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Theoretical and experimental investigations were made of parametric excitation of magnons 
under conditions of strong modulation of their spectrum by an external rf field H, cos w, t. 
Antiferromagnets CsMnF, and MnCO, were used in a study of the influence of the modulation 
field on the parametric excitation threshold of nuclear spin waves and on the phenomenon of a 
double parametric resonance. A theory was developed and used to calculate the pump threshold 
in the case ofsingle- and double-frequency modulation, and to simulate the behavior of a signal of 
the parametric system above the excitation threshold. The results of the theory were in agreement 
with the experimental data. 

I. INTRODUCTION 

The method of parallel microwave pumping is usually 
employed in studies of parametrically excited spin waves in 
magnetic crystals. The essence of this method is as follows. A 
sample is placed in a magnetic field H, + h cos w, t (hllH,) 
and when a certain threshold pump amplitude h,, is 
reached, a parametric instability develops in the interior of a 
crystal and it results in the decay of a microwave pump pho- 
ton into two magnons of frequencies w, + w -, = w, . If in 
addition to these an rf field H, cos w, t (H, IIH,, w, (w, ) 
is applied, then the magnon spectrum is subject to the fol- 
lowing modulation: 

oh ( t )  =o,,* ( d o , / J I l )  Ir,,,  c o s  o),,,t, 

which-as shown by Suhll-should increase the threshold 
for the excitation of parametric spin waves because of the 
departure on the average from the parametric resonance 
condition. This prediction was confirmed experimentally by 
Hartwick, Peressini, and Weiss2 in a study of pumping of 
ferrimagnetic yttrium iron garnet (YIG).  

Zakharov, L'vov, and Starobinets3 developed a model 
theory of turbulence of parametric spin waves (it is called 
the S theory) and this made it possible to study parametric 
spin waves in a much more thorough way. This theory was 
applied to experiments with field modulation by Zautkin et 

who carried out a detailed theoretical and experimental 
investigation of the influence of rf modulation on the thresh- 
old h ,, and the nonlinear susceptibility of YIG above the 
threshold. 

Similar investigations of parametric excitation of mag- 
nons under conditions of modulation of their spectrum have 
been carried out also on antiferromagnet~.~- '~ The most in- 
teresting results were reported in Refs. 7 and 8 for nuclear 
spin waves: an oscillatory dependence of the threshold am- 
plitude h ,, on Hm and w, was discovered for these waves7 
and strong anomalies in the behavior ofh ,, under conditions 
of two-frequency modulation of the field H,, cos w,, t 
+ Hm2 cos wm2 t were reported in Ref. 8. A simple theoreti- 
cal interpretation of these effects was given in Ref. 1 1, where 
it was shown that pumping of parametric spin waves at com- 

bination frequencies (pump frequency in combination with 
modulation frequencies) is possible at high amplitudes H, . 
However, the approach of Ref. 11 is not valid above the 
threshold. In the present study an analysis of the effects 
which appear in the case of strong modulation of the magnon 
spectrum is made using theS theory. In contrast to the treat- 
ment in Ref. 4, we shall allow for parametric instabilities of 
modes with various effective pump frequencies and for the 
interaction between these modes. In addition to the develop- 
ment of the theory, we shall also report some experimental 
results on the influence of modulation on the near-threshold 
and above-threshold behavior of parametric nuclear spin 
waves in antiferromagnets. 

PRINCIPAL EQUATIONS 

The system of equations for Nk , representing the num- 
ber of parametric spin waves with a fixed wave vector k, and 
for a , ,  representing their phase "mismatch" relative to the 
pump wave ( a k  =7/2 - Wk, where \Ilk is the time-depen- 
dent phase of a parametric magnon pair), can be obtained 
from Ref. 3 and represented in the form 

d@,ld~+b sin Ok=A+a cos QT+ (2r,+rs) N,,  ( l a )  

dN, ld~=N,  ( b  cos 0,- 1 ) .  ( l b )  
The following notation is adopted above: 

T-2ykt,  b=h/h ,,, Q--w,,,/2yk; 

a-- (ao,lari) (H, lyk) ,  A =  (0P/2-0lr)/yk; 

rT=-T,/hy,JT, rS=-S,/hyhJT; 

yk is the rate of relaxation of parametric spin waves; w, , w, , 
and ok are the frequencies of the pump, modulation, and 
spin waves, respectively; Tk and Sk are the coefficients rep- 
resenting nonlinear interactions of parametric spin waves3; 
SS is the number of magnetic cells in a sample; h ,,, is the 
pumping threshold in the absence of the modulating field. 

