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The possible number of disclinations on the surface of a sphere is determined. It is shown that any 
configuration with more than two disclinations is unstable. The disclination dynamics was inves- 
tigated on individual spheres and for two coalescing spheres having at the center a "hedgehog" or 
two surface disclinations. It was established that two disclinations of negative sign are spontan- 
eously produced at the instant of sphere coalescence. The law governing the variation of the 
distance r between disclination was found to be of the form r2 a t .  

Depending on the boundary conditions, spherical drops 
of nematic liquid crystals (NLC)  can contain either hedge- 
hog-type defects in the bulk, or a number of disclination 
states on the surface. Molecule orientation is maintained ho- 
mogeneous in the bulk,'-3 while the topological stability and 
the number of point defects on the surface are determined by 
the Euler characteristics of the l a t t e ~ - . ~ . ~  A change in the 
boundary conditions can cause two surface disclination 
(boojums) of strength + 1 and a hedgehog to go over into 
two surface disclinations. These statements were checked in 
a number of studies by varying the boundary conditions for 
the director on the sphere surface; in particular, transitions 
of a hedgehog into two disclinations on a sphere have been 
observedS6 

The purpose of the present paper is to study the dynam- 
ics of various disclination configurations produced on NLC 
spheres as a result of coalescence of two drops with two sur- 
face disclinations, two hedgehogs, a hedgehog, and a sphere 
with two defects on the surface. Another aim was to eluci- 
date the conditions for stabilization of such configurations 
and investigation of the subsequent dynamics of the disclina- 
tions when these conditions are violated. To study these pro- 
cesses of interaction and annihilation of disclinations on 
spherical NLC drops, we used high-speed motion-picture 
photography. The temperature was stabilized to within 
0.01 "C using heat-stabilized stages with two heaters each, 
one with slow response time. The optical system was based 
on the MKU-2 microscopic setup. The signs of the disclina- 
tions were determined by a polarization-optics method: the 
sign is positive if the rotation of the extinction bands near the 
disclination core coincides with the direction of polarizer 
rotation. We investigated nematic drops measuring 1-100 
pm,  produced in the vicinity of the phase transition from an 
isotropic liquid to an NLC. Equilibrium states with more 
than two disclinations on the surface were produced by sta- 
bilizing the latter by attaching impurity particles to the 
sphere surface.' The particles used in this case where dis- 
persed and readily sublimating 1, and Br, compounds. This 
made it possible to investigate equilibrium symmetric con- 
figurations of the disclinations when their number on the 
surface was large. To alter the boundary conditions, rigid- J 

troduced in the NCL. This has made it possible, at certain 
impurity densities ( - 1 %), to produce spheres with tangen- 
tial or homeotropic orientation of the molecules on their sur- 
faces. 

POSSIBLE SYMMETRIC DlSCLlNATlON CONFIGURATIONS 
ON SPHERES 

When two spherical NLC surfaces interact, a certain 
new configuration of disclinations is observed on the resul- 
tant surface. The number of disclinations is generally speak- 
ing not equal to that on the initial surfaces. It is determined 
by the condition that the elastic energy be a maximum, and 
the resultant disclination configuration is determined by the 
equation of state. Let us consider the possible configuration 
of defects on the surface of NLC spheres. We denote by N the 
director, for which the equilibrium equation on the sphere 
surface takes in the single-constant approximation the form 

The boundary conditions require that the director N be tan- 
gent to the sphere surface, i.e., in spherical coordinates 

By virtue of the equivalence of N and - N, in the NLC upon 
inversion we have N+N, i.e., 

'+"-'1, with N o - N o ,  N.+-N.. 
'p-tn+cp 

There exists also a symnietry plane and an axis perpendicu- 
lar to this plane, i.e., 

8-+n-0  with Ne -+ No, N , -  N , ,  
'p -> - ' Or i'Ve--t -Ye, N ,  -, - N, .  

The solution of the Leplace equation for Non  the surface of a 
sphere, with tangential boundary conditions, is in the gen- 
eral caseX 

m 11 

where B,, and C,, are spherical vector harmonics of sec- 
ond and third kind, respectively: 

B,,= [n ( n f l )  I-'% grad [Xnm (0, cp)], 

chain polymer impurities, such as polydiphenylene, were in- C,,= [ n ( n + l ) ]  -'I2 rot [rXnn'(O, cp) ], 
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TABLE I. Possible sphere disclination configurations that follow from 
the equations of state of NLC. 

where 

Indices of spheri- 
cal functions 

n=i 
m=l 
N=Bllo 

n=2 
m=l 
N=C120 

n=2 
m=2 
N=CZ20 

n=3 
m=l 
N=BI3o 

n=3 
m = 2  
N=BZ30 

n=3I2 

m = 3/2 

~"~!,23:2 

X,,"' (0, c p )  =PnH' (cos 0 )  eitne 

is a scalar spherical harmonic. The constant coefficients b,, 
and c,, are chosen to satisfy the normalization condition 
N2 = 1. 

