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The principles of a theory of magnetoelastic properties of ferromagnets with mobile collectivized
electrons are formulated. The theory is based on allowance for the exchange interaction of the
electrons and for the electron interaction with the lattice. A theory free of the assumption that the
exchange energy depends on the volume is developed for the temperature anomaly of the elastic
moduli. It is shown that, in agreement with experiment, an anomalous change of the elastic
moduli can occur both near the Curie point and relatively far from it. The conditions under which
the magnetic induction determines the change of the elastic moduli are found.

1. INTRODUCTION

The theory of magnetoelastic properties of ferromagne-
tic metals has long attracted much attention, mostly in con-
nection with engineering applications of these properties.’?
Particular attention is paid lately to the development of a
magnetoelastic-phenomena theory based on the model of
collectivized electrons (see the review by Wohlfarth®). It
has become clear that use can be made of the earlier* suc-
cessful general approach to the elasticity of normal metals,
which points, as follows from Refs. 7-11, to a dependence of
the elasticity of a metal on its magnetization.

We generalize here the approach of Refs. 4 and 5 to
include the case of ferromagnetic metals. The principles of
the magnetoelasticity theory set forth here shed light on the
nature of the magnetoelastic properties of metals with col-
lectivized electrons, and show how the magnetoelastic pa-
rameters are determined by the exchange interaction of the
lattice with the electrons. In Sec. 1 we formulate the general
premises of the theory of dynamic elastic moduli of a ferro-
magnet with mobile electrons. In Sec. 2 is discussed the mag-
netodeformation connection between the spin and sound
waves. The third section is devoted to an analysis of the elas-
tic moduli. With a weak ferromagnet as the example, we
consider explicit relations between the elastic moduli and
the magnetic induction, the temperature, and the magneti-
zation. These relations, containing no magnetoelastic con-
stants (cf. Ref. 12), correspond to the Invar anomaly (see,
e.g., Ref. 13). We show here that the anomaly of the elastic
moduli can set in near temperatures that differ substantially
from the Curie temperature. The conditions are found under
which the induction in a ferromagnet determines the values
and temperature dependences of the elastic moduli. The Ap-
pendix contains expressions for the coefficients that govern
the excitation of sound by a high-frequency electromagnetic
field (cf. Ref. 14), and other electromagnetic effects.

2. EQUATION FOR SOUND OSCILLATIONS IN A
FERROMAGNET WITH MOBILE ELECTRONS, AND THE
DYNAMIC ELASTIC MODULI

Our purpose being formulation of an elasticity theory
for a ferromagnetic metal in which the states of the mobile
electrons are changed by lattice deformations, we use the
ideas of Ref. 4, in which the corresponding theory was devel-
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oped for normal metals. In contrast to normal metals, we
take consistent account of the effect of magnetization on the
susceptibilities that determine the dynamic elastic modu-
1i.”~"! The exposition in the present section follows a general-
ization of the premises of Ref. 5.

In a ferromagnet in a nonequilibrium state correspond-
ing to propagation of a sound wave having a frequency w and
a wave vector k, the nonequilibrium increment to the elec-
tron-density matrix is given by

frle(p—rfik,0") 1—frle(p,0) ]
fio+te (p—Fik, ¢’) —e (p, o) +i0

X W(p,0,0",0,k)=I(p,0,0",0,k) W(p,0,6',0,k), (2.1)

Here f; (¢) is the Fermi distribution function of the elec-
trons, (p,0) = £(p) — ob, where 0 = + 1 and b is the en-
ergy of the magnetic splitting of an electron band with dis-
persion £(p)."* In contrast to Ref. 5, we neglect the effect of
the magnetic field on the orbital motion of the electrons; this
is reasonable at not too low temperatures and for metals that
are not very pure.

We examine now the form of the energy W correspond-
ing to perturbation of the electron state. We express the ener-
gy in the form

W (p, 0,0, o, k)=W.(g, ¢’, 0, k)+W,.(0, ¢, @, k)
+Wi(p, o, ¢, @, k)+W (o, ¢, o, k).

