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It was shown that the effects of resonant optical pressure created by a biharmonic field induce
undamped coherent perturbations of the Wigner distribution function in a rarefied collisionless
gas and these perturbations are manifested in particular by a traveling periodic density wave
propagating across the gas. When one of the fields is weak, coherent structures may appear when
the parametric resonance condition is satisfied, i.e., when the difference between the frequencies
of the two fields is matched in a particular way to the amplitude of the strong field. A spatial
grating of the density appears also in echo regimes representing the response of the medium to a
sequence of radiation pulses separated on the time scale. The processes analyzed have along phase
memory not limited by radiative relaxation. This is due to parametric phenomena during the
action of radiation and after such action the memory of the radiation is retained directly in the

distribution function perturbed by recoil effects.

1. INTRODUCTION

The coherent kinetics of a medium in a resonant electro-
magnetic field is manifested most clearly in such thoroughly
investigated phenomena as the decay of free polarization,
optical nutation, or photon echo,' which are associated with
the coherent volume excitation of the macroscopic polariza-
tion of an ensemble of particles. It is interesting to consider
the possibility of coherent optical perturbation of transla-
tional degrees of freedom of a large ensemble of neutral non-
interacting particles, which may be manifested by—for ex-
ample—matched periodic pulsations (in space and time) of
the density, directional motion, etc. The methods of reso-
nant radiation pressure>* provide a range of ways for mani-
pulating neutral atoms and, in principle, they can be used to
induce coherent structures in a rarefied gas if the transfer of
momentum from radiation to the gas is organized in a suit-
able manner. For example, it is reported in Ref. 4 that coher-
ent beams of particles can be created in separate standing
waves by the Kapitza-Dirac resonance effect® which pro-
duces periodic gratings in the distribution of atoms under
spatial echo conditions.

We shall show that coherent perturbations of a rarefied
resonant gaseous medium can be induced by parametric pro-
cesses in two-level atoms excited by a biharmonic electro-
magnetic field. Such perturbations give rise to temporal echo
processes in the amplitudes of the resultant periodic spatial
density gratings. The phase-memory time is then not limited
by radiative relaxation.

We shall consider a collisionless gas of two-level parti-
cles interacting with a quasiresonant biharmonic (bichroma-
tic) field in which the main components are a strong plane
wave and a weak wave with a shifted frequency and active as
the controlling component. The action on a rarefied gas of
one high-power monochromatic traveling wave which satu-
rates a spectral line profile (dE/#i> ku,, y, ) is relatively sim-
ple after the end of transient processes. In the quasiclassical
limit when the photon momentum is considerably less than
the thermal momentum in an ensemble of atoms (fik €p,) it is
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found that after times exceeding the spontaneous relaxation
time #»y ! the action of such a monochromatic field re-
duces to a directional drift of particles induced by the reso-
nant radiation pressure force F,~#iky/2 complicated by
quantum fluctuations that result in slow heating of the gas.?
We shall show that the situation changes radically when the
main field is supplemented by a component shifted on the
frequency scale, because parametric processes® then create
undamped beats of the amplitudes of the polarization and
population difference and, consequently, of the directional
momentum." In general, the amplitude of these oscillations
is low ( p, <#ik ) and it is manifested in higher orders when the
density matrix is expanded in reciprocal powers of the strong
field. However, for certain values of the intermode interval
in such a two-level system we can expect a parametric Rabi
resonance’-® (this term was introduced in Ref. 7) in which the
amplitudes of the harmonics of elements of the density ma-
trix reach their extremal values. In the problem under consi-
deration a parametric resonance of the amplitude of oscilla-
tions of the directional momentum in an ensemble of
particles occurs when the frequency difference between the
interacting fields is equal to the frequency of nutations in the
strong field. An important feature is the dependence of the
resultant perturbation of the Wigner distribution function
F = Tr( p) on the phases of the interaction fields, so that for
yt>1 a coherent structure is established in the form of a
traveling periodic wave with a slowly varying amplitude.
The main consequence of this perturbation fis the existence
of a nontrivial first-order moment representing a traveling
wave moving across the gas:

u=(p,/M) sin (5ot—QR+®), (1)

where p, ~fik; Sw is the detuning between the field frequen-
cies; M is the atomic mass. Similar oscillations of the spatial
density are higher-order effects found on expansion in terms
of reciprocal powers of the strong field during the action of
radiation. However, in the case when the radiation (field) is
removed abruptly, perturbation waves similar to the Van
Kampen waves in the plasma echo theory®'! are generated:
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f=f.expj( QlR_—%[iLt)‘l‘C.c., (2)

which give rise to periodic spatial density oscillations that
are damped out as a result of mixing of the phases. Informa-
tion on the initial perturbation is nevertheless retained in the
distribution and can be retrieved by the application of a sec-
ond radiation pulse: it is then manifested by echo oscillations
of the density due to the interaction of the perturbations
induced by the first and second pulses. In this sense the resul-
tant two-pulse echo can be regarded as belonging to an over-
all system of all known forms of the echo phenomena,'?
which are possible if the dephasing is not irreversible and the
nonlinearity reverses the evolution of the oscillation phases.