If there is no modulating field (H, = O), the main pa- 
rameters of a system of parametric spin waves above the 
threshold are described by the equilibrium values a$' and 
N p' (Ref. 3 ). The modulating field creates forced oscilla- 
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tions of the quantities 0, and Nk near these equilibrium 
values. The regime of weak modulation (a/n(  1 ) was stud- 
ied in Ref. 10, where good agreement between the theory and 
experiment was achieved. An increase in the amplitude Hm 
of the modulating field increased considerably the pumping 
threshold and parametric effects associated specifically with 
the modulating field appeared above the 
Forced oscillations of 0, and Nk observed in this case were 
complex because of the nonlinearity of the initial system of 
equations ( 1 ) . 

It is convenient to make the following substitution of 
the variables in the system ( 1 ) : 

8k=8h+A~.  

We then obtain 

d8h/da+b sin (&+As)  =a cos Qa+ (2r,+r,) N,, (3a) 

We shall now consider a class of solutions of the system 
(3), which conserve the quantities 

where 
vrn 

are the values averaged over a time T, that is a multiple of 
the modulation period: T, = 2an/51, where n = 1, 2, 3, ... . 
These are known as the quasistationary states which satisfy 

8, ( a )  =oh (Z+T,), Nk ( a )  = N ,  (a-ta,) (4) 

(and this is also true of the time derivatives of these quanti- 
ties). Substituting T-+T + T, in the system (3)  and using 
the relationships in Eq. (4) ,  we readily obtain 

sin (&+AT) =sin (ak+A~+Aarn)  ( 5  
and a similar equality for the cosine function. It readily fol- 
lows from Eq. ( 5 ) that 

Therefore, in the case of quasistationary states the 
quantity A=(op/2 - wk )/yk can assume a rational set of 
values, all multiples of 0. In other words, a parametric reso- 
nance is possible when the following "combination condi- 
tion" is satisfied: 

This condition can be regarded as the definition of those 
values of k at which parametric buildup of spin waves is 
possible. The possibility of parametric excitation of spin 
waves at different effective pump frequencies [see Eq. ( 7 )  1 
was first pointed out in Ref. 1 1 in connection with a calcula- 
tion of the excitation threshold of parametric spin waves. 
Obviously, above the threshold a signal from a parametric 
system is formed by a set of excited modes with different 
values of o, . Then, the behavior of each mode is described 

by its own set of values of Nk and 8,. However, the interac- 
tion between different parametric spin waves reduces (with- 
in the framework of the S theory) to a mutual renormaliza- 
tion of the spectrum. 

It should be pointed out that, strictly speaking, the sys- 
tem ( 1) is valid only in the case of fast modulation of the 
spectrum (a, )yk ), when a narrow packet of magnons is 
excited at the pumping threshold. However, if om 5 yk , then 
modulation of the spectrum of parametric spin waves be- 
comes smooth and the process of formation of a parametric 
instability now involves groups of magnons with different 
wave numbers: the amplitudes of the modes satisfying at a 
given moment the parametric resonance condition increase, 
whereas the amplitudes of those which are off resonance de- 
crease. These circumstances can be allowed for by rewriting 
the resonance condition (7 )  in the form 

where 
t 

and to is the characteristic time of the correlation between 
groups of excited magnons (essentially t ; ' represents the 
width of a packet of parametric spin waves). 