8f(p,0,0", 0,k)=

(2.2)

The first term
W.(o,0", 0,k)

=040 [e(I) (m,k)——i-vA(m,k)] —2B§aqrb(m,k) (2.3)

is here the electron energy in the self-consistent electromag-
netic field that accompanies the sound-wave propagation.
®(w,k) and A(w,k) are the scalar and vector potentials,
b(w,k) is the nonequilibrium electromagnetic induction,
and § and 3 are the spin operator and the magnetic moment
of the electron. Using the gauge condition k * A(w,k) =0,
we define the scalar potential by the Poisson equation

0 (0, k) =4n[en(o, k)+g(o, k)]. (2.4)
The nonequilibrium electron-charge density is accordingly

n(o, k)= Y | dvdf(p,o,0,0,k),

o=x%
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where dr =dp(27#) 3. For the lattice nonequilibrium
charge density we have*

q(o, k)=—Qiku(o, k),

where u(®,k) is the Fourier component of the lattice local
displacement, and Q is the charge per unit volume of the
lattice.

We use for the correlation energy of the electron-elec-
tron interaction the very simple approximation

W.(0, ¢, ©, k) =80 pn (o, k) +2¢8.s (o, k),

where ¢ =A4/2v and Y==B,/2v are the Fermi-liquid-inter-
action constants, v is the density of the electron states on the
Fermi level £, in the paramagnetic phase, and

(2.5)

s(o, k)=2 Zjdté‘,ulﬁf(p, ¢’,0,0,k)

is the nonequilibrium spin density of the electrons.

Even Egs. (2.3)~(2.5) alone provide a definite descrip-
tion, corresponding to the so-called “‘jellium” model, of the
interaction between the electrons in the lattice. This model is
refined, first, by taking into account the deformation inter-
action

Wd(pa g, 0,1 ®, k) =6W’Aﬁ(p) ikjuf(m’ k)o (2~6)

where A; (p) is the symmetric tensor of the deformation
potential,’® and, second, by taking into account the magne-
todeformation potential A, (p,p’) of the electrons,” for
which we use in the present paper a very simple approxima-
tion that does not depend on the electron quasimomenta:

Wa(o, o, @, k) =2 (\;l) a0 Sal\ig, mikiui (o, k), 2.7

where S = M/B is the component of the doubled equilibri-
um spin density determined by the equilibrium magnetiza-
tion and oriented along the z axis. Equations (2.2), (2.3),
and (2.5)-(2.7) yield the following set of equations:

n(o, k) =[e® (o, k) +on (o, k) |<T(+, +)+T(—, —)>— %

XA (0, k) <V[T(+, +) +T(=, =) D+iku (0, k) <Ay [T (+, +)
+I(—, =) D+[—Bb* (0, k) +ps* (0, k) +iku (o, k) Sn
XAymI<T(+, +)=T'(=,-)>, (2.8)
§*(0, k) =[1—¢<T (+, +) +T (-, =)}~

x{ [e® (@,k)ton(w,k) IKT(+,+)
—T(—,—) >——ZA(0>, k) V[T (+ +)—T(—,—) D

+ikjui (0, k) <Ay
X [D(+,+) =T (—, =) PD+[—pb* (o, k) +ikju; (0, k) SmAijm:]
(2.9)
X (+, +)+T(—, =) },
st (@, k) =2[1—2¢<T'(F, £)>] " {—pb* (0, k) <I'(F, =)>
+ikui (@, K)SmAy, me<T(F, £)>}. (2.10)

Here
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st=5"%is¥,  Ayme=AymeEiAijmy,

T(o,6")V> = jd-tl‘(p, 6,06,0,k)V(p), v=0e/dp.

The perturbed state of the lattice is described by the
equation of motion (cf. Ref. 4)

—0*pmiti (0, K) FAG kst (0, k) =F, (0, k), (2.11)

where p,, is the lattice mass density, A © is the ion contribu-
tion to the elastic-moduli tensor, and F is the force exerted
on the lattice by the electrons. An explicit equation for this
force can be expressed, in accord with (2.2), as the sum

F(o, k)=F (o, k)+F9 (0, k)+F (o, k). (2.12)
The first term corresponds here to the Lorentz force
F (o, k)

=—iQ{k®{0, k)—(0/c)A (0, k)+(o/c)[u(e, k)XB]},

where B is the equilibrium magnetic induction. The remain-
ing two terms of (2.12) corresponds to the deformation in-
teraction