2. INITIAL EQUATIONS. MATHEMATICAL MODEL

We shall assume that a rarefied gas of two-level atoms
with the frequency of a quantum transition w,, is in a reso-
nant bichromatic field of the type

1
E= ZE,,. exp j (k.R—wmnt)+cC.C. (3)
m=0

In accordance with the comments in the Introduction, the
partial amplitudes of the fields obey the inequality

[Eo|>|E,].
We shall write down the kinetic equations for the density
matrix considered in the Wigner approximation ,6(!), R,_ t)
(see, for example, Ref. 6) using the resonance approximation
and assuming a dipole interaction of the atoms in the gas
with the field:

02, P 9Z_ 1 4 . id)z+(+4)Z, (5)
n

a9t M oR

where Z is a column vector?:

4

Z=col (pzh P12, 4, f)y

g=(px—pu), 1=5p (p),

pzi=521 exp (Jwot), piz=612 exp (—j.t) (6)

and the following operator matrices are introduced (m = 1,
2):

i |0 D,
" |py 0|
D :l-f(fzmm)(ii"‘) + 1) —j (@2) (T8 — T)
F(Qu*2) (T + T j(Q*2) (T — ™) |
|8 @ T 9, (T 4 T
D,)=| = pmy __ Am) Ny pmy _ Hmy | ™
Ou* (I — 1) — jO, (T4 — 1)

The square matrices 4,, and D,, have the dimensions (4 X 4)
and (2X2), respectively, and they are written down intro-
ducing momentum shift operators in accordance with the
rule

7V u(p)=u(pxhk/2), (8)

as well as quantities Q,, described by the relations
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8 =ymexpj(knR), Yn=dE./f,

)

8,=(Q/p), 8:=8 exp (jéot),

where d is the matrix element of the dipole moment; u is a
formally small parameter ( £ <1), the meaning of which will
be explained later; dw is the frequency difference between the
two fields, which we shall represent by a sum of “rough” and
“fine” detuning:

So=0w,—0,=A,/pt8. (10)

Moreover, Eq. (5) contains a diagonal matrix governed by

the frequency shift of the strong field
A=diag (—A’, A/, 0, 0), A/p=—A=wyn—0, (11)

as well as the spontaneous relaxation matrix

5 1 0 .
P=|0o [ Yo=ding(ora -,
fum | TR U, (12)
'_Bo _Ro

where y and y, are the longitudinal and transverse relaxa-
tion rates: R, is an integral operator defined in terms of the
probability of spontaneous emission of photons in the direc-
tion of n (Refs. 2 and 3):

Rnu(p)=‘/2~{[ u(p)—j u(p+hkn)¢)(n)dn] ,  k=w./c.
(13)

The method of introduction of the dimensionless parameter
€1 corresponds to the inequality (4) and to the following
relationships between the principal physical parameters of
the problem®:

|2 ~|A[~[80], 7, Y ko (po/ M) < |2,]. (14)

Therefore, in the initial formulation the Rabi frequency of
the strong field is comparable with the frequency shift and
intermode interval, but is considerably greater than the rates
of the processes due to relaxation, controlling field, and mo-
tion of atoms. An allowance for all these circumstances
makes it possible to consider a parametric resonance.

We shall ignore the reaction of the resonant medium on
the fields by assuming that the gas is sufficiently rarefied.

3. ASYMPTOTIC EXPANSION OF THE DENSITY MATRIX

We shall now specify the nature of a pulse of the strong
component of the resonant radiation assuming that this radi-

ation is applied instantaneously:
E,=E,(t—nR/¢c), n=ky/ |k,

Eo(t)=0, ¢<0. (15)

We shall also assume that the state Z, of the gas is specified
at the instant n, - R/c =t of arrival of the strong field pulse
at the plane. We shall introduce a delayed time ¢, =t
—nyR/c and the Fourier transformation in respect of the
variable p in order to remove the finite differences in the
initial equation (5):
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Z(o,R, t)=FM(Z)=§ Z exp[j(op) 1d*p,

- 1 _ . (16)

20, R ) =P (Z) = ———Zexpl—j(op) Id%.