Inversion leads to 

Number of disclin- 
ation (strength) 

2(+1) 
Stable 

4(+1) 
2(-1) 
Unstable 

4(+1) 
a(-1) 
Unstable 

6(+1) 
&(-I) 
Unstable 

&(+I) 
6(-1) 
Unstable 

3(+i)  
a(- '/?) 
Unstable 

hence 
DD 11 

where 

i" 9 
Nv 

cos 8 sin cp 
cos cp 

cos 8 cos (F 
( 2  cosZ 8- 1 )  sin cp 

sin 8 cos % 
sin 8 cos 8 sin 2cp 

( 1.3 cos2 8-11) cos 8 sin (F 

(.i cos2 8- 1) cos cp 

(3 cos2 8- 1) sin 8 sin 2(p 
sin 8 cos 8 0,)s 2cp 

sin 0 cos 3 / ? ~  

sin 0 cos 8 sin 3 1 5 ~  

Considering the symmetry configuration, we obtain 

Map of disclina- 
tion locations 

see Fig. l a  

Fig. lb  

Fig. Ic 

Fig. Id 

Fig. le  

Fig. If 

the superscript "0" labels the imaginary part. 
The director distribution on the NLC sphere surface is 

determined therefore in the general case by one of the har- 
monics 

or by one of their linear superposition. The singular points of 
the vector field N are zeros; these points are none other than 
the disclinations on the surface of the sphere. For each solu- 
tion N,, we have a different disclination picture (see the 
table). 

Using the expression for the number of zeros of the as- 
sociated Legendre polynomials P r(cos  0) and analyzing 
the expressions for B,, and C,, , we obtain the number N,, 
of the zeros of the solution, i.e., the number of disclinations 
on the surface of the sphere for the given solution: 

n and m are integer positive numbers. If the number of dis- 
clinations Isatisfies the relation I = 4k - 2, k = 1,2,3,  ..., we 
have, for a given solution N,, , 2k disclination of strength 
+ 1 and 2k - 2 disclinations of strength - 1. By consider- 

ing N,, for half-integer n and m we can obtain disclination 
configurations with half-integer strength (see Table I ) .  In 
general, for an arbitrary solution N,,, the number of the 
indices of the zeros is equal to two. 

Let us examine the stability of the disclination configu- 
ration corresponding to the solution N,, . Using the rela- 
tions 

div C,,,=O, rot  Bmn=O, 

rot C,,,=k,e,Xnm, div Bm,=-k,Xnn', 

where kn is a constant that depends on n, we obtain for the 
free-energy surface density in the single-constant approxi- 
mation: 

Fd=llZk [ (div N,,)'f (rot Nmn)  '1, 

with accuracy to within a constant 

Fd= [ X c o ] z =  [P," (cos 0) sin mcp] '. 
Next, 

where E[ . . . ] stands for the integer part; hence 

In addition, 

1184 Sov. Phys. JETP 62 (6),  December 1985 Chuvyrov et aL 1 184 



'Xmi 
0 

K ZZ 
Y 

FIG. 1. Map of dislocation arrangement (see the table). 

( n t  m )  ! 
[[',,'st (COS 6 )  ]? = ( - ~ ) k + ~ l ~  

(n-m) !,=,,, 

(2k )  ! (n+k) ! 
X ------- -- sinzk 0. 

ZLk ( k -nz )  ! ( k f m )  ! ( k ! )  (n-k)  ! 

Thus, 

where B ,'In', A Lrn' > 0 and are constant. 
To assess the stability of this disclination configuration 

we must investigate the sign of a '/F, /a[ ', where { is a small 
displacement ofthedisclination. I f a  *Fd / d l  ' > Oin the vicin- 
ity of each disclination, this means that Fd of the given con- 
figuration has a minimum and the configuration is stable. At 
a 'Fd 1a.g < 0 the configuration is unstable. 

It is convenient to consider the displacements in 0 and 

p, i.e., ( , = s i n e ,  [,=siny?. For n # l  we have 
d *F, / d l  : < 0, and a *Fd / d l  : < 0, in the disclination region 
by virtue of the alternating signs of the terms in Fd. 