/
F (0, k) =ik 3, | dvA(9)87(p, 0,0, 0, k)

o=t

and to the magnetodeformation interaction
F& (0, k) =ikAyus: (0, k) Sy
Equations (2.8)-(2.10) allow us to eliminate from

(2.12) the electronic nonequilibrium quantities 7 (»,k) and
s(w,k). Equation (2.12) takes therefore the form

—0*pmiti (@, k) +hy, u(0, k) bk (o, k)
+iQ (/) [u(w, kIXB) =—ipk[b* (o, k) Ra* +b= (0, k) R~
+b* (0, k) Ry* ]+ (i/c) Pud (o, k). (2.13)
We then obtain for the tensor of the dynamic elastic moduli
}wj,” ((1), k) =)\,§;,)M+}\ri¥'“ (0), k) +;\'i;‘,-hl ((1), k) , (2. 14)
Miini (@, &) =< [T (4, +) +T (=, =) JAuAur?
L
X[ AiAur, et Ay 2]

+ ( ']L;_) 2 T(+,+)+T(=,—) YA,z

%A, P(ayt—ay™) (@t —au™)
1ty (o, k) 1—9p<T(+, H)+T(—,—)>
4ne*[1+toy(m, k) ]
ke.(o,k)

(2.15)
x [—,Q;au—q:;%,ﬁ ][‘%G“_wa%(%ﬁ)_]’

M:‘L,u (o, kj = (%)’{ (Ais, ot zy) (Ant,zx— 1At 2y) (2.16)

RO
X T o (+ -y
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(T(—,+)> }

+(Aij,zx'—iAij,zy) (Ahl,zx'*'iAkl,zu)tm .

We have used here the notation
ai?=(T'(0, 6) [As+o(M[B) Ay, =],
A=[1—p<T (+, +)+T (=, =)>] " [ay" (1=29<T(—, —)?)
+ay;~ (1=29<T(+, +)M) 1,
ec (0, k) =1+[ (4ne*/k*) +¢1y (0, k),
x (0, k) =[49<T (4, +)X<T (=, =) > =T (+, +)+T' (=, —)]
X[A—9p<T(+, +)+T (=, =)>] 7,

where ¢, is the longitudinal dielectric constant of the elec-
trons, and y is the electron polarizability and takes into ac-
count the exchange interaction. The right-hand side of
(2.13) determines the connection between the acoustic field
and the solenoidal electromagnetic field (cf. Ref. 14). The
corresponding coupling coefficients are given in the Appen-
dix.

In the next two sections we obtain relatively simple cor-
ollaries of Egs. (2.15) and (2.16).

3. MAGNETODEFORMATION COUPLING OF SPIN AND
SOUND WAVES

We shall be interested hereafter in long-wave perturba-
tions, when #ik is small compared with the difference
between the Fermi momenta of electrons corresponding to
two spin projections (o = + ). The contribution A* to the
dynamic elastic moduli, which determines the coupling of
the spin and sound waves, can then be simplified. We use
from now on for a ferromagnet with mobile electrons the
equation of state

2b=hQ, (B, T)=hQs— (29/B) M (B, T), 3.1

where

7Qu=2pB, M(B,T)=p | dr(n*—n-), n'—fule(p,0)].

All this enables us to write down, recognizing that o <},
the approximate equation

M(B, T) a.~,~k,~k,
I'(o,—0)>=— - , (3.2)
T =0 = 0. (B, T)—ow]  2¢0u(B,T)
where
i} (n++n ) nt—n- }
= drtv 3.3)
%= Q. (B, T)j { 250 (B.T)
As a result we obtain from (2.16)
(Au zx+iAij=zy) (Ixhl,zx_iAhl,zy)
}\‘ﬂhl(m,k)_’_—(_) { mm(B,k)—'(D
+ (Au,zx lAu,zy) (Ahl,n+iAhl,zy) . (34)
Here wy, (BK) = Qp + a;k;k; is the spin-wave frequency.