Consequently, the effective modulation field in Eq. 
( 1 a )  becomes - 
o, ( t )  -oh ( t )  +a cos Qz-a ( s i n  E / g )  cos ( Q ~ f g )  

where 

E=a [ I +  ( s i n  Elf,)'-sin 2E/E] I", 

cos cp= (alZ)  ( I - s in  2E/2g) ,  (10a) 

We can easily show that in the limit R)r; ' Eq. (9)  corre- 
sponds to fast modulation of the spectrum (6 = a ) ,  whereas 
in the opposite limiting case a packet of parametric spin 
waves can follow changes in the magnetic field ( 5 ~ ~ 5 ) .  
Since the conditions for the formation of a packet of parame- 
tric spin waves depend strongly on the rate of change of the 
magnetic field, the time to depends on both H, and a m ,  
which makes it difficult to determine the quantity 6 from Eq. 
( 1Oa) in the range of frequencies where 51 - r; '. Therefore, 
in our subsequent calculations we shall use a simplified for- 
mula 

which corresponds to the limiting cases. 

PARAMETRIC INSTABILITY THRESHOLD 

We shall now calculate the parametric instability 
threshold under conditions of modulation of the magnon 
spectrum. Since quasistationary states satisfy the condition 

it follows that the averaged form of Eq. (3b) can be repre- 
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a, /ZZ, kHz 

FIG. 1. Relative increase in the threshold of parametric excitation of nu- 
clear spin waves in CsMnF, plotted as a function of the modulation fre- 
quency and amplitude (0 ) -H ,  = 0.28 Oe, 0-H,,, = 0.85 Oe) record- 
ed at T =  4.2 K for Ho = 1.18 kOe and o,/2a = 1 GHz. The dashed 
curve represents a theoretical dependence from Ref. 11. The continuous 
curves are drawn using our formulas ( 14) and ( 16). 

sented by 

b= [(COS cos AT>-(sin Oh sin AT)] -'. (11) 

In the equation for the phase Bk near the pumping threshold 
we can ignore the term (2r, + r, )Nk responsible for the 
magnon-magnon interactions. Consequently, allowing for 
Eq. (9 ) ,  we obtain 

dOa/d~+b sin (&+AT) =a" cos (Qt+rp). (12) 
A self-consistent solution of Eqs. ( 1 1 ) and ( 12) allows us to 
determine the parametric instability threshold 6 ,, =h ,, / 
h  ,,, at given values ofii, 0 ,  and A. In general, we can find b ,, 
only by a numerical calculation on a computer. An approxi- 
mate solution of Eq. ( 12) can be represented in the form 

qJ=cp+cp,, tg p1=1/Q. 

This solution is valid for all values of S1 if ii( 1, A = 0, and 
8, (0)  = 0. In the opposite case (6% 1 ) , the solution ( 13) is 
valid only at high frequencies R)  1. 

In substituting Eq. ( 13 ) into Eq. ( 1 1 ), we must use the 
following formulas from Ref. 12: 

exp (ix sin y) 

where J ,  ( x )  are Bessel functions. 
Simple transformations make it possible to derive the 

following from Eq. ( 1 1 ) : 

b ,, - min I I,-' (8 (a2+  1) - I h )  I ; (14) 
I 

we then have 

Therefore, the relative increase in the excitation thresh- 
old of parametric spin waves under strong modulation con- 
ditions is governed not only by the deviation (on the aver- 
age) from the parametric resonance condition, but also by 
the possibility of development of a parametric instability at 
combination frequencies wp f la,. A result similar to Eq. 
( 14) was obtained earlier" in the resonance approximation. 
The formulas are identical for S1# 1, r;' = 0 and do,/ 
dH =2p, where ,u is a free parameter in Ref. 1 1. 

In the case of small modulation amplitudes (rig 1 ), Eq. 
( 14) can be transformed to 

If 7; ' = 0, this relationship is equivalent to the formula for 
the threshold field obtained in Ref. 4. 

We shall now compare the results of calculations of the 
threshold carried out using Eq. ( 14) with the data obtained 
from an experiment involving excitation of nuclear spin 
waves. In this case the explicit form of the argument of the 
Bessel functions is 

Here, on is the unshifted NMR frequency; HD is the Dzya- 
loshinskii field; H i  a 1/T is the hyperfine interaction pa- 
rameter. 

An experimental investigation of the parametric excita- 
tion threshold of nuclear spin waves was made under condi- 
tions of strong modulation of the spectrum of these waves in 
easy-plane antiferromagnets CsMnF, and MnCO, in the 
range of pump frequencies wp /272 = 1 .O- 1.2 GHz at tem- 
perature T = 1.6-4.2 K. We used the method described in 
Refs. 7 and 8 (the values of H ,  were mistakenly underesti- 
mated in Refs. 7 and 8 by a factor a). 