All the disclination configurations corresponding to so- 
lutions N,, with n f: l are thus unstable, as are superposi- 
tions of such configuration. The only stable solution is N,, 
with n = m = 1. In this case Fd = sin2 0 sin2 y?, there are 
two disclination of strength + 1 and a 'Fd /a{ : > 0, 
d 2Fd/a{ > 0, i.e., two stable disclinations. 

RESULTS OF EXPERIMENTAL INVESTIGATIONS OF 
DlSCLlNATlON DYNAMICS ON SPHERE SURFACES 

a) Symmetric configuration of disclinations on the surface of 
a sphere with an arbitrary number of disclinations 

Realization of such a disclination configuration became 
possible by sublimation of impurity particles trapped by the 
poles of the spheres. Vanishing of the impurity particles pro- 
duces on the poles, as a rule, a pair of negative disclinations 
with indices - 1/2, - 1, or - 2; one of the possible config- 
urations listed in the table becomes correspondingly possi- 
ble. One example of such configurations, N = C:, , consist- 
ing of four ( + 1) and two ( - 1)  disclinations, is shown in 
Fig. 2a. Spontaneous symmetry violation, caused for exam- 
ple by fluctuations of the NLC, leads to instability of the 
entire disclination system as a whole, and to near-annihila- 
tion of two pairs of disclinations with opposite indices. In the 
upshot only one pair of disclinations of like sign remains on 
the sphere. This interaction is illustrated in detail in Figs. 2a 
and 3a. 

b) Interaction of spheres with different disclination 
orientations 

To assess the general laws that govern the dynamics of 
disclination structures on spheres, investigations were made 
of interactions between two hedgehogs, two spheres with 
planar boundary conditions, and a hedgehog and a sphere 
with planar boundary conditions. The sphere were brought 
into contact either by mechanical collisions or by thermally 
induced changes of their radii. All the possible configura- 
tions of the initial disclinations on the spheres and the results 
of their interaction are illustrated by motion-picture photo- 
graphs b-f of Fig. 2 and c and d of Fig. 3. The mechanism of 
the first stage of sphere coalescence is common to all these 
configurations: At the instant when the spheres coalesce or 
are joined by a bridge, two disclinations with negative index 
( - 1)  are produced. The subsequent dynamics of the dis- 
clinations depends on the disclination configuration pro- 
duced at the instant of sphere coalescence. For interacting 
spheres with hedgehogs there can be produced either a 
sphere with a hedgehog (see Figs. 2b and 3b),  or a sphere 
with two disclinations on the surface. In the the first case one 
hedgehog emerges to the surface via interaction with one of 
the surface disclinations. The hedgehog breaks up near the 
surface into two positive surface d isc l inat i~ns ,~  which are 
annihilated by the two negative disclinations produced at the 
instant of sphere coalescence. In the second case (Figs. 2c 
and 3b), both hedgehogs emerge to the surface, and the end 
result of the disclination reaction is a sphere with two dis- 
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FIG. 2. Dynamics of disclinations in interactions between spheres: a )  Temporal instability of sphere with four ( + 1) and two ( - 1 ) disclinations on 
the surface. The first frame corresponds to,theinstant of vanishing ofthe impurity particles in the poles ofthe sphere and production of two negative dis- 
clinations. b, c )  Interaction of spheres, with hedgehogs at the center. d, e )  Interaction of hedgehog and sphere with two disclinations on the surface. f )  
Interaction of two spheres with two disclinations on the surface. The disclination indices are marked on the figure by numbers, and the approach 
directions for annihilation are marked by arrows. 

clinations on the surfce. 
Let us consider the interaction of a hedgehog with a 

sphere having two disclinations on the surface. Here, too, 
two manners of sphere interaction are possible. The net re- 
sult is either two produced spheres with two diclinations on 
the surface, or a hedgehog. In this case the processes de- 
scribed for hedgehog interaction (Figs. 2,d-e; 3c): the hed- 
gehog either emerges to the surface or vanishes on annihila- 
tion with two disclinations on the surface. The result of these 
processes is illustrated in Figs. 2d,e. 