In the vicinity of the magnetoacoustic resonance, allowance
for the spin-wave dissipation (which we neglect in this sec-
tion) is known to lead to an increase of the sound absorp-
tion.">»” We confine ourselves to Eq. (3.4) which demon-
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strates the role of the magnetodeformation potential A, in
the coupling of the spin and sound waves. In the limit as
® — 0and k — 0, Eq. (3.4) yields for the elastic moduli

1 (M\®
}\fiJJ'-,hl=— B_B(—B—) (Alj,zxAhl,zx+Aij,zyAkl,zy)~ (3'5)
In the particular case when the magnetic field H is zero and
B = 47M, Eq. (3.5) corresponds to a quadratic dependence
on the magnetization M (B,T) (cf. Ref. 1). We point out
finally that if @»w,, (k), i.e., the sound frequency exceeds

that of the spin waves, we have

2 (MN\*[ i
7"{7!:“’:_ _fl—'( ?) {_(AiJ,Z!Ahl,zy——Aij‘zyAh[‘zx)
k
- mM( ) (An z:Ahl zx+Ai] zyAh[ z,,)} (3'6)

The term with o~ 'in the right-hand side of (3.6) describes
in this case the rotation of the polarization plane of the
sound.!” We note finally that no account is taken in the equa-
tions of the present section of the effects of the anisotropic
(92, Ref. 1) and of the magnetoelastic ({2,,, Ref. 18) gaps
of the magnon spectrum. This is equivalent to the assump-
tion that the principal effect that causes the onset of a finite
magnon frequency at k = 0 is the magnetic induction of the
ferromagnet (Qp>0,,Q,).

To conclude this section, we emphasize that in our
model the coupling of the spin and sound waves is deter-
mined by a phenomenological magnetodeformation poten-
tial.

4. TEMPERATURE DEPENDENCE OF THE ELASTIC MODULI
OF A WEAK FERROMAGNET

Whereas the magnetodeformation interaction that cou-
ples the spin and sound waves is a comparatively weak rela-
tivistic effect, the contribution (2.15) to the dynamic elastic
moduli, on the contrary, is determined primarily by the non-
relativistic Coulomb and deformation interaction. We con-
sider below this contribution in the limit » =0 and k =0,
when w/k = v, (k) is the speed of sound in the ferromagnet.
We then obtain from (2.15)

2
A.-',!,u=q> gez_ 6&1‘31;1"’( (F +I+F A0
FS =P A (F —F ) A

KF/+F_"
Q Q ]
oo 0 5 [ = 84724 (0, 0)][ — - 8ut%(0,0)
ﬂiiﬁhl (41)
(F/+F> (A—p<F/+F_D)
Here

x (0, 0)=[4p<F /> F_"y—(F/+F_"> ] [1—p<F,/+F- > ],
Bi=< (Fy'—F_") Aipp+ (M[B) A, 2. F ' +F_">,
Ay5(0, 0) =< (Fo +F_")Ap+<F/—F [ (F/—F ") Ay>
+(M/B) Ay, o] [1—p<F/+F D],

where
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F/=f/[1+in(v./ve) 8 (kv/kve) ], f=fs (e—es—0b),

with & the Fermi energy in the ferromagnetic state and v
the characteristic electron velocity on the Fermi surface.
The imaginary part of the tensor A! corresponds to
allowance of an effect well known in the theory of normal
metals, that of collisionless absorption of sound by mobile
electrons.* Collisionless absorption of longitudinal sound in
ferromagnetic metals was studied in Ref. 19, where the “jel-
lium” model was used.

We consider below the real part of A |, which is the con-
tribution to the elastic moduli of the ferromagnet. We write
down first a corollary of (4.1) for the paramagnetic state at
B=0:

2
A.g,u (T) =@ % 6ij6hl+2<fF,AijAhl>
sl bt an)]
W %6{;‘*‘(]’3 A{j)

X [ — 0 Ont<{fe' Aur? ] ’ (4.2)
2e

where f; is the Fermi distribution function of the electrons

in the paramagnetic state.