Figure 1 shows the relative increase in the threshold 
h  ,, / h  tho of a sample of CsMnF, as a function of the modula- 
tion frequency and amplitude. In contrast to similar curves 
for electron magnons, studied earlier in the same antiferro- 
magnets6 and in YIG  crystal^,^ we observed here singulari- 
ties in the form of peaks which shifted on increase in H, 
toward higher frequencies. In high fields H, z 4  Oe we were 
able to resolve the peaks with numbers right up to n = 10. A 
qualitative account of these singularities was proposed in 
Ref. 7. A more rigorous theory of Ref. 11 allowing for the 
pumping at combination frequencies provided a satisfactory 
description of the experimental curves in the frequency 
range w, 5 2y, (dashed curve in Fig. 1 ) . However, at lower 
values of w, the ratio h  , , / h  ,,, should rise without limit if 
the theory of Ref. 11 is obeyed. The continuous curves in Fig. 
1 are the theoretical dependences calculated from Eqs. ( 14) 
and ( 16) using the parameters taken from our experiments. 
The free parameter was 7; ' = 0.09 for the upper curve and 
7; ' = 0.02 for the lower curve. The assumption that 7; ' #0 
(i.e., that the width of a packet of parametric spin waves was 
finite) yielded a fundamentally new result: h  ,, / h  ,,,+l in 
the limit w, 4. 
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FIG. 2 .  Dependences o f  the frequencies o f  the peaks on an external mag- 
netic field Ho: 0 )  CsMnF,, HD = 0,  T =  4.2 K ,  H ,  = 1.4 Oe; .) 
MnCO,,HD = 4 . 4 k O e , T =  1 . 7 K , H m  = 1.15Oe,oP/2 ir=  1GHz. 

According to Eq. ( 14), peaks of the threshold h  ,, / h  ,,, 
occur when the values of the Bessel functions become equal 
as the argument increases: J, - , (x, ) = J, (x, ). This oc- 
curs at x ,  z 1.45, ~ ~ ~ 2 . 6 5 ,  ~ ~ ~ 3 . 7 ,  x,-4.9, etc. Therefore, 
variation of the parameters in the argument of Eq. (16) 
shifts similarly the threshold. Figure 2 shows the depen- 
dences of the positions (02') of the first three peaks ( n  = 1, 
2, 3)  on the combination (sum) of the fields (2H0 + HD ). 
We can see that in the case of CsMnF, (HD = 0)  and 
MnCO, (HD = 4.4 kOe) the positions of the peaks in the 
range w, > 2yk are accurately proportional to that specific 
combination of the fields, as predicted by Eqs. (16) and 
( 14). At the end of this section we shall give the results of a 
theoretical calculation of the threshold of parallel pumping 
of parametric spin waves under conditions of two-frequency 
modulation of the spectrum: 

where p,, is the angle of dephasing (phase mismatch) 
between the above two rf fields. We shall simplify the calcu- 
lations by using an approximate solution for the phase 9, in 
the form 

0a~Bh(O) + (aj/Qi)sin Q,t+(a, lQ,)  sin (Q2r+cp,,), 

where 

We can easily see that in the case of quasistationary states 
and two-frequency modulation by the field of Eq. ( 17) the 
mismatch A can be found from the relationships 

We carried out a computer calculation of the threshold 
using Eq. (1  1) in the frequency range w, > 2yk assuming 
that p12 = 0[ek ( 0 )  = 0 or r, in order to ensure that 
b ,, > 01. The minimum value of the threshold was found by 
selecting suitable combinations described by Eq. ( 18). The 
results are presented in Fig. 3a. Figure 3b gives the experi- 
mental data obtained in Ref. 8 (the theoretical calculation 

was carried out for specific values of the parameters in this 
investigation). We can see that there is a qualitative agree- 
ment between the theoretical and experimental curves. Some 
quantitative discrepancy is due to the simplifications of the 
model used in the calculations. 

