)

where M, U, and V are expressed in terms of the correlators
by Egs. (2.22). In the axial-symmetry case that we are con-
sidering, it is convenient to expand the solution in axial har-
monics:

Ma(e)= Yofl,@)e™,  Tale)= Jy0s(z)e™,
’ ’ (4.2)
Tal)= Y, Palz)e™.

The Fourier transformation (2.23) recasts the linearized
system in a form similar to (2.24):

(1—iQ/2y+inA) M, (A) =V, (R)

=21 (y|TI13) 'S, [V (M T, (0) =T M) ¥,(0) ],
(1—iQ/2y+inA) V', (A) —idT » (M) [9A— | T1| 24T, (A)
=2ny~'[T,U(A) M, (0)+S,M ()T, (0) ],
(1—iQ/2y+inA) U, (M) +idV , () /o

=2y~ [T,V (A) M,(0) +S,M (M) V,(0) ],

(4.3)

where T, and S, are axial harmonics of the matrix elements
T\ and Sy (Ref. 1). The operator in the left-hand side of
(4.3) is of the same form as operator (2.24). The eigenfunc-
tions of the corresponding homogeneous system are ex-
pressed in terms of the Whittaker functions W, ,, (»),
W _ .., (—y) and their derivatives, where y = (1 — i/

2y + igA)*/in.
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The right-hand side of the system (4.3) contains the
known functions M (4 ), U(A), and V(1) expressed in terms
of the Whittaker functions W, ,,(z), W_, ,,(—2),
where z = (1 4 inA)?/in, and of the values of the functions
M, U, and V at A = 0. We multiply the system (4.3) by the
solution of the conjugate system and integrate the result with
respecttoAd from o to0. Inthecase [a|<(|P|* — ¥*)*?/yof
greatest interest to us the maximum contribution to the inte-
grals is made by the region near A = 0. As a result we obtain
a system of algebraic equations; equating its determinant to
zero, we get the eigenvalues
Q, ,=—iy£{4[S,N+ (|P|*—4*) " sign o] (2T, +S,) N—y*} "

(4.4)
(see Ref. 18 for details). The obtained collective-oscillation
frequencies coincide with the oscillation frequencies of a
narrow PSW packet localized in k space on the surface
o, =0,/2 + Aw,, i.e., where the center of the packet of
drifting PSW is located.

Of greatest interest in experiment is the instability of the
p =0 mode, and we confine ourselves for simplicity to an
investigation of the stability with respect to this mode. The
stablity condition for p = O is

S0 (2T +8,) (|So| N—SeAwk/|Se]) =>0.

The problem of stability of oscillations with p = 0 reduces
thus to a determination of the sign of the quantity
g=SN+(|P|*—*)" sign (Sa). (4.6)

We assume for the sake of argument that S,(27, + S,) >0,
i.e., that the PSW state is stable in the absence of drift. For a
PSW system with drift to be stable in this case it is necessary
to satisfy the inequality g > 0. This condition is met if Sya > 0
(positive drift). If, however, S,a <0 then, as follows from
(3.5), the stable state corresponds to a positive root in (3.5),
i.e., to the largest V at a given pump power. In the derivation
of (4.4) we have actually assumed that the number of the
PSW is exponentially large compared with the thermal
noise, and thus we have therefore shown only that the states
corresponding to the points 4 and B in Fig. 2 are respectively
stable and unstable. As for the state represented by the point
C, the PSW level in it is close to thermal, and the renormal-
ization of the pumpis small compared withunity: |P | = |AV|.
Such a state is stable. Note that if the PSW packet is unstable
in the absence of drift, S,(27, +.5,) <0, we can at suffi-

(4.5)
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ciently high negative drift velocity (Sya <0) attain the sta-
ble state corresponding to the point B in Fig. 2.
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helpful discussions of the experimental results, D. A. Sha-
piro for a discussion of the properties of the solutions of the
Whittaker equation, V. M. Malkin for a number of helpful
remarks, and V. S. L’vov for constant interest and fruitful
discussions of the work.
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