Experiment points to unusual temperature depen-
dences in the case of a number of weak ferromagnets having
relatively low magnetization. In this case one can expand in
powers of the ratio of the spin-splitting energy to the Fermi
energy, and obtain in our theory simple analytic relations.
To obtain the temperature dependence of the elastic moduli

we must use here an equation of state that follows from
(3.1):

2B  MB,T) M*(B,T)
M(B,T) ' M*(0,0) {HC‘(HZ“’V)[ - M%(0,0) ]}
T*M*(B,T)
T Taa0,0) (L HAWIC
T T
=(1— e )[1 —Ez—c,(1+2¢v) ] (4.3)

where |1 + 2¢v| <1 for a weak ferromagnet, v is the density
of states at 7= 0 on the Fermi level &, if induction and
magnetization are neglected,

Xo=Ppv/(1+2¢v),
F29v) [ (V') 17 [ 1+ (14+29v) Co],
T*=6(1+2¢v) [n®%®
XV [v) 17 1+ (1429v) Cs ],
C,=0,3[v* (v'/[¥°) ]2 [—vvIY) .
+15v*v'v'/+10(vv”)2—105v (v') *v " +105 (v')*],
Co=[v(v'Iv) (V' I¥*) 1 [V VIV +Tv v v +4 (vw”)?
—25v(v' )" +15(v)¢],  Ce=0,A[v*(v'/v)' ]2 [=TvvV
FATv V" +10 (v’ ) 2—35v (v/) v/ +15 (v') *].

With the aid of the equation of state (4.3) for a weak
ferromagnet, we rewrite (4.1) in the form

I P f
7»;'1,m=x-‘:‘,m +A-i:‘,hl .

viM=d"y/d e, M (0, 0) =24p*(1

(4.4)
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In accordance with (4.2),
7»;?,;.: (T)=(9Q*/€*) 80 +2v Yinkl_ZZij,kl—Z'V (1+2¢v)

X (TYT&) [(Yy=W ./ 5/0,") (Yu=W/,u/0,")
—W, Wil (0) 2+ (Zi/v) 10/ ]

is here a collectivized-electron contribution that is indepen-
dent of magnetization and induction, and is typical of a mag-
netically ordered phase. In this case

) ds
2|e] 8y

(4.5)

Ay (p)

v(er) Yii(er) = - @ah)' v

Y =dr(vYy)/dren,
dS  Ay(p)An(p)
(2nh)® v ’

Wn, i ij’/V"a

ij',‘;:z=d"Zij,k,/d"s,,
(4.6)

Zt‘j,kl (er)=
0.=V[v".

Here dS is an element of the Fermi surface £(p) = & and
v = |de/dp|. We note right away that in the Coulomb model,
when A; (p) =0, the temperature dependent correction to
the elastic moduli (4.5), which describes the temperature
dependence of the elastic moduli in the paramagnetic phase,
is of the form

—(Q%/2€*v) (T/T,)* (1+24pv) 801 (4.7)

It follows hence that in metals in which the usual condition
w" < (v')? for ferromagnets is satisfied, the electronic con-
tribution (4.7) to the elastic moduli decreases as the tem-
perature is lowered; this corresponds to an anomaly of the
elastic moduli in the paramagnetic phase.

The magnetization- and induction-dependent contribu-
tion can be expressed by

. 1+E5(B, T)
f (1) ’
5 B,T =AMAij
}w,hl( ) }‘fz,kl [1+E(B, T) ]2+@2(B’ T)
M*(B,T)
4B = AT (4.8)
ij,kl MZ(O, 0)
Here
V= ( ij'—zvzl\ij, 22) /2V',
B(B, T)=—x:BM*(0, 0)/M*(B, T)+ (1+2yv) {C,[1 (4.9)
—2M*(B, T)/M*(0, 0)] —C,T* T},
0B, 1) = __ MO0 (4.10)
4ve(14+2¢v) M*(B,T)
Aim=6 ‘;°{ (Yy—2V5) (Ya—2V,) [+ (1+29v) C, ]
3

(4.11)

(12w [ 4, B D |},

——+ By —

M4(0,0) oy

hipe=—6v (1429v) { (Y 5= W3,/05') (Yru= Wi/ 05)

—Ws{ijws,/hz/(oa,)z+[ (Zi;,kl/v) ,'_2Wl,x‘le,hl ]/ ('Vzosl) }7(4 12)
A5 000105 =2(0s"—0105") [ (Yi=Vy) (Yu— Vi) =ViiVi]

= (Y5=2V)) W05 W, ) — (Yu—2V) (Wyis—0, W, ;).