COLLECTIVE OSCILLATIONS IN A SYSTEM OF PARAMETRIC 
SPIN WAVES 

The interaction of parametric spin waves with one an- 
other and with an external pump field gives rise to collective 
oscillations in the spectrum of an excited magnetic crystal3 
and these represent oscillations of N, and Ok against the 
background of a stationary state of parametric spin waves 
above the threshold. As already pointed out, a new phenom- 
enon in the form of a double parametric resonance of mag- 
nons was discovered and reported in Ref. 4. It was found that 
an rf field H, cos w, t excited parametrically collective os- 
cillations of frequency w, /2 in a system of parametric spin 
waves of YIG when the amplitude of the rf field exceeded a 
certain threshold value. This phenomenon has been ob- 
served subsequently in systems of electron6 and nuclear9 
spin waves in antiferromagnetics CsMnF, and MnCO,. The 
experimental results obtained were in reasonably satisfac- 
tory agreement with the theory of Ref. 4 in respect of the 
dependence of the threshold rf field (needed for the excita- 
tion of parametric collective oscillations) on the excess 
above the threshold h  / h  ,,, . However, these experiments re- 
vealed also a second threshold at which a double parametric 
resonance was suppressed at high values of H, and this was 
not explained by the theory of Ref. 4. The new threshold 
stimulated further experiments, which we carried out on a 
sample of CsMnF, using high values of H, . The black dots 
in Fig. 4b represent the dependence of the relative increase in 
the threshold h  ,, / h  ,,, on H, and the open circles are boun- 

kHz 

FIG. 3 .  Relative increase in the pumping threshold o f  nuclear spin waves 
under two-frequency modulation conditions (om, =w, ,  w,, = 2ir.40 
k H z ) :  a )  theory; b )  experimental resultss for CsMnF,; 
H,, = H , ,  =1.13 Oe, T = 4 . 2  K ,  H o = 1 . 2  kOe, w P / 2 a = 1  GHz,  
h = 0.2 Oe, yk ~277.20 kHz. 
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FIG. 4. Behavior of a system of parametric nuclear spin waves above the 
threshold, a )  Theoretical results where a thin continuous line shows the 
dependence h ,, (H, ) / h  ,,, . The dashed regions represent the subhar- 
monic signal w, / 2 .  The dotted curve is the limit of the calculations. In the 
regions between the wavy lines the oscillation regime is unstable (stochas- 
tic). b )  Experimental results obtained at T = 4.2 K for H, = 1.2 kOe, 
w, = 2r.1015 MHz, 0, = 2s.80 kHz. The black dots represent the para- 
metric instability threshold h ,, / h  ,,, . The open circles are the boundaries 
of the regions where the 0,  / 2  subharmonic signal is observed. 

daries ofthe regions in the (H, , h /h ,,, ) plane inside which 
there is a subharmonic w, /2 in the absorption spectrum of 
this sample. We can see that above the threshold of suppres- 
sion of the double parametric resonance there are at least 
two more regions where this effect reappears and disappears, 
and the positions of these regions in the plane in question are 
correlated in a certain manner with the peaks of the lower 
curve. The behavior of the w, /2 signal inside all the regions 
of existence of the double parametric resonance is approxi- 
mately the same: a signal w,/2 appears at the resonance 
excitation threshold and then, as H, is increased (for a fixed 
value of h /h ,,, or h / h  ,,, is increased (keeping H, fixed), 
the amplitude of the signal rises, reaches a maximum, and 
falls again to the noise level. An irregular (random) spec- 
trum is frequently observed beyond the maximum of the 
w, /2 signal. No other subharmonics of the modulation fre- 
quency, apart from w, /2, were observed in this experiment, 
whereas a study of a double parametric resonance of electron 
magnons in the same sample revealed not only w, /2 but also 
the subharmonics w, /4 and w,  /8, indicating the possibil- 
ity of realization in a system of parametric spin waves of 
stochastic regimes which develop after doubling of the oscil- 
lation period. 13,14 

We also simulated the experimental situation on a com- 
puter. We represented the system of equations (3 )  in the 
form 

d O j / d ~ + b  sir1 ( 8 , + A j z )  