We consider finally the interaction of spheres with two 
surface disclinations. This process leads only to formation of 
spheres with two disclinations on the surface (Figs. 2f and 
3d). It is a partial stage of an interaction of the hedgehog- 
hedghog and hedgehog-sphere type, with two surface dis- 
clinations. The processes in the dynamics of the disclinations 
and their annihilation are illustrated in Fig. 2f. The instan- 
taneous disclination configuration produced at the instant of 
sphere coalescence depends on the orientation of the symme- 
try axes of the spheres in space. When the axes of the spheres 
with two disclinations on each surface are strictly parallel, a 
symmetric disclination configuration is produced with four 
disclinations on the equator with Frank index ( + 1 ) and 
two disclinations with Frank index ( - 1 ) at the poles. The 
subsequent dynamics of the disclinations is similar to that 
shown in Figs. 2a and 3a. All the pictures considered are 
derived from a disclination configuration of the type 
N = Cy, as a result of violation of its symmetry in the fields 
on change of the boundary conditions. We note that in the 
absence of external fields the final state of the sphere and the 
coalescence variants described above (Figs. 2 and 3)  depend 
on the boundary conditions and on the spatial arrangement 
of the defects at the instant when the spheres come in con- 
tact. 

c) Investigation of temporal characteristics of disclination 
dynamics on spheres 

It follows thus from the experimental investigations of 
the disclination dynamics that violation of the symmetry of 
one of the configurations with more than two disclinations 
leads to annihilation of a number of disclinations and to con- 
servation, in the upshot, of only two disclinations on the 
surface or of a hedgehog at the center of the sphere. The 
speed of the processes is determined by the rate of approach 
of two disclinations of opposite sign. The law governing the 
variation of the distance between cores was theoretically es- 
timated by Dreizen and Dykhne9 and was experimentally 
verified in Ref. 10. I t  was established that the distance 
between the approaching disclination cores varies in this like 
( t  - t, ) 'I2, where tc is the disclination-annihilation time. 
Reduction of the motion-picture photographs shown in Fig. 
2 demonstrated strict agreement with this distance variation 
in disclination interactions on sphere surfaces (Fig. 2f), and 
interaction of the hedgehog-surface disclination type. The 
results of these investigations are illustrated in Fig. 4, togeth- 
er with data on the dynamics of disclinations on a flat surface 
of a semi-infinite nematic crystal. I t  is important to note that 
the constants a in the relation r2 = at are the same in all the 
situations considered. 

Let us consider the coalescence of two viscous drops 
without allowance for the disclinations on their surface. A 
problem of this type for drops of equal radius R was appar- 
ently first considered by Frenkel'." The law he obtained for 
the variation of the contact bridge of the coalescing drops 
was x2=:bt, where b = a R  /v. For drops of unequal radius, 
R ,  > R,, only the constant b changes and is equal to 

b= (oIr)RQ-'(R1, R* ) ,  

Q=1+ (RZIRi) 3+ (RiIRz) 3+ (RzlRi) . 
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FIG. 3.  Director-distribution maps: a )  for loss of equilibrium of the dis- 
clination configuration corresponding to the solution c:,; b)  for coales- 
cence of two hedgehogs; c )  for coalescence of a hedgehog with a sphere 
with two disclinations on the surface. The shaded regions in Figs. b-d 
correspond to a contact bridge; the projections of the director on the 
sphere surface in the case of hedgehogs are arbitrarily marked by dashes of 
various lengths. 

Curve 4 of Fig. 4 corresponds to the variation of the sizes of 
the contact necks (or to the distance between the drop 
centers), and leads to two important conclusions. First, this 
dimension varies like t 'I2; second, b)a. This means that the 
presence of disclinations on the surfaces of the spheres does 
not influence significantly the character of the coalescence, 
so that the spheres themselves can be regarded in the calcula- 
tions as isotropic. In the framework of this approximation, 
the straight line 3 of Fig. 4 corresponds to calculation in 
accordance with the Frenkel' theory." This conclusion is 
corroborated by the agreement, within experimental error, 
between the calculated and experimental data. 

FIG. 4. Dependence of the square of the distances between the disclina- 
tion cores on the time in accordance with Figs. 2b-2f: 1-in interaction of 
a hedgehog with a surface disclination; 2-in interaction of two surface 
disclinations; 3-in annihilation of disclinations on the surface of an "infi- 
nite" NLC: &change of contact bridge in coalescence of two drops (in 
the inset). 

CONCLUSION 

Many various symmetric configurations of disclina- 
tions can thus be realized on a spherical surface. The sum of 
the disclination indices on the spheres is always equal to the 
Euler characteristic of the surface, i.e., to two. Global stabil- 
ity is possessed by a configuration with two disclinations, so 
that ultimately coalescence of the spheres leaves only two 
disclinations. This answers the question why a state with 
homogeneous director orientation remains after phase tran- 
sitions in large volumes of nematics. The result is of impor- 
tance for the understanding of the processes whereby certain 
materials with specified properties, such as graphite, are ob- 
tained from NLC. 

The authors thank E. I. Kats and V. P. Mineev for a 
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