(4.13)
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ij,k10101/=2 (0,"—050,") [ (Yij_Vij) (Yu—Vw) “V:'jVM]
- (Yij_zvij) (Wil,,kl'_oilwl,hl) - (th—2Vhl) (W/l/,ij—ollwi,ij) .
(4.14)

A feature of relation (4.8), at nonzero induction B, is
that it vanishes at zero magnetization. At the same time it
must be specially emphasized that at B =0 not only the
second term, but also the first differs from zero at M #0.
At zero induction we have then the parameter =(0,7T)
~ (14 2yv)M?(0,T)/M?(0,0)<€1. At the same time the
parameter ®(0,7") that describes the effect on the elastic
moduli by collisionless absorption of sound by mobile elec-
trons is determined by the ratio of two small parameters, v, /
vp and (1 + 2¢wv).

Any discussion of the consequences of (4.8) must re-
veal the effect exerted on the elastic moduli by the induction
and magnetization, on one hand, and by collisionless damp-
ing, on the other. We note that the influence of collisionless
damping on the velocity of longitudinal sound, with induc-
tion neglected, was discussed in the simplest Coulomb-inter-
action model in Ref. 19, but the peculiarities that character-
ize weak ferromagnets were not discerned there.

In our discussion of the consequences of (4.8), we shall
likewise start with the case B = 0. We indicate first that the
influence of collisionless damping is particularly strong for
anomalously weak ferromagnets, when

[1424v | <nv,/4vs~5-10-". (4.15)

Equation (4.8) takes then the form
1 4v (’1+2 z s O,T
hont (0, Ty =y | 22 {LT2HY) ] 0, 7)
0, M (0, 0)
e M*(0,T)
Ij'“m'

(4.16)

The first term predominates then if

M2 (0, T)/M*(0, 0)>[v./vs* (1429v) |. (4.17)

Disregarding the small quantities ~ (1 + 2¢v) we have the
simple equation

A Ak =6 (0105/05") (Y 55—2V5) (Y—2Vy,), (4.18)

which in the case of cubic crystals makes it possible to dis-
cern directly a relation corresponding to the Invar anomaly.
Indeed, since A4, = A15;8 for cubic crystals, it is ob-
vious that A4 <0, since 0} <0 for weak ferromagnets. The
negative A4 causes Eq. (4.16) to describe, near the tempera-
tures (4.17), a decrease of the elastic moduli with decreasing
temperature, and this corresponds to the Invar anomaly
(see, e.g., Refs. 12 and 13).
If a weak ferromagnet satisfies the condition

W [4vp<|142yv| < (V/2) (nv,/208) *~ 1072, (4.19)
we get at temperatures 7, < T < T,,, where
T =To[1+av,/4ve (1+2¢v) ] <T,, (4.20)

alarge change of the contribution A f (0,T’), described by the
formula
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Ahis M (0, T)/M* (0, 0)
M*(0,T)/M*(0,0)+ [nw,/4ve(1+29v) 1*°
(4.21)

We emphasize that at T'> T, there is no contribution
(4.21) to the moduli of the ferromagnet. The appearance of
such a contribution at T, S T < T, changes the elastic modu-
li by an amount A4, that is comparable with 1%,,. For
cubic metals, where the contribution (4.21) is proportional
to 8,8, the condition 0; <0 in the vicinity T, ST< T,
leads to an anomalously strong decrease of the elastic moduli
with decreasing temperature. This agrees with the experi-
mentally observed relations for Invar alloys. It must be par-
ticularly emphasized that, in contrast to Ref. 19, according
to which the longitudinal-sound velocity undergoes an
anomalous jump in the small vicinity AT =T, — T~ T,/
vy €T, of the Curie temperature T, in our case the presence
of the small parameter 1 + 2¢v can cause the temperature
T, to differ considerably from the transition temperature 7.
It is precisely this last case which corresponds to the elastic-
moduli anomaly observed in Fe, _,Ni, alloys with low
nickel concentration (x~0.34).'*> With increasing nickel
density in the alloy, the parameter |1 + 2¢v| increases, the
temperature T, tends to T, and the anomaly of the elastic
moduli of the Fe, _ . Ni, alloys shifts towards the Curie tem-
perature T,."* For stronger ferromagnets that satisfy the
condition