=a cos S1.cSnj+Zn, (1%) 

d In n,/d.c=b cos ( ~ , + A , T )  - l - x n ,  (1%) 

where 
A,=@, j=O, f 1, f 2,  *3; nj--rsN,;  

r = r  ; n  =C n,. 
j 

The term - xn in Eq. ( 19b) describes a positive nonlinear 
attenuation of parametric spin waves. A numerical solution 
of the system ( 19) was made by the Newton method ( 100 
steps per period) with initial parameters Oj = 0, nj = 0 , l  for 
all the modes. The values of the parameters were selected in 
accordance with the experimental conditions: y, = 27.24.3 
kHz, a = 4.68 H,,, Oe, ?t = 0.2. After 150 cycles (when the 
transient processes were completed), the spectrum of oscil- 
lations of the number of parametric spin waves was calculat- 
ed by the fast Fourier transform method. Figure 5 shows 
typical Fourier spectra of a system of parametric spin waves 
which appear on increase in the parameter b =h /h ,hO. We 
can see how chaos grows in the system as a result of a se- 
quence of bifurcations causing doubling of the oscillation 
period. It should be pointed out that the suppression of the 
subharmonic spectrum (on further increase of the excess 
above the threshold) occurs in the reverse order ( .... w, /4, 
w, /2, w, ) .  The zeroth level in Fig. 5 corresponds to the 
maximum sensitivity of the apparatus. Therefore, the theo- 
retical calculation demonstrates that it is possible to record 
the signal only of the subharmonic w, /2, as indeed found 
experimentally. Figure 4a shows the behavior of the parame- 
tric system above the threshold. The calculated regions 
where the subharmonic om /2 appears are shown shaded. In 
the intervals between the boundaries of the regions (located 
between the wavy lines) it is difficult to carry out numerical 
calculations because stochastic oscillation regimes extreme- 
ly sensitive to small changes in the external conditions (as 
naturally manifested in the form of fluctuations) appear in 
the corresponding ranges of the parameters. A comparison 
of the theoretical and experimental behavior in Fig. 4 shows 
that the agreement is qualitative. 

FIG. 5. Fourier spectra of a system of parametric spin waves calculated 
for H, = 0.78 Oe and different values of b = h  / h  ,,, : a )  2.2; b) 2.36; c )  
2.38; d )  2.383; e )  2 .6 .  The zeroth-frequency signal is not shown. 
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CONCLUSIONS 

It is shown that parametric excitation of magnons un- 
der conditions of strong modulation of their spectrum can be 
described using equations of the S theory. An analysis of 
these equations demonstrates that there is a class of solutions 
corresponding to parametric instabilities of magnons at 
combination frequencies (composed of the pump and modu- 
lation frequencies). As a result, the response of a parametri- 
cally excited system in the regime above the threshold is due 
to a set of groups of parametric spin waves with different 
effective pump frequencies. The interaction between these 
groups gives rise to a mutual renormalization of their spec- 
trum and the nonlinear attenuation of parametric spin waves 
is governed by the total intensity of their excitation. 

At low modulation frequencies the response of a para- 
metrically excited system includes contributions not only 
from parametric spin waves which are in resonance with the 
pump wave, but also from a group of parametric spin waves 
off resonance. A parametric system can "follow" changes in 
the magnetic field, which weakens the influence of the mo- 
dulating field on the threshold of excitation of parametric 
spin waves when the modulation frequency is lowered. 

Our theoretical analysis accounts for a number of ex- 
perimental results on the parametric excitation of nuclear 
spin waves under conditions of strong modulation of their 
spectrum: 

1 ) a quantitative description is obtained of a nonmono- 
tonic dependence of the relative threshold of parametric ex- 
citation of nuclear spin waves throughout the investigated 
range of modulation frequencies and amplitudes, including a 
dependence of the positions of the peaks on an external mag- 
netic field; 

2)  a qualitative description is given of the characteris- 
tics of the excitation threshold of nuclear spin waves under 
conditions of two-frequency modulation of the spectrum; 

3 )  numerical simulation is made of the behavior of a 
parametric system above the threshold and the results are in 
qualitative agreement with experiments on a double parame- 
tric resonance of nuclear spin waves. 
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