(2m)
Z satisfies then the following evolution equation:
d j 0* i )
—_—t ——n,————d rads ) Z

B ( ot Mc " aear, M"E

= (A, +jA) Z+p(T+A,) Z,

Z|1.=o=zo=Fp->a(ZO)y (17)

where the matrices A, and T are obtained from the matrices
A,, and T" by transforming to the delay time and replacing
the difference operators with the functions

(27 +TE™) 2 cos (ikno/2),
(T (m) T\‘_m] )—»——2]51!1(hkm0/2)7 (18)

Ro~>Ro(0)="/2y(1—R4(0)),

R, (o) =I exp[—#k(ne) 1@ (n)dn.

The small parameter x occurs in Egs. (5) and (17) in a singu-
lar manner and it is responsible for the fast motion of the
system with a characteristic time scale ~u/|Q,|, which is
considerably less than the times of the processes induced by
the weak field, relaxation, Doppler frequency shift, and re-
coil effect. We shall separate the fast and slow components of
the density matrix by the method of multiscale asymptotic
expansions (see, for example, Ref. 13). With this in mind we
shall introduce fast variables describing a singular depen-
dence of the solution on x and related to the spectrum in the
limiting case = O (regularization of the spectrum of the
limiting operator'*):

j 1
L L P (19)
L L

where 4 5 , are nonzero eigenvalues of the matrix (Ao +jA)
= B, given by
Aa==%jG==j (A"*+4]| Q,]%)",

and the variable ¢, allows for the rapidly oscillating time
dependences of the coefficients in Eq. (17). A solution of the
more general problem described in terms of the variables ¢,
0Z = - .= = _
p—ff—» +DZ=BZ+uB\Z, Z|,==Z,

D= Zﬂw(tt)

=(T+4,)— ( n,

+ JAo (20)

—di radq) N
dodte o nE

can be sought in the form of a regular asymptotic expansion

Z=ZO4pZ0+ ... | (21)
We then obtain a sequence of linear problems
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(D—B)Z=0
(D—B)Z= (B,—

z" | 1 i=o=zo,
0/0t,)2°, Z"|, =0,

In accordance with the comments made in the Intro-
duction, the greatest interest lies in the case of a parametric
resonance when the beat frequency dw is tuned to a reso-
nance with the nutation frequency in the strong field:¥

A=G. (23)
Equation (23) leads to resonance relationships which, intro-
ducing arbitrarily a variable ¢z, = 0, can be written in the
form

i#j, (24)

where the indices j and i assume the values 0, 3, 4, and m
(integer) and correspond to the resonance sets m ( j, i): 1 (4, 0);
—1(3,0);1(0,3); —1(0,4);2(4,3); —2(3,4). The Fred-
holm alternative!® ensures solubility of each of the problems
described by Eq. (22) in the form of linear combinations of
exponental functions of fast variables (mt, + ¢;) provided the
arguments of the resonance components on the right-hand
sides are replaced in accordance with Eq. (24) (this procedure
makes it possible to avoid the appearance of diverging terms
onreturn to the initial time variable). The conditions of solu-
bility of the problem in the nth approximation (n>1) elimi-
nate the indeterminacy of the solution of the previous
(n — 1)th approximation, found with an accuracy of a solu-
tion of the corresponding homogeneous problem that in-
cludes four unknown functions of the slow variable ¢,.

A general solution of the problem in the zeroth approxi-
mation [corresponding to the first equation in the system
(22)]is

mt, (t,)+t;(t,) =t (t,),

ZO=0,@ 0@ Gspse’ e’ (25)

Hereg; (o, R, 1) are linearly independent eigenvectors of the
matrix B = (4, + jA), the explicit form of which is given in
the Appendix; a;(o, R, ¢,) are scalar functions describing
slowly varying components of the density matrix. They can
be determined by considering the first approximation

(D=B)Z® = Y ViehtXoehtort X_se-stt, (26)
i=0,3,4

where the right-hand side is formed from the column vector

(B, — 8 /3t,)Z @ allowing for the resonance relationships (24)

and Y,expt; includes a sum of all the components corre-

sponding to all possible sets of the + 1(i, j) type. Solubility of

the problem (26) is ensured by the orthogonality conditions:

/
by, Yo>=2| bai"Y =0, k=1,2,

i=1

by, YO =0, k=3, 4, (27)
Linearly independent eigenvectors b, , where k = 1-4, of the
conjugate matrix B ™ (see the Appendix) correspond to the
eigenvalues A,: 1, , =0, A, =jG, 1, = +jG. Bearing in
mind the structure of the operator B, we can readily see that
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Eq. (27) describes four differental evolution equations for
unknown functions ; (i = 1-4) with the initial conditions
governed, in the case when the {g,,, b, } system vectors is
selected, by biorthogonal vectors ({n,, @,, ) <$&,,,) in accor-
dance with the relationships that follow from Eq. (25):

O] timo=Cbny, Zo>/<{bypr)=0so. (28)

The higher approximations are obtained in the same way. A
series found for

t
{ = _1_5 Adty, i=2—4
0

describes an asymptotic expansion of the density matrix in
terms of the small parameter:

Z=Fo iy (ZO) +pPorp(ZV)+... . (29)

4. COHERENT QUASISTATIONARY PERTURBATIONS OF
THE WIGNER DISTRIBUTION OF ATOMS

We shall show that under the parametric resonance
conditions in a system of translational degrees of freedom of
an ensemble of atoms we can expect coherent perturbations
which are not affected by radiative spontaneous relaxation
processes. We shall consider only the zeroth approximation
in u and write down the explicit equations corresponding to
Eq. (27) and describing the evolution of the slow variables @;
in the case when p,/Mc<#ik /py:

( d kA 0 ) ] kA | D] das
dan 2mMG R /T M T 260 OR

A
=—yl<o>a.—TQ—jl—xz<o>a2

7

A
+j [cos B.—]’—G—sin B,] [Gya,—Giau],
( g  hkA” 0 ) 2j koA’ | Q] das
oMt oR! T M T & R

4180 .
=%l in g G120 1R @ exp ko) |

2¢ 7 ’2
{80110,
G* 2

d . ] 1,
(?df+f5‘Q° i) @1 @as G cos

GG (A

8|'S_30| (G cosﬂi—jsinﬁ)az, (30)
d Gl 1 ...
(udt‘——J‘6+Qo——Maa)a4=—*{+(0)a«—Z—JGfaxcos B

7

GG
+— (%—cos By—jsin ﬁi)az,

88|
where
hQo d o .
= — =Kqs— = da’
ﬁi 2 ’ Q 1‘0 kh dt1 at, M dive gra
Qi = g ko'—ki, a3,4=a3,4 eXP[:Fj (6t1_'Q1R) ],
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XiXo. A/ A/
G =~—(1— ) =Qitk, —,
el gl kg
Y1 , Ri(o)yA"™ ) G*
’Y,(U)z aoz + G? eXp(]hkOO), aoz =4| Qolz ’

‘2

A
Y2(0) = %‘f +( 1+ —G—z)yR,(o)exp(jhkoo),

’2 2

@ =B (13 A7) AL

In the usual situation the de Broglie wavelengths of the
particles composing a gas are considerably less than the radi-
ation wavelength (Ak<p,). It is well known that in this case
the evolution of the distribution of the particles acted upon
by the resonant radiation pressure is described in a wide
range of realistic conditions by the Fokker-Planck equation.
This reduction of the problem to the Fokker-Planck equa-
tion and its subsequent solutions have been considered in
several papers'>'¢2?° and the reduction procedure itself has
been analyzed from various points of view (the most detailed
analysis can be found in, for example, Refs. 16 and 18). The
system of equations for slow motion (30) can also be simpli-
fied similarly for #ik€p, on the assumption that the sponta-
neous relaxation time 7, ~ ! and the characteristic time of
changes in the dependence differ greatly from the duration
of the pulses of the slow components of the density matrix
7, ~(fik?/2M)~' = wz '. We shall use the inverse Fourier
transformation to introduce the functions

xp (j7k,0).

- -
Un=Forplm, m=1,2; .=Fopfin, n=3, 4,

and we shall employ the differential approximation for the
finite differences [in the system (30) this is equivalent to ex-
pansion of the right-side in terms of o (compare with Eq.
(18)]. Then a,,, and a,, satisfy a system of equations obtained
from the system (30) by the substitutions

HQ o
TUm=>Cm, G0,  sin(By) —j —;—1—5, cos (B:) =1,
0/06—jp, Ya (0) *Yr—"{u’ﬁkoa/ap, Yo=Ya (O),
,_ AT , A™ e
L AR G =“{[1+Eg I e (31)