1321429 |2 (*/2) (7v,/20F) *

Aispi(0,T) =

(4.22)

we must point out, first, that their T, is quite close to T, and
second, in the low-temperature region

(mv,/2v0g)™ 1™
T<Ty=T [1 + ————-—-] .
=T 2(1+2yv) <T, (4.23)
Eq. (4.8) can be written in the form
Aitaa (0, T) =hispcFhizaM* (0, T) /M* (0, 0), (4.24)

where
A=Ak [ 1+ (1+29v) C ]+ (1429v) Bij i,

A=At (1F24) [Aki i (20,—C2) +A 45— Bisui .

The proportionality of the elastic moduli in (4.24) to M *(0,
T) is analogous to the results of the approach that uses the
Heisenberg model for the theory of Invar alloys (see Ref.
13).
The case B = 0 considered by us is an idealization. Real
ultrasound experiments in which the temperature depen-
dence of the elastic moduli is measured, at any rate at
low temperatures, are performed in fields B> B,(B,
= 47M (0, 0) is the saturation field) that ensure that the
ferromagnet is single-domain and eliminate, by the same to-
ken, the additional contribution made to the elastic moduli
by the domain-wall motion. We begin the analysis of Eq.
(4.8) at finite B with the case of sufficiently strong induction
in the ferromagnet, when the collisionless damping of sound
at
" (v./ve) ™
64| 1+29v |y p

B>B,=5, (4.23)
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(where y, ~B?v) is insignificant in the discussion of the
- electronic contribution A f (B, T'). Under our conditions, for
a large change of the elastic moduli by an amount compara-
ble with A §,;, we obtain from (4.8), in place of (4.21), the
following simple approximgtion (cf. Ref. 12):
15,k
haan (B, 1) = 1—yBM*(0,0)/M*(B,T)
This approximation, just as (4.21), differs substantially
from the usually discussed'® proportionality to M (B, T)
that arises in the Heisenberg model. For cubic crystals, Eq.
(4.26) corresponds to an anomalous decrease of the elastic
moduli. We note that in contrast to (4.21), Eq. (4.26) de-
scribes the elastic-moduli anomaly observed in Invar alloys
at a temperature higher than T,.'>!* Equation (4.26) de-
scribes at A4 ,; #0 practically the entire temperature de-
pendence of the elastic moduli of weak ferromagnets that
satisfy the inequality

T, [4ve<|1+29v| < (nv,/4Vr) /=410,

(4.26)

(4.27)

If, however, the condition |1 + 2¢v| > (7v,/4vg)*'® holds
rather than (4.27), we have at low temperatures

T<T5=T,[1— [4rypB/ (1429v) *B, 1] *

and at induction values satisfying the inequality B, <B
<By(4my,) ' (1 + 2¢v)? the temperature dependence of
AT is determined by (4.24).

For typical parameters y, ~107> v,/vg~5-10"2
and for weak ferromagnets with |1 + 2¢v| ~107!, the in-
duction B, is found to equal approximately 3B,; this is the
condition for the ferromagnet to be single-domain at low
temperatures. For weaker ferromagnets with |1 + 2¢v|<0.1
there can be realized the inequality B,» B,. We shall there-
fore discuss hereafter the influence of the magnetic induc-
tion on the elastic moduli at B < B,. We note first that the

. induction plays a substantial role for the contribution A f (B,
T) in the region of relatively high temperatures

T*~T3*>T*(—8ny,B/B,)™, (4.28)
when we have from (4.8)
c 2(—8mny%oB/Bo) *Ahij p1 T
}\tij,hl(B7T)= EY) 2 2 2 2
[(T/T)2—11*+[nw./ 20 (1+2¢v) 1* T*—T,
(4.29)