) 9 (hk)* 9*
1—R, (o) exp (j#ikoo) *ﬁkoa—p— B Zmu 900,

i,

mi;= 5 n:n;® (n) dn.
Then, eliminating @,, @5, and @, in the same way as is done in
the case of the component of the Bloch vector (see, for exam-
ple, Refs. 16-18), we obtain the Fokker-Planck equation for
a,(p; R, t,) in agreement with the physical meaning of this
variable which is proportional to a sum of the Wigner distri-
butions with shifted momenta in the states 1 and 2:

hk ik
QA < [Pzz (p +"?0‘)+ pu( P "‘—2‘0‘)] +0(M)
In the case of a weak spatial inhomogeneity
Lo p ) o
a, OR M

this equation becomes
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6‘a2+(p_ R)Oaz i) 9*

- + —— (Fots) = D,"
a1, i (Foaz) ” ops 0p,-( »0),

oR " odp
(32)
-1
[0 2} I t.=o=Fu->p (azo) =020,
where the shift coefficient F, acts as the force due to the

spontaneous resonant radiation pressure, D ;{ are the diffu-
sion coefficients due to fluctuations of the momentum and

_FlkoA'2 b
Vp= 2MGZ Yi_l_lG‘lzg ’
Y+ < P
e 3

It should be noted that in allowing for the influence of
transient processes we can correct a, by an exponentially
rapidly decaying (in a time ~y ~ ') functiona, ~ O (#ik /p,), so
that the initial condition of the system (32) for a, is simplified
by omitting an unimportant small term #k /p,<1.

Ift,;>y " 'and T,, , where the latter is the characteristic
time of a possible delay of the arrival of the weak-field pulse
in the region of the gas under consideration, the variables a,,
a,, and a, follow adiabatically the changes in a, (we are now
assuming that the amplitude of the controlling weak field
behind the leading edge of a pulse is stationary):

am=M3 0, m=1,3,4,
(t+yy), =G |G [*2),

M (°)=_ .
12 ] 4[ Qal
(34)

’

A
o__ 8
M, = SIQol

LGy Yy,

1

748
The structure of the dependences of F, and D ¥ on the mo-
menta and their magnitudes F,~#ky and D, ~(fik )’y are
such that the time evolution of the variable a, (p, R, t,) is
characterized by all the principal elements of the evolution
of the distribution in the case when a single traveling wave
acts on a rarefied gas'®?°: the drift of the momentum space,
monochromatlzatlon of the pulses occurring at times ¢, 2 7,
~wpg ', and diffusion spreading of the pulses which appear
att,»7,.

We shall consider the specific case of unidirectional
(along the x axis) waves of the same polarization when we
can ignore the difference between the photon momenta

(0) (0)¢
M, =—M,. ’ L1=

|k, — #iko|/Ak<1:
h 2 2
Dpyy=2Dpu ( k) [1_ A 'Yy]v
Dy =RV [l__éi“fi_“LA'_zy_zji.] (35)
4 ) 5 G* G* ’

, , 2!9 Iz_ TA’2 52

y1=[9 |G| “{(1+—°—sz—)< 1_~_z)
T+

(L )rere ) (2 vare)],
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Fo='

m;” [1 —AGZ ).

(The expression for F, is simplified by dropping a small cor-
rection #ik /p, due to the dependence of the diffusion coeffi-
cient on the momentum.)

The most important circumstance is that after a long
time £>y~' the dynamics of the translational degrees of
freedom is not limited to the slow evolution described by the
Fokker-Planck approximation of Egs. (32) and (34), because
the Wigner distribution function has fast coherent compo-
nents. In fact, using Egs. (29), (25), (A.1), (34), and (8), we
obtain the following expression which describes the distribu-
tion during the quasisteady stage of the evolution:

f=F+F+0 (), (36a)

7 (o R,2) =as? [ (T+ L =10 )M 500~ (T(o) +7 2 )0z

A"
i e | (36b)

7R ) =a2[ (1Y —1.7) (Mua) 6=+ cc. ],  (36¢)
where
20| Qo] .0 My )
M12='_GZ—M1(2)1 M:’z='—a—:2—‘, l=3,4.

Therefore, after the passage of the leading edges of the
pulses of the resonant radiation at times (f — n; - R/¢)»y ™",
T, , the Wigner distribution of the gas includes a coherent
component representing a periodic perturbation wave with a
slowly varying amplitude, a wave vector Q =k, — k;,and a
frequency o = w, — w,. The phase velocity of the wave c,,,
varies, depending on the geometry of the resonant fields,
between c,, ~c (for unidirectional waves with ny =n,) to
¢ = cdw/(wy + w,)<c (opposite waves n; = — n,y). The
evolution of the wave amplitude is a much slower process
than the radiative relaxation processes and it is governed
entirely by the dynamics of the variable a,(p, R, ¢,) calculat-
ed from the Fokker-Planck Eq. (32). We can readily see that
the calculated coherent component f is associated with a
first-order moment which is not identically zero (“‘direction-
al” or hydrodynamic velocity), which in the case of a suffi-
ciently cold gas (kp,/M<y) can be written in the following
form:

. Fp/MD,  2hk, .
. Re jMs, exp (j (8wt—QR)),
< ..>pES (...)d. (37)

The zeroth-order moment of f (density perturbation)is iden-
tically equal to zero: { ) » = 0,50 that a perturbation of the
particle density appears in the first order of the expansion in
1. It can be found without calculating completely the value
of Z, because linearization of the equation of continuity

ON/ot+div (Nu) =0, N=<f>,, u=<pf>,/MN,

which follows directly from Eq. (5), yields the following
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expression if we allow for Egs. (37), (32), and (36), assume
that the gas before irradiation is spatially homogeneous and
has the density N,, and ignore the edge and transient effects:

2k
g;QNoBejMazexpj(ﬁmt—QR)+0(|.L2). (38)

N=N,+n

Consequently, a coherent perturbation of the density is
also a harmonic traveling wave with wave characteristics
and amplitude dependent on the relative orientations, ampli-
tudes, and phases of the interacting electromagnetic fields.

We note in conclusion that the significance of Eq. (36¢)
for f goes beyond the Fokker-Planck approximation and its
structure remains the same in the case of an ultracold gas,
when p,~#ik and the quasiclassical condition is no longer
obeyed. Simplifications of the type represented by Eq. (31)
are no longer possible because the differential approxima-
tion is inadmissible in the case of finite differences and the
relationship between a;, and a, is strongly nonlocal, i.e.,
the quantity M, in Eq. (36¢) should be regarded as an inte-
gral operator

M0~ M gy0,= Fo:‘:p (M (6) Fooo (o2)).

However, because of atom-momentum fluctuations
that result in the heating of the gas, the evolution of this
operator in the case when (y)'/?> 1 reaches rapidly a stage
corresponding to the Fokker-Planck approximation.

5. ECHO EFFECTS

We shall show that a coherent response of a resonant
gas to the action of biharmonic optical field pulse separated
in time is manifested by spatial periodic pulsations of the gas
(echo). These pulsations are associated with the leading term
of the asymptotic expansion (29), and in contrast to the oscil-
lations described by Eq. (38), represent a zeroth-order effect
in respect of the parameter u.

We shall assume that two exciting rectangular bihar-
monic field pulses of the type described by Eq. (3) enter a gas
in succession and that

E,, 0<t,<T,,
E(t)=1 0, T<t,<(T,+T), > +T+T:), 39
Eu, (TAT)<t,<(T,+T+T>).
The delay between the arrival of the weak and strong field
pulses at a given point in the gaseous medium can be ignored
in the formulation of the initial conditions for Z [see Eq. (17)]
provided the following inequalities are obeyed:

19,1, yTuk1, (40)
where T, is the minimum possible delay time that depends
on the radiation geometry. We shall also assume that the gas
is sufficiently cold and that the diffusion of the pulses in
space is not significant during the action of the radiation, i.e.,

k< p, < (y/ k)M, REY"T:<Lp,. (41)
These limitations are not of fundamental nature from the
point of view of the physics of the investigated processes, but
they do simplify greatly all the calculations. If we assume
that before the irradiation with the optical field pulses the
gas is unexcited and spatially homogeneous with a distribu-
tion N, fo(p), ignore the effects of the first and higher orders
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in u, use Egs. (36), (32), (40), (41), and (5), and allow for the
smallness of the thermal velocities of the particles compared
with the velocity of light ( p,/Mc<1), we find that in the
interval I (y~'«¢, < T,), we now have

N ( 1) fik, ) 42

2=z =~ (a(;))zfo p—F, ti— B , ( )
and the function f(p, R, t,) is defined by Eq. (36). In the
interval II [T,<t, <(T, + T)], ignoring a small correction
~ (#ik /p)? due to the radiative relaxation after the passage of
the first radiation pulse, we have

1=1®(p, R, t.)=f"(p. R=v(t,=T1), T}), (43)

where v =p/M. Similarly, in the interval III [(T,+ T
+ ¥ Y)<t, < (T, + T + T>)), we find that

ar=a" (p, R, t,)= @ (3))2 — (p—Fo(a)[ti_ (T,—T)]

fik,
=i Re(v—vi' ) (G [TAT1); T T)

andintheinterval IV (¢, >(T, + T, + T')], the corresponding
expression is
=1%%p, R, t)=/® (p, R—v[t,—(T,+T+T,)], T1+T+Tz).
(44)
Here and henceforth a superscript in parentheses represents
the number of the interval in which the function of the phys-
ical parameter is calculated.
The force F, is given by the following expression in the
case of an arbitrary orientation of the vectors k, and k;:
ﬁkoy[1 ] hQy Z|Gi|*A'y . (45)
2 G
Using Egs. (42)—(44), we can readily calculate the den-
sity N = (f),. In the interval I, we obviously have N (R,
t,) = N,. In the interval II, we find that

N=N®=N,[1+4|H (t,) |sin(Q"R—®,) ],

(46)

QL ])

H(t,)=M3§”'fo( Q‘m[t, T,] )sin(
where

f_o=Fp—>o(fa(P))»

0" hk n
0, =b"T,+ (;M Fy°T, +— ) =T+t -,

q;,_Arg[M‘“ (Q‘m [t,— T])] b=%.

In the interval III there is a change in the expression for the
phase of spatial fluctuations of the density:

0,~0,=0,+Q"S(¢t,—[T,+T]),

(3) (3)
S— 2F," (4, —[T,+T])+hk,—2Mvg ' (47)
2M
The amplitude of the density perturbation | H (¢,)| is bell-

shaped with H (T,) = O and |H (¢,)| — O in the limit #; — oo,
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i.e., the coherent response to the action of a biharmonic radi-
ation pulse is manifested more strongly after a time ¢ * from
the passage of the radiation (Fig. 1). We shall consider the
specific case when

fo=n""p,™* exp [— (p—P1) */P"],
fo=exp (jop:—p.*a*/4),
the maximum of the amplitude is reached at ¢* =T,

+ (2V2*M /p,Q'"), and the decay at t, — T, >t * — T is ex-
ponentially rapid:

|H(t) | < exp[—(Qi” polt:—T11)*/4].

The reason for the delay of the quasiperiodic perturbations
of the density is the light-induced spatial modulation of the
directional (hydrodynamic) velocity which (immediately
after the passage of the radiation) contains, as indicated by
Eq. (37), the component

iR =2

cos (Q"R—04(T)). (48)
Near its nodes Rq [u(R,) = 0] the initial periodic bunching
or antibunching of the particles takes place along the Q"
direction with the period (2/Q ") and it disturbs the homo-
geneity of the gas. It follows from Eq. (43) that the appear-
ance of a spatial grating of the density is directly related to
micro-oscillations of the distribution of a freely evolving gas:

fm{exp(—jQ:;lp

(28 ~T ) el (p, T —c.c. } (49)

(this should be compared with the Van Kampen waves in the
theory of a plasma-wave echo in Refs. 9 and 10). If (¢, — T7)
>(QVpy/M )", then the phases of these oscillations are
mixed thoroughly and this destroys the macroscopic re-
sponse, but dephasing is not irreversible and the application
of a second pulse may result in an interaction of perturba-
tions caused by the first and second pulses, which may lead
to renewed phase matching.

In the interval IV the density can be represented by

N®=N,+N+N,+Ns+Neen. (50)
The terms N, and N, represent the “wake” of the decaying
perturbation induced by the first pulse and distorted by the
second pulse. The amplitude of the corresponding oscilla-
tions are small if

(T+T,) (Q" po/ M) >1,

(N:<N,exp[— (8,—T1)*? (0" po/2M)?]),
so that they can be ignored in the interval IV. The term N, is
the primary response to the action of the second radiation
pulse, found allowing for the deformation of the noncoher-
ent component of the distribution caused by the first pulse,
and N,, is the interference term associated with reversal of
the phase evolution.

We shall introduce the notation

‘(In=Fo“)T1+Fo(x) T,,

(L—T)HQR )

fk
0=Q"| v&’ TﬁFJ”%}—T— ——T, ]
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FIG. 1. Echo of resonant optical pressure: a) sequence of excitation pulses;
b) relative amplitudes of a light-induced density grating.

1)

(3)
b (111,

Qi

N (t) =" Lt —15j+ ——
(51)

(3)
To=THT+T,, o= Arg{ fo( Q‘T[ti—n ] )MS’},

Ve = Arg{foma () My My""},  AkQL” 2M=0%
QY 2M=0z",  (hk/2)n.=p.
Then, N, and N, are found from the expressions

Q 3)
1

Ns=4 |M,‘“’gf.,( (t,—Ts] )sin(m;” [t,—1:])

xsin(Q;” R—®s),

< ) (52)
S TG C)) 1
E— Miz ][exp(]mR [t‘_TS])_i]—i_W

(1)

) exp(jon’ [t:—Ts]),
(53)

Xlexp Gon " [ti— Ta])+1]+( gu)

Qi(a)qﬂ
M

0,=b"'T,+Arg & + ( on ) (t:—T:) +¢2+ -

New=N. +N.a',
NG =8 ]M;:’M S| |Fo(ne)sin o:sin[ (08 "
, X(t:—T4) ]|
xeos ([Q,"+Q;” IRFD..), 54

O, =bOT,£bO T, F0+ (08 ton

q il
X(t,—Ts) +pi+¢¢ ‘;W+ .

The oscillation amplitude N,, representing the primary
response to the second radiation pulse, rises from zero to the
maximum value in a time ¢ ** ~2'/2M /p,Q ¢ and then de-
cays exponentially at times

t>Ty+t, | Ny <N,exp(—(t,—T4)*(Q " po/2M)?).

The preferential condition for the appearance of echo oscil-
lations of the density N, after decay of the primary re-
sponse (Fig. 1) is, as indicated by Eq. (54), collinearity of the
vectors Q" and QP'. The echo growth time ¢z, is then given
by the following relationships (which should be compared
with the plasma echo described in Refs. 9-12)
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92h Y )
L0

P (@—07) " ([0P—0) (T+T),

O >0, (55)

where the echo amplitude is of the same relative order as the
primary responses if the interval between the radiation
pulses and the duration of the second pulse are selected in
such a way that

08" —08") (t—Ts) =1y (2m+1).

(te_T3) ~

We shall now consider a specific example when (#k,/M ) = 6
cm/sec, y = 10"8sec™!, ny = — n;, (@) — 0"') =3 10'°
Hz, k = 10° cm ™, p,/M = 100 cm/sec; we then obtain (¢ ¥
— T))=(t¥* — T;) = 1077 sec and the period of the spatial
gratingis A, =3 X 107> cm. The amplitude of the echo oscil-
lations with the spatial period 4., =3 cm reaches its maxi-
mum value in 0.25 sec if 7= T, ~ 10~ ® sec. The relative am-
plitudes of all the responses are maximized by the optimal
selection of the parameters of the interacting fields |G|
~7%.71 |A'/Q| ~ 1.3 and are of the order of #k,/p,.

It should be noted that the factors complicating the ap-
pearance of an echo are collisions between particles and the
boundary effects (collisions with a wall, free expansion of a
gas, etc.). The phase memory is then destroyed as a result of
interatomic collisions and diffuse reflection from the walls,
but is retained in the case of specular reflection from the
walls. Moreover, interference between perturbations that
appear in different orders in respect of u is also possible.

APPENDIX
Eigenvectors of the matrix (4, + A)y=8

The matrix B has a simple structure and a double eigen-
value, identically equal to zero, and two complex-conjugate
eigenvalues A ; 4, = 4 jG. The linearly independent system
of eigenvectors @; is

@1=col(go, g, —docosP, —jdysinP), A,=0,

godo . 8o'do (sin _.do2 , )
%z’ J z B ]4 expjp ),

3 = col {j

; i’ .
—j cosﬁ+—4—*exp]B) ,  A=0,

@s=col{—"/.g0(s0—do), —'/280"(So+ds), 2cosB, 2jsinp},

A=+ G, (A.1)
gi=col{'/g.(seFds), —'/28:"(s0—ds), 2cosP, 2jsin B},
A=—jG,
where
go——-—ga— do = A’ So=_‘?_‘1
' Qol’ | S|’ [ Q]

G= (4| Q,|*+A"%)", B=hk,0/2.
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The linearly independent eigenvectors of the conjugate ma-
trix B+

B+bh=zhbk, Zh=7\,p(',
for a biorthogonal system with @, are determined uniquely
by the normalization conditions adopted in the present
study

k=1—4, (A.2)

a,?=(s,/2)% k'=1,2

<bh7 q)h'>=6hh'ah'21 ah'z ={ 4@02, kl=31 4

DWe shall formally define the directional momentum as the first-order
moment of the Wigner distribution function f = f(p, R, ¢ ), which is local
in respect of the spatial coordinates.

2The symbol ““col” is introduced for a column vector written down on a
line.

3 A small parameter appears in a natural manner as we go over to dimen-
sionless variables, provided the conditions (4) and (14) are satisfied.

“1t should be noted that, generally speaking, the function G may be slow
in time on the x/G scale (this does not affect the asymptotic expression).
Then, the conditions for parametric resonance are ensured by varying
the frequency of the controlling field. The value A, = — G also exhibits
resonant behavior.
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