Allowance for the finite value of the induction near T}, when
|T—T,|<T,(—8nx,B/B,) ", (4.30)

leads to
3 [ 4v-(1+2 2 B\

e (B) = - [ 22220 (g B )™ g 431)
2 U, B,

If, on the contrary, B < B,, the induction is inessential near
the temperature 7, (in this case T2 —T?
> ( — 87y B /B,)*? ), where the change of A f with tempera-
tureis given by (4.21). The condition B > B, can in this case
be satisfied, in view of the inequality (4.19). For tempera-
tures sufficiently lower than T, the effect of the induction on
the elastic moduli can become substantial for ferromagnets
with
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0/ 4ve<|1+2¢v| < (V/.) (nv./2v08) ", (4.32)
at the values
B>B.—p, /R (4.33)
U128 4429wy, |
in the temperature region
n(v, /v,)zB 27
T<Ta=1,] 1-| 4.34
° [ L128 (1+2¢v) x,B ] (4.34)
where we get from (4.8)
Mipt (B, T) =Ahp [1-+4.BM? (0,0)/M*(0,T)].  (4.35)

In this case B, < B,.

We note finally that for cubic crystals the anomalous
decrease of the transverse-sound velocity is described ac-
cording to (4.8) and (4.12) by the expression

—6(1+29) [ (Zia/v) "/ (vo,") 1 [ M2 (B, T)/M?(0,0)], (4.36)

which is proportional to the square of the magnetization in
the entire range of temperatures where the ferromagnetic
state exists.

It can be stated in conclusion that the Fermi-liquid ap-
proach permits not only a general description of the magne-
toelastic phenomena in ferromagnets with collectivized mo-
bile electrons, based on the use of the exchange interaction of
the electrons and of the interaction of the electrons with the
lattice, but also a description, without resorting to the mag-
netoelastic constants, of the anomalous (Invar) depen-
dences of the elasticity of ferromagnetic metals. In this case,
first, the character of these anomalous dependences is sub-
stantially altered by a change of the parameter 1 + 2¢v, in
accordance with the universally accepted viewpoint. Sec-
ond, in our analysis the anomalous relations are in no way
connected with the usual assumption that the exchange-in-
teraction energy depends on the volume, since a large set of
possible anomalous magnetoelastic relations are derived in
our approach at ¢ = const. This allows us to state that the
Fermi-liquid approach, by revealing the anomalous rela-
tions that govern the elastic moduli of ferromagnetic metals,
provides a new possibility of understanding the Invar anom-
aly.

APPENDIX

The appearance, in the right-hand side of (2.13), of
components of the alternating magnetic field and of the al-
ternating vector potential is due to the coupling, described
by our collectivized-electron model, of the sound field with
the solenoidal electromagnetic field. The spin coupling is
determined here by the coefficients

Ri"=(M/B)<T'(—a, 0)>[1—2¢<T'(—0, 0)>]"

X (A, xFi6A. ) (A.1)
Riy=D""(9,¥) {a;* (1—-2¢<T (—, —)>)
—ai (1=29<T (+, +)>)
+4neke, (0, k)< (+, +) =T (—, —)>
X {e%;—Q8,[1+9y (0, k)]}}, (A.2)
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where
D(q, ) =[1+ox (o, k) ] [1—9<T (+, +)+T(—, —=)>]. (A.3)

For the coefficient of the diamagnetic coupling of the sound
with the electromagnetic field we have

Pit=0(’)6i2_ekj{<[r(+v +) +I (—, —)] UtAij>+ (M/B)A,, 22
X{ [F(+v +)—.I‘(—1 _) ]vl>+D_i (q)v ll’)
X {(F(‘l_, +) U,)[q)(a.»j""*‘ai,«")
+y(ait—ai)
—4ppa;*<T (-, =N ]H (= —)vo e (ay*+ay™)
Hp (@ —aiT) —hopa; <L (+, +)>]} +Hamnek~?e.~ (o, k)
XD (q, ) [<T(+,+)ve> (1—29<T (—, —)>)HT(—, —)v

X(1=29<T (4, +)2) ] [e¥s— (1+¢x (0, k) ) Q8. }-
(A4)

Equations (A.1)-(A.4), on the one hand, determine
the effects of sound excitation by an electromagnetic field
(cf. Ref. 14), and on the other, describe the sound-wave
damping due to the self-consistent solenoidal field (cf. Ref.
4), and also the electromagnetic coupling of sound and spin
waves (cf. Ref. 